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PROLOGUE 


The main motivation behind setting up and articulating the theoretical 
model of "Natural Communication" in a book of this form proceeds from 
the intention of the author to criticize, and transcend the current, 
"target-oriented" paradigm of complexity science, by proposing and 
elaborating an alternative one, envisioning and implementing a 
fundamental architectonics of communication. The proposed model of 
"Natural Communication" encapsulates modern theoretical concepts 
from mathematics and physics, in particular category theory and 
quantum theory respectively, not for the sake of a technical 
formalization, but in order to abstract accurately basic notions that lead 
to a conceptual appreciation of this theory. Additionally, this makes it 
possible to re-consider and re-evaluate novel ways of thinking about 
complexity deeply-rooted in the past, which have been unfortunately, 
either oversimplified and distorted, or forgotten and left to oblivion. The 
author believes that only by looking to the past, does it become possible 
to establish a continuity and coherence in our current way of thinking, 
in particular regarding complexity, which is the pre-condition for any 
serious future development on these matters. 

The fundamental realization underlying the generative reason of 
this treatise is that a certain architectonics of relations based on 
communication is ultimately necessitated in all cases, where direct 
accessibility to sharply distinguishable domains of objects and their 
behaviour is not feasible, due to obstacles or obstructions of any 
particular type. In these domains, objects are intrinsically shaped 
according to foamy or cloudy patterns, and they are characterized by 
topological plasticity, emergent properties and generically probabilistic 
attributes. The application of pre-specific, readily-tailored design 
ontologies to these domains, based on the reductive notion of some 
hypothetical sharply-distinguishable elementary constituency, not only 
distorts the architectonics of their non-trivial connectivity patterns, but 
limits and restricts, albeit inadvertently, the potential to unravel their 
rich computational capacities. In light of this, the notion of computation 
cannot be disentangled from the architectonics of relations based on 
communication. In the opposite case, complexity is reduced to a 
particular. form of complicatedness due to mixing hypothetical 
elementary constituents, with the end result that information is treated 
exclusively in terms of statistical data attributes, effectively depriving 
these domains from the possibility of manifesting genuine novelty. 

The basic idea proposed in this book is the following; to address 
and utilize the architectonic modelling of not directly accessible, or more 
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generally, obstacle-laden domains. Instead of analysing them in terms of 
constituent set-based elements and their hypothetical absolute 
relations, the approach is to adjoin to them other adequately-understood 
or directly accessible domains, which can provide pointers and open up 
communication channels with the originals. The process of adjoining 
should not be ad-hoc and should not depend on artificial choices, 
meaning that it should be qualified as structurally-respecting, at least, 
locally or partially. This refers to the "naturality requirement" of the 
model, a term which is exemplified in the context of category theory. 
Technically, this adjunction process can be always abstracted properly 
in terms of a pair of adjoint functors between the categorical domains 
involved. The essence of adjoining in order to open up or potentiate 
communication channels is based on the idea of partial or local 
structural congruence, and implies a certain type of modularity in the 
treatment of obstacle-laden domains. It is deeply rooted in the old art of 
“Gnomonics”, i.e. in the masterful articulation of sundials, calendars, and 
atlases, to probe some domain inaccessible by direct means and obtain 
information in modular relation with respect to the gnomon adopted, by 
forcing or effecting a certain similarity or congruence relation. 

In practice, the process of adjoining a controllable domain to 
another one, initially not directly accessible, or obstacle-laden 
categorical domain, amounts to viewing these domains as different 
categorical levels in a stratified universe of discourse, which are 
bi-directionally connected by means of oppositely-orientated bridges, to 
be thought of as communication channels. The architectonics of 
communication targets precisely the conception and explicit 
construction of these bridges, once suitable probing domains have been 
structurally delineated for adjunction to the directly inaccessible 
domain. The bridge directed to the controllable domain plays the role of 
an encoding bridge, whereas its inverse plays the role of a decoding 
bridge. 

These connecting bridges effect the communication between the 
domains in question, in the sense that they naturally establish universal 
bidirectional communication channels through which a holonomic 
schema of "metaphora" is accomplished, based on the notion of an 
"obstacle-encircling" flow. In topological terms, the initially inaccessible 
categorical domain is resolved cyclically by a process of unfolding with 
respect to the probing domain that has been adjoined to it. In this 
manner, the invariants emerging by the process of unfolding depict the 
invariant characteristics of the reciprocal communication flow between 
these domains. Consequently, the complexity of the not directly 
accessible, or obstacle-laden, domain is not specified constitutively on 
the basis of a pre-assumed or axiomatic elementary ontology, but 
relationally, modularly, and, in the technical sense naturally, in terms of 
the invariants emerging in the bidirectional communication flow 
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established with some appropriate probing domain. From an algebraic 
viewpoint, these invariants can be qualified in terms of structural 
group-type ciphers for the symbolic encryption/decryption of the 
induced flow. 

The obstacle-embracing schema of *metaphora" giving rise to this 
cyclic flow, called the “logical conjugation method”, is always 
implemented on the basis of a legitimate logical manoeuvre through 
controllable or directly accessible domains, which are adjoined to an 
obstacle-laden domain as markers or pointers, providing eventually the 
means of specifying it indirectly through communication. The logical 
conjugation method should be thought of in terms of a “motivic key” that 
bears the capacity to unlock harmonically the complexity of the 
inaccessible domain depending on the nature and type of the obstacle 
encountered. The thing to be emphasized is that it always gives rise to a 
partition spectrum of the latter. Each cell of this spectrum is 
characterized completely by the pair of encoding/decoding bridges 
utilized for communicating an aspect of the directly inaccessible domain 
with respect to some probing domain. 

The creative art consists in the innovation of genuine 
bidirectional encoding and decoding bridges between these two domains 
that make possible the instantiation of a cyclic communication flow 
capable of embracing the present obstacle. In this manner, the 
theoretical model of "Natural Communication" is deeply rooted 
conceptually to the old art of "Gnomonics", and it is meant as a 
continuation of this paradigm, articulating a schema of an "abstract 
gnomonics" in a modern theoretical scientific context. 

For all practical purposes, the model of “Natural Communication" 
can be implemented briefly as follows: We consider a problem in the 
context of a domain whose objects and relations are inaccessible by 
direct means. It is instructive to think of this domain as a particular level 
in a broad universe of discourse, which can engulf other possible levels 
as well. First, we move out of the context of the problem, formulated at 
the level of the inaccessible domain, by adjoining to it another 
controllable domain, assuming existence within the same universe. In 
order to accomplish this, we have to set-up an encoding bridge from the 
level of the inaccessible domain to the level of the accessible domain, 
such that some certain form of congruence can be established between 
these domains. Once we have succeeded in setting up this bridge, we are 
able to mirror the initial problem at the level of the controllable domain, 
where we have the means to address it effectively. The process is 
completed by setting up an inverse decoding bridge from the level of the 
controllable domain to the level of the inaccessible one. In this way, the 
available means or knowledge pertaining to the controllable domain can 
be lifted at the initial context of the problem. Thus, the pertinent 
problem can be effectively resolved in the context of its initial 
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formulation by the embracing of the obstacle it engulfs via the 
communication channels established with the other domain. The 
reciprocal encoding and decoding bridges constitute the means of a 
novel architectonics of communication. It has to be stressed that this 
procedure can be iterated by the adoption of more than one controllable 
domain complementarily adjoined to the inaccessible domain. The 
skeleton of this spectral resolution process remains invariant under the 
adjunction of deeper levels, and most important, it always gives rise to a 
partition spectrum of the inaccessible domain, amenable to possible 
refinement, whose cells are indexed by the respective pairs of 
encoding/decoding communication bridges. 

The present treatise consists of eleven chapters. These chapters 
run in no linear order. Rather, the reader may discern a multiplicity of 
navigation paths through the exposed landscape depending on the type 
of questions, insights, topics, and depth, she or he wishes to be engaged 
with in this exploration. Faithful to its communicational roots this book 
does not intend to install any pre-assigned order for the mind of the 
reader. The hope is there will always be certain widths of spectral 
frequencies to resonate with readers coming from diverse backgrounds. 
Although the development is based on mathematical and physical ways 
of thinking and arguing, essential care has been taken for quite detailed 
conceptual articulations of the treated subjects, which may appeal to 
readers not wishing to delve into the more technical aspects of this 
work. The main novelty consists in the attempt to transcend the strict 
linear chronological order, imposed by a misconceived sense of historical 
coherence, and establish bonds among ideas, notions, and thinkers, 
which are seemingly unrelated if not viewed through a gnomonic 
perspective. In this manner, a new view of coherence emerges, which in 
the author's opinion characterizes the diachronic value and persistence 
of all these elements. Since the method of the book is mainly synthetic, 
traditional divisions among mathematical and physical concepts, as well 
as divisions within a discipline playing a mere organizational, less than 
organic role, are systematically avoided, or they are bridged together 
appropriately, focussing on the coherence in the functioning of a body of 
knowledge. 

Undoubtedly, the most suitable mathematical framework to 
express the model of "natural communication" is the framework of 
category theory. The major problem, beyond the technicality of this 
framework, is that it is usually introduced in an ad hoc axiomatic 
fashion, as unifying together all the most important parts of 
mathematical thinking and knowledge. This approach to the framework 
of category theory dangerously predisposes to a view of its formalism 
and concepts merely as the means of generalization and unification, and 
not as the means of innovation in relation to the whole body of 
mathematical thinking. Rather, it is the deep roots of category theory in 
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canonics and gnomonics, going back to the generative forces shaping 
mathematical thinking itself that underlies the value of this framework. 
Unfortunately these roots, which emerged only after the fundamental 
theory of adjoint functors shone through the whole endeavor, remained 
nevertheless suppressed creating the artificial distorted unifying 
generalization of an "abstract nonsense", a humoristic expression used 
more or less seriously by the insiders in the field. This bias can be 
remedied only by tracing back the roots of category theory in canonics 
and gnomonics, i.e. by viewing this framework as a continuation of the 
old schools on gnomonics that historically re-emerged as an emergency 
exit out of the set-theoretic paradise that threatened to absorb 
everything mathematical and physical, although never acknowledged as 
such. For this reason, category theory is introduced officially only after 
Chapter 8, and after the reader has acquired a quite thorough 
acquaintance with the notions of "abstract gnomonics", and "natural 
communication". Moreover, the presentation of the powerhouse of this 
framework follows an inverted order, in comparison to the usual 
account. The reason for this is that category theory shines through the 
crystallization of the notion of adjunctions, and in this sense, it is a 
higher level, structural continuation of the old art of gnomonics, based 
on the same conditions of metaphora and communicability between 
different structural species. 

Besides the role of category theory in formalizing "natural 
communication" in modern structural algebraic and topological terms, 
the conceptual compass of the book is especially sensitive to the 
currents of thinking of our ancient predecessors who initiated the whole 
endeavor of "Natural Philosophy", not as an internalized closed mental 
systematics of encompassing the workings of the whole world, but 
mainly as a means to qualify their dialogue with Physis, i.e. primarily as 
an open-ended means of experimentation and communication with what 
is directly inaccessible in order to unveil and remember it. The same 
stance is also necessary to re-examine and re-evaluate major modern 
advances in mathematics and the physical sciences in order to unravel 
the invisible threads of continuity and coherence through historical 
time. 

Essentially all the mathematical and physical notions introduced 
in this work are associated with the names of the thinkers who first 
conceived of them, or played a major role in their establishment. 
Notwithstanding this, all these notions are scrutinized in light of their 
emergence from the gnomonic perspective permeating the whole 
volume, i.e. all these notions are recast in relation to their role in a 
corresponding process of communication. One of the artifacts of this 
association is that citation becomes particularly simple. Direct 
numerical citations in the text are avoided, and the reader may find 
bibliographical references in endnotes, directly after the name of the 
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person involved appearing in the main text. In this manner, the credit 
goes to the innovators themselves, and not to textbooks, as is usually the 
case. As a general rule, the original works, although more difficult to 
read, and in many cases more fuzzy in comparison to latter formulations, 
expositions, simplifications, and appropriations, contain the real gems 
shaping a new field. It goes without saying that self-citations are 
intentionally completely suppressed in this work. 

An aspect of this book that may disturb some readers is that it 
contains a significant amount of seeming neologisms in English. This is 
only apparent, since all the non-standard English terms used are actually 
rooted in the ancient Greek language. The difficult choice was to settle 
for a standard term, or to introduce a neologism at some point, as a 
viable way to emphasize some basic concept. The dilemma essentially 
originates through the linguistic loan of a term into English, and the 
subsequent appropriation of this term in the context of a specific 
discipline that, in many cases, delimits and even distorts the original 
meaning and functional applicability of this term. This is the case, 
especially, regarding the basic notions of "analogia", and "metaphora", 
employed in the text, since in English, the corresponding terms of 
"analogy", and “metaphor” have either a general meaning, or are used in 
specific linguistic or logical contexts unrelated to the etymological 
underpinnings of the original Greek terms. Additionally, in 
mathematical phraseology, the prefixes “homo” in algebra, and “homeo” 
in topology, have been adopted to characterize certain types of mappings 
associated with particular types of equivalence. Since the notion of an 
equivalence relation is formulated in set-theoretic terms, the abstract 
gnomonic type of these mappings is captured here by the term 
“homeotics”. As another example, the mathematical term “monodromy”, 
is widely used in a sense opposite to the meaning of this term, i.e. 
“monodromy” is used instead of “polydromy”, which would be the 
correct usage. Finally, in category theory the term “topos” is used, the 
plural of which is even conjugated in the absurd form “toposes”, without 
the realization that this is a term originating from rhetoric. In other 
words, a topos is meaningful only through the lines of argument or 
communication permeating it, the so called “geometric morphisms” in 
the technical context. The same applies for the notion of an “object of 
truth values” characterizing a topos, which is absurd if not qualified 
through the term “aletheia”, encapsulating the energetic act of unveiling 
in Time and remembering. 
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11 COMMUNICATION AND OBSTACLES: A PERCOLATED DISTILLATION 


The present treatise arose out of a curiosity to delve deeper into the 
nature of obstacles or obstructions that prevent a single, uniform, and 
linear approach to dealing with systems, entities or, more generally, 
beings, and their communication. The current motivation comes from a 
certain degree of dissatisfaction with the overflow of scientific 
production on what is called "science of complexity" and the 
qualification of what counts as "information of complex systems" based 
exclusively on specific "target-oriented approaches". 

The thread of this amphiboly starts from questioning what is 
considered to be "complex" in contradistinction to what is considered 
"simple". Usually these terms are implicitly pre-loaded with an 
ontological meaning, which essentially identifies complexity with 
certain aggregations of elementary sharply distinguishable constituents 
developing emergent properties that are behaviourally observed under 
specific interactions or conditions. This approach is assumed to be valid 
irrespectively of scale, depending on what is axiomatically baptized as an 
elementary constituent, so that certain statistical patterns can be 
applied upon them targeting the simulation of their behaviour. A natural 
set of questions in this setting is the following: What makes an entity a 
constituent, how an entity can be characterized as elementary, and most 
important, how can an entity be sharply distinguishable? 

The afterthought of these considerations is that the epithet 
"complex" arises from the opposition to what is called "simple", where 
what is “simple” is identified with the “axiomatic elementary" in the 
context of the vast majority of these "target-oriented approaches". 
Notwithstanding these scientific tendencies of the present, this is not 
actually the way that humankind came to terms with complexity. The 
targets were not predefined, but rather they always emerged out of a 
necessity to cope with obstacles in communication of every particular 
sort. In this respect, the meaning of complexity is altered dramatically if 
theorized from an “obstacle-oriented” standpoint instead of a 
"target-oriented" one. More precisely, the ability to locate obstacles or 
obstructions forcing a deviation from some standard condition of 
uniformity becomes the primary task. In contrast, “target-oriented” 
approaches are based on the shaky foundations of some pre-given 
axiomatic elementarity, usually identified with the foundations of set 
theory, on the top of which, pre-designed statistical methods claim to 
provide universal truths as the feeding source of policy-making on a 
larger scale. In this type of approach, where the form of the target is 
well-defined itself ab initio, precluding any chance for genuine novelty, 
even the standards of congruence effecting the condition of inertial 
variation in some domain are not determined with respect to the 
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singularities of this domain, but on the basis of general classification 
methods applied in a more or less ad hoc manner. 

In an “obstacle-oriented” approach the presence of an obstacle 
necessitates, firstly, the localization of this obstacle, and secondly, the 
unfolding of the obstacle into an appropriate partition spectrum that 
allows its indirect embracing by means of resonance with the marked 
frequencies of this spectrum, or reciprocally, but equivalently, 
synchronization with its corresponding temporal periods. By inversion, 
the first of the above, points to a viable understanding of what 
intelligence is about, whereas the second points to a viable 
understanding of the notion of an irreducible duration, together with its 
role in what memory refers to. Of course, the ability to obtain such a 
partition spectrum is always conditioned to the ability to identify a 
suitable gnomon, which actually provides the means to resonate or 
synchronize with the obstacles in question. This leads inevitably to a 
valuable association of gnomonics with the old art of harmonics. We will 
examine this association in detail in what follows, together with the 
intervening notion of canonics. 

At present, a basic fact worth pondering at is that the localization 
and unfolding of an obstacle, requires a process of metaphora around this 
obstacle, i.e. a potential circular flow around it that allows its embracing. 
If the obstacle is considered as merely an obstacle in space, then the 
potential flow clearly takes place within the space where the obstacle is 
located. The drawback of this is that the notion of space is pre-assumed 
in relation to the localization of the obstacle, whereas the opposite 
should be the case; rather the notion of space should emerge out of the 
nature of the obstacle, or else, should be cohomologous to the nature of 
the obstacle with respect to the employed gnomon of measurement. Put 
simply, the labyrinth is not pre-existing in any sense, but it is the space 
opened up by all these meandering paths which serves to embrace its 
sacred center. This is at any rate the route we have to take in case the 
obstacle is an obstacle in time. 

Actually this is always valid, even in the simplest case whereby 
we think of an obstacle as a hole in a single linear dimension, where the 
latter is considered as the line of inertial variation, i.e. the straight path 
of motion with constant velocity. The attendant need for an imaginary 
dimensionality, orthogonal to the initial real dimension, to bring into 
central focus the "unit circle" enunciated in potential or power terms via 
the exponential function, and culminating in the arithmetics and 
geometry of the complex numbers, should be properly thought of in 
temporal terms and not in spatial ones. In other words, the imaginary 
unit, or imaginary ring, supplying the complex structure, is a precise 
symbolon of metaphora through another level of hypostasis that allows 
the embracing of the obstacle localized at the zero point of the complex 
plane. 
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The notion of a symbolon bears a periodic temporal connotation, 
as opposed to its static reflective spatial manifestation as a symbol, 
which is further deteriorated to a mere formal sign. This connotation 
amounts to the instantiation of a rhythm that bears the potential to 
persist covariantly and resolve a moment of time, as manifested in the 
linear real dimension, into a vertical, orthogonally placed, spectrum of 
imaginary-valued frequencies. This resolution induces a metabole in 
both the qualitative and quantitative conceptions of time around the 
obstacle that spatially are manifested as relative phases on the unit 
circle, functioning in this sense as the homeostatic symbolic imaginary 
locus, i.e. the base sign-recording indexing of the metabole. Simply put, 
this is the subtle difference between an icon as a temporal and rhythmic 
symbolon and its spatial image as a semiotic indexing snapshot. From 
this viewpoint, an indexing real-valued sign should be never considered 
independently of its spectral depth in terms of the associated 
imaginary-valued frequencies. In all interesting cases, this frequency 
spectrum is actually quantized, i.e. it is displayed in terms of discrete 
quanta engulfing the integer multiples of some fundamental period, for 
instance, the period of circulation around the obstacle. 

From a purely topological standpoint, the localization and 
unfolding of an obstacle may be equivalently thought of as a process 
which exchaustively encompasses and universally covers the obstacle. In 
the case of a single obstacle, manifested as a hole on the plane, the 
universal covering space is displayed as a helix, whose different layers 
correspond to the different frequencies comprising the universally 
covering or unfolding spectrum. The underlying topological idea is that 
an obstacle is the source of multiple-connectivity, enacted by all 
different types of paths embracing it, which are classified by their 
characteristic winding number. The universal covering space in this case 
may be thought of as a discretely fibred space, i.e. over any real-valued 
point on the base there is a discrete fiber above it consisting of the 
frequencies of the spectrum. A fiber is the carrier of the spectral depth of 
a base point in the sense that a loop based at this point and embracing 
the obstacle is uniquely lifted to the universal covering space, such that 
its starting and ending point belong to the same fiber above the base 
point and their relative spectral difference on this fiber qualifies the 
winding type of the base loop. All fibers of the universal covering space 
are not disconnected from each other, but cohere; there is a connectivity 
structure that binds them all together, giving rise to a helix. The 
important thing is that the helix is simply connected, i.e. the universal 
covering space is actually a geometric space, meaning that it bears a 
geometric form, and as such it resolves the multi-connectivity issue of 
the base induced by the obstacle. It is precisely in this spectral manner 
that the  simply-connected  obstacle-covering geometric form 
topologically unfolds the obstacle. 
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The topological unfolding process of universally covering an 
obstacle, giving rise to a simply-connected geometric spectral form, can 
be properly supplemented with the complex structure induced 
fiber-wise by the imaginary unit bearing the function of the symbolon of 
metaphora through another level of hypostasis. The setting here pertains 
to a multi-valued complex function deemed to be analytic; there exists a 
power series expansion of this function locally, and the purpose is to 
extend this local domain of definition by a method called analytic 
continuation, effectively furnishing a connection expressed locally by 
means of imaginary-valued gauge potentials. Singularities appear, for 
instance, in terms of poles where the function becomes infinite. Then, 
the unfolding procedure can be implemented in this context with the 
exception of these singular points of ramification, where branching 
behavior appears. Intuitively, the fiber over this point becomes 
degenerate collapsing to a single point, through which different 
branches collide together and reciprocally open up into well-defined 
multiplicities. 

The significance of the complex structure in this setting, or 
equivalently, che conformal structure, properly lies in the domain of 
harmonics. The imaginary ring, i.e. the gnomon qualifying the conformal 
structure, gives rise to a type of resonator, where the unfolded branches, 
like bounded helical strings of a musical instrument vibrate under the 
action of the imaginary gauge potentials. In this way, a discrete series of 
harmonics is instantiated that have the capacity to resolve a moment of 
real-valued time, together with their consonances and dissonances. This 
rhythmic enunciation of the imaginary ring together with the harmonic 
series admits a choreographic interpretation in terms of oriented 
angle-preserving transfigurations, called conformal morphisms, looking 
like global metamorphoses from a geometric perspective that respect 
only the relative angles so as to maintain the rhythm. Another viable 
way to think of this choreography is in the terms of a helical standing 
wave and its associated harmonics, where this wave is not thought of as 
being in space in any sense, but rather, space arises out of its vibrations, 
periodicities, and resonances conformally in historical time. The latter is 
not comprised by the real-valued moments of events, but rather, it 
pertains to the coherent aggregation of all fibers bearing the harmonics 
over these moments, or equivalently, the quanta of resonance and 
synchronization. In a nutshell, complex harmonics is an expression of 
the economy of historical time in its entirety as it is unfolding through 
metaphora. 

In this manner, and referring to the domain of complex 
harmonics, the imaginary ring is like the translocal imaginary umbilical 
cord, which as a symbolon of metaphora through another level of 
hypostasis, forces the translocal homeosis of the local with the global in 
terms of angle-preserving periodically repeating, and thus, homeostatic 
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iconic tessellation of the whole by the part; In the two-dimensional case 
of an unfolded epiphaneia, this gives rise to only three distinct universal 
covering, simply-connected, geometric forms characterized by constant 
positive, zero, or negative curvature respectively. Simply put, the 
geometric form arises out of complex harmonics as a homeostatic 
crystalline epiphaneia of the choreography subordinate to the imaginary 
rhythm. It is a crucial fact that the domain of complex harmonics does 
not bear any distinctive ontology, rather its nature is akin to a magma. 
Notwithstanding this fact, emanating from the reciprocal and 
complementary relation between the chords and the potentials with 
respect to the imaginary resonator-symbolon in the acoustic articulation 
of the pure harmonics, a magma has entelechy, which is precisely 
manifested geometrically in one of three universal distinctive curvature 
forms. 

The geometric, hence visual, form of the universal covering 
epiphaneia in the setting of complex harmonics, requires for its 
articulation a canon of metalepsis, effecting a transgression from the 
acoustic domain of pure harmonics to the visual domain of colours. This 
requires the detuning of the pure harmonics within equally-partitioned 
chromatic intervals. In this sense, the canonics from the acoustic domain 
to the visual domain amounts to a process of imaginary logarithmization 
with respect to equally-distanced angular intervals, so that any pitch in 
the chromatic domain is situated at equal distance from its nearest 
neighbours. The canonics of this heteromorphism, which essentially 
arises out of the adjunction of the chromatic to the harmonic domain, 
transfuses an affine character to the rhythm in its chromatic 
manifestation that allows its generation and progression infinitesimally 
and differentially in a continuous manner. The suppression of the pure 
harmonics determined by the type of the obstacle, i.e. the quotient of the 
induced chromatic spectrum by the module of pure discrete harmonics, 
leaves a trace for imprinting a memory element on the imaginary ring of 
metaphora revealing thereby its global role. More precisely, this trace is 
a global non-integrable relative phase factor, ie. a global irreducible 
residual phase marking the anholonomy of the metaphora due to the 
embraced obstacle. As such, it incorporates both topological and 
geometric information. On the other side, the suppressed pure 
harmonics, as the implicit harmonic invariants, guide the extraction of 
the complex roots of unity on the imaginary ring. In a well-defined way, 
the complex roots of unity negate the punctual character of any 
real-valued moment, in the sense that they open up channels of 
potential resonance via the harmonics with other non-locally related 
moments, recorded as geodesic paths of connectivity in the 
corresponding universally unfolded curved geometric form. 

In all cases concerning the embracing of an obstacle, the 
metaphora is effective if the cyclic flow is communicative, ie. it 
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establishes bidirectional bridges connecting any two hypostatic levels. It 
is in this sense that an "obstacle-oriented" approach is not a directly 
“problem-solving” approach, but an indirectly "problem-embracing" one. 
The different levels are not in any relation of hypotaxis of one to 
another, but only in a relation of parataxis, and what really matters is 
the facility in the passage from one level to another in a bidirectional 
way via the bridges. This facility requires that the bidirectional bridges 
should not be ad hoc, i.e. they should not be designed as referring to 
particular subjective choices, but they should apply under covariant 
variations on their respective inversely related hypostatic domains and 
codomains. This requirement is captured by the adjective "natural", 
which pertains to a double articulation of an algebraic nature: First, the 
hypostatic domains and codomains should be though of as categorical, 
and second, the bridges between them should be functorial, i.e. not 
depending on particular choices of objects in the interrelated categorical 
domains and codomains of the bridges. 

Generally speaking, algebra pertains to a structural enunciation 
of the "obstacle-embracing", communicative process of metaphora 
between any two hypostatic levels. This enunciation is formulated 
operationally in terms of symbolic algebraic structures like groups, rings, 
modules, and categories. The notion of an algebraic symbol does not 
bear, neither the temporal connotation of a symbolon, nor the spatial 
connotation of a sign. For this reason, an algebraic structure maintains 
an independence from both the harmonic, and the geometric 
connotation of its symbols, although it may properly mediate between 
them and abstract from both of them. The key idea is that an algebraic 
structure, in the context of the "obstacle-oriented approach", plays the 
role of a structure expressing both the invariant, and the covariant 
characteristics of the metaphora with respect to some specified notion of 
unity or equivalence displayed as an algebraic identity. For instance, in 
the case of a group structure it is the notion of a neutral element with 
respect to the implied operation that characterizes the algebraic 
identity. This becomes prominent in the case of structure-preserving 
morphisms, like homomorphisms and isomorphisms that transfer the 
group structure in some particular way. In this sense, the concept of a 
unit implicated by a gnomon, like a gnomon of discrete counting or 
rational measuring, is imprinted symbolically in the neutral element of 
the associated group structure. This is indispensable, since inversion of 
an operation is not feasible without the specification of the neutral 
element in any group-type structure. The ability to form inverses in 
achieving the closure requirement of a group-type structure is 
conditioned on the extension of elements into algebraic power domains, 
which elevates the exponentiation operation to a place of prominance, 
subsuming the operations of addition and multiplication. Its inversion, 
i.e. the logarithmization operation, cannot be performed unconditionally. 
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More precisely, the expression of the irrational numbers via the real 
logarithm requires a topological continuity condition, whereas the 
expression of the imaginary numbers via the complex logarithm requires 
a local topological simple-connectivity condition. In other words 
algebraic operational definability and topological continuity or 
connectivity become inextricably intertwined and inseparable in the 
transcendental realm. This is exactly the reason that a group-type of 
structure is, in principle, capable of expressing invariants of a topological 
nature. 

The transcendental realm, as the cumulative realm of algebraic 
powers and their inversion or reciprocation, is particularly suited to 
express symbolically potential circular flows embracing obstacles of any 
type. This leads to the idea that there should exist a minimal, in the 
sense of the most economical, algebraic symbolic description of a 
metaphora between any two hypostatic levels that can be qualified as 
structural. In other words, any metaphora with respect to an obstacle 
should, in principle, be expressible in terms of a symbolic “motivic key" 
capable of unlocking operationally the communication capacity between 
the domains it is applied to. Thus, its function is doubly significant: 
First, since the key is symbolic, it always allows the structural 
encapsulation of the metaphora in terms of invariants, which can be 
qualified effectively by means of standard algebraic structures; Second, 
since the key is motivic, its economy is not subordinate to artificial 
choices pertaining to the bridging of the hypostatic domains, and thus, it 
should ne natural, fulfilling the requirement of covariance. 

Regarding the issue of "naturality" in the specification of this 
symbolic motivic key, in the general case that the communicative 
domains-levels are heteronymous if hypostasized structurally, it is 
essential that the structural qualification follows from a deeper algebraic 
categorization that admits the possibility of heteronymous bridging via 
heteromorphisms. This is not imposed on the basis of some universal 
axiomatic system, but it arises out of necessity when operating in the 
heterogenous symbolic. The reason is that heteronymous domains 
cannot be bridged together directly, but require a certain canonics that 
makes them partially structurally adaptable to each other. We have 
already introduced this notion in relation to bridging together the 
harmonic with the geometric domain, or the acoustic with the visual 
domain. Here, algebraic canonics of metalepsis assumes a particular type 
of  heteromorphisms between the concomitant categorical 
characterization of these domains, which can be internalized 
homonymously, i.e. expressed in terms of homomorphisms within each 
category, under the existence of initial or terminal objects via which the 
potential cyclic flow factors through. In categorical language, they are 
called adjunctions, expressed in terms of natural isomorphisms arising 
from the bidirectional bridging of the relevant categorical domains via 
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adjoint functors. It is important to emphasize that this is how "natural 
communication" inverts the usual understanding of category theory, 
since it is the canonics between heteronymous domains that entails the 
category-theoretic characterization of those domains. In other words, 
the latter appears out of the metaleptic economy characterizing the 
"natural communication" between heteronymous domains in the terms 
of adjoint functors, and not as an appeal to any type of structuralist 
foundations. 

Since the central issue is the notion of an obstacle and the 
metaphora required to embrace it via different hypostatic domains 
capable of entering into "natural communication", the notion of a 
foundation is totally misconceived. Instead, what is crucial always is the 
notion of an architectonic scaffolding that potentially is able to bridge 
together these domains so that the metaphora leading to the 
communication between these domains can be elucidated. The 
framework of adjoint functors in category theory pertaining to the 
symbolic and operational aspects of this metaphora can be appreciated if 
evaluated properly in its function as a sophisticated abstract 
architectonic scaffolding. The harmonic, topological and geometric 
aspects of the metaphora, as explicated concisely above, also bear an 
indispensable role in the articulation of "natural communication" and 
the efficacy of abstract gnomonics in this fashion, which would be 
impossible by restricting only to the categorical and the symbolic realm. 
Put equivalently, the algebraic symbolic “morphe” should be consistently 
elaborated and ingrained by the harmonic symbolon of the metaphora, 
together with its topological schematism, and eventual geometric 
spectral form. 

At a further stage, and as a result of this elaboration, the bridges 
between different hypostatic domains in the most economical 
articulation of "natural communication" in the terms of a motivic key 
can be thought of as cobounding the conditions of communication 
between these domains. Since cobounding is always of a local or even 
infinitesimal nature, these conditions transcribe the norms of harmonic 
congruence that can be eventually unfolded multi-periodically in some 
simply-connected geometric form. The important thing is that the 
norms of harmonic congruence allow the evaluation of any other 
possible metaphora between the domains involved with respect to this 
norm, ie. cohomologically. This means that the qualification of 
information under a process of metaphora involving the communication 
between two domains is essentially cohomological, or else, entropy as a 
measurable magnitude of this information is cohomologically quantifiable. 
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12 "NATURAL COMMUNICATION": UBIQUITY OF A MOTIVIC KEY 


The model of "natural communication" envisions an architectonics of 
communication as the most prominent conceptual stance in tackling the 
problem of complexity. The founding realization is that such an 
architectonics of structural relations, which are based on 
communication between appropriate correlated domains, poses itself as 
a necessity in all these cases, where obstacles and obstructions of any 
particular type prohibit or prevent the direct accessibility to 
hypothetical sharply distinguishable elements of complex domains. The 
shaping of objects in these domains takes place according to foamy 
patterns, characterized by topological plasticity, emergent properties 
and generically probabilistic attributes. The application of pre-specified, 
ready-tailored constitutional and elemental design ontologies to these 
complex domains, according to analytic methods designed for those ideal 
cases where sharp elemental distinguishability is feasible, not only 
distorts the architectonics of their intricate connectively weaving 
patterns, but limits and restricts, even inadvertently, their potential 
computational capacities. 

The basic idea to address and utilize the architectonic modelling 
of these domains is the following: Instead of following the standard 
analytic method of dissecting ontologically complex objects, i.e. objects 
situated in non-directly accessible domains, in terms of the collections of 
their hypothetical set-based elements and their concomitant absolute 
relations, we adopt a synthetic method: We let them unveil themselves 
by adjoining to them other adequately-understood, or directly accessible 
domains, which can provide pointers and open up communication 
channels with the complex ones. The difficulty in this synthetic act rests 
on the fact that an adjoined domain should be capable of opening up 
such a communication channel, otherwise its adjunction is vacuous. The 
crucial condition that should be fulfilled for this approach is the viability 
of setting up a bidirectional bridging scaffolding of encoding/decoding 
relations between these domains. 

These relations may be thought of as giving rise to a sieve 
through which the eventual unveiling of the connectivity patterns 
characterizing the objects of the complex domain becomes effective. In 
this sense, the study of the architectonics of communication is 
tantamount to the realization of the possibilities of unveiling a complex 
or obstacle-laden domain through an appropriate weaving sieve. A sieve 
with this function bears the capacity to reveal the intricate bonds 
beyond direct access, which give rise to the coherence of the complex 
domain. Therefore, complex objects are unveiled via percolation through 
a sieve of communication relations, an invariant process which is 
depicted precisely by the ancient Greek term “aletheia”. In this setting, 
the synthetic act of adjoining a domain for communication should not be 
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ad-hoc, and should not depend on artificial choices, meaning that it 
should be designed to respect any structure encountered, at least, locally 
or partially. This refers to the “naturality requirement" of the model, a 
term which belongs to the register of category theory. Technically, as it 
will turn out as the argument develops, the adjunction process is 
concretely modelled in terms of a pair of adjoint functors between the 
involved categorical domains. 

In practice, the process of adjoining a controllable or directly 
comprehensible domain to a complex, or obstacle-laden, categorical 
domain, is tantamount to considering these domains as different 
categorical levels in a broad stratified universe of discourse, which are 
amenable to bi-directional correlation by means of oppositely or 
reciprocally oriented bridges. The architectonics of communication 
targets precisely the conception, explicit construction, and 
manifestation of these bridges, once suitable probing domains have been 
structurally delineated, due to their partial or local congruence 
properties, to be adjoined to the directly inaccessible complex domain. 
The bridge directed from the latter to an adjoined controllable domain 
plays the role of an encoding bridge, whereas its inverse or reciprocal 
plays the role of a decoding bridge. These level-interconnecting bridges 
effect the communication between the involved domains, in the sense 
that they bear the capacity to open up and establish natural and 
universal bidirectional communication channels through which a 
schema of metaphora can be accomplished, which is based on the notion 
of an “obstacle-encircling” flow. 

From a topological standpoint, the initially inaccessible 
categorical domain is being spectrally resolved in the fashion of a spiral, 
i.e. by a process of cyclic unfolding with respect to the various probing 
domains that have been adjoined to it, corresponding to different layers 
of spectral resolution. In this manner, the invariants emerging by the 
process of unfolding depict the substantive characteristics of the 
reciprocal communication flow between the domains involved. 
Consequently, the complexity of the non-directly accessible, or 
obstacle-laden, domain is not specified constitutionally on the basis of a 
pre-assumed or axiomatic elementary ontology, but relationally and 
functorially, in terms of the spectral invariants emerging in the 
bidirectional communication flow established with suitable probing 
domains. From an algebraic viewpoint, these invariants can be described 
in terms of structural group-type ciphers for the symbolic 
encryption/decryption of the induced flow. 

The obstacle-embracing schema of metaphora giving rise to this 
transitory multi-levelled cyclic flow, called the "logical conjugation 
method", is always implemented on the basis of adjoining controllable or 
directly accessible domains to an obstacle-laden domain in their role as 
markers, or pointers, or more generally gnomons, providing eventually 
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the means of unveiling it indirectly through communication. This 
constitutes a legitimate synthetic logical manoeuvre in the specification 
of a complex domain that has the capacity to unveil it by means of 
metaphora through the weaved sieve of encoding/decoding relations. 
The temporal percolation due to this sieve constitutes the —aletheia— of 
the complex domain, that is, what is unveiled and should not be 
forgotten about the coherence of this domain. The logical conjugation 
method effectuating the metaphora plays the functional role of a motivic 
key that bears the potential to harmonically unlock the complexity of 
the inaccessible domain, depending on the nature and type of the 
obstacles located. The creative art consists in the innovation of the 
reciprocal encoding/decoding bridges acting as the means of 
communication between an obstacle-laden domain and a conjugate 
accessible domain. 

The function of the gnomon, enunciated through the 
encoding/decoding bridges, is instrumental in the eventual schematism 
of a partition spectrum pertaining to the obstacle-laden domain. Each 
partition block or cell of this spectrum is characterized completely by 
the equivalences induced by this pair of encoding/decoding bridges 
utilized for communicating an aspect of the non-directly accessible 
domain with respect to the probing conjugate domain. An important 
stipulation for the role of a probing domain, bearing a gnomon of partial 
congruence with respect to the obstacle-laden one, is that it is not to be 
considered, in any sense, as the foundational background of the latter, 
namely in terms of absolute elemental constitution, as would be the case 
in mathematical set theory. Rather, the functional role of a probing 
domain is to open up a communication channel with the complex 
domain, such that the partial congruence between them can be properly 
thought of as a resonance within certain intervals of frequencies 
comprising the induced partition spectrum. In other words, a probing 
domain, endowed with a gnomon enunciating the encoding/decoding 
capacity of the associated communication bridges with the complex 
domain, gives rise to an architectonic scaffolding for the qualification 
and quantification of the information gained by the embracing of an 
obstacle characteristic of the complex domain. 

The simplest possible articulation of the proposed schema invites 
us to consider a problem in the context of a complex domain, i.e. a 
domain whose objects and relations are non-directly accessible due to 
various types of obstacles. First, we have to move out of the context of 
the initially posed problem, formulated at the level of this domain, since 
it is not directly accessible, due to obstacles preventing any possible type 
of sharp analysis. For this purpose, we act synthetically by adjoining to 
the complex domain another controllable probing domain at least locally. 
In order to accomplish this, we have to set-up an encoding bridge from 
the level of the inaccessible domain to the level of the accessible probing 
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domain. Once, we have succeeded in setting up this bridge, we are able 
to transfer the initial problem, even locally, at the level of the 
controllable domain, where the means to resolve it effectively exist. This 
is tantamount to the construction of a resolving partition spectrum that 
covers the complex domain, and groups its communicable attributes 
with the probing domain into distinctive blocks, i.e. communication 
channels. The schema is completed by setting up an inverse decoding 
bridge from the level of the controllable domain to the level of the 
inaccessible one. In this way, the resolving spectral capacity of the 
controllable domain can be raised at the initial context of the problem, 
and thus, the problem is indirectly resolved through decoding in the 
context of its initial formulation. The reciprocal encoding and decoding 
bridges constitute the means of a novel architectonics of 
communication. It should be emphasized that the procedure 
implemented above can be iterated by the involvement of more than one 
controllable domains, which are adjoined respectively to the inaccessible 
domain. The skeleton of this algorithmic procedure of resolution 
remains invariant under the adjunction of deeper spectral levels. In all 
cases, there emerges a partition spectrum of the inaccessible domain, 
whose cells are indexed by the respective pairs of encoding/decoding 
bridges. The procedure of resolution conducted by synthetically 
adapting motivic keys to an inaccessible domain, according to the above 
schema, is technically called logical conjugation, whence the 
communicating domains, represented by levels inter-connected by the 
encoding/decoding bridges, are called conjugate domains. The adjective 
“logical” adopted for the conjugation method, is intrinsically related to 
the fact that the unveiling of the complex domain in this way, 
constitutes its -aletheia-, a notion that extends and enriches 
conceptually the standard bare logical notion of "truth". 


13 THE “OBSTACLE-ORIENTED” APPROACH: INVARIANCE, ACTION, 
AND GNOMONS 


First of all, it is worth focussing on two interrelated aspects of what we 
term the “obstacle-oriented” standpoint of enquiry. The first issue refers 
to the nature of metaphora around an obstacle. Simply stated, in what 
way is a cyclic flow initiated, giving rise to communication between two 
heterogeneous levels of hypostasis by connecting them through 
bidirectional bridges? The second issue refers to the specification of an 
obstacle as a source of invariance with respect to the specific context of 
its localization. These two issues are closely related by the temporal 
notion of action. In turn, it is the notion of action that qualifies the 
notion of connectivity independently of any spatial instantiation. 

We start following the thread that identifies an obstacle as a 
source of invariance. The notion of invariance is not absolute, but it is 
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modular, meaning that invariance is meaningful only within the specific 
context of localization of an obstacle. Invariance can be operationally 
characterized only through action directed initially away from the level 
or context of the obstacle. The effect of action is to initiate a stream flow 
that is capable of retracting the inaccessibility or obstruction imposed by 
the obstacle to some generic situation at another level through which a 
passage becomes viable, and then re-direct the flow black toward the 
initial level, so that the obstacle can be embraced. Successfully 
embracing an obstacle always leaves a residue, to be thought of in terms 
of "countable quanta of metabole by periodic action". These quanta are 
spectral quantities, denoting rhythmic arrangements within regular 
temporal cycles, to be thought respectively as frequencies. Most 
important, these quanta encode the invariance of the obstacle they refer 
to with respect to all possible embracing circular flows initiated by 
temporal actions. 

The crucial issue is that a residue of a cyclic stream flow is 
something associated with a differential, ie. it is the result of an 
integration procedure along a temporal cycle surrounding the obstacle. 
This has the following consequences: 


i Temporal cycles can be distinguished only by the countable 
number of winding actions around the obstacle, and thus, the 
frequency spectrum is indexed or quantized by an integer 
number; 

ii A differential is a quantity that does not assume any value at a 
point, meaning that it is viable only in germinal form with 
respect to a cloud or foam surrounding any point around the 
obstacle; 

iii As a consequence of the above, an indistinguishability or 
ambiguity is induced in relation to the stream flow, expressed by 
the notion of the multiple-connectivity associated with an 
action; 

iv In turn, this multiple-connectivity is annihilated by unfolding 
the domain of action continuously in successive branches, 
giving rise to a helicoidal staircase until uniformity or 
simple-connectivity prevails; 

v The universal helicoidal staircase as the unfolded domain of all 
temporal actions to embrace the obstacle constitutes the 
quantized spectrum of these actions; 

vi The nature of metaphora is explicated by the connectivity 
bridges between the level of the obstacle and any level of the 
helicoidal staircase together with the associated countable 
quanta of metabole; 
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vii In terms of metaphora, the invariance of the obstacle is expressed 
in a unequivocal way upon perpetual completion of all temporal 
action in terms of the anholonomy of metaphora; 

viii The anholonomy of metaphora serves as the memory element of 
the process of encompassing the obstacle. 


In context of the obstacle-oriented approach, there are two further 
intertwined issues that deserve special attention. The first has to do 
with the fact that the notion of quanta requires something that 
distinguishes among them, meaning a mark or a gauge or a boundary. 
The second has to do with the conditions of qualification of a quantum 
as a spectral information unit. These two issues open up the vast subject 
we address by the term “gnomonics”, i.e. creatively devising gnomons 
suited to the physis of obstacles that allow flow streams of 
communication, or else chains of connectivity, to bind together different 
levels of hypostasis. 

The gnomonic enrichment of the obstacle-oriented approach is 
inseparable from the conception of obstacles as modular sources of 
invariance. This has been the case since the beginning of natural 
philosophy and natural science initiated by the magnitude measurement 
of the height of a pyramid by Thales. It was his innovation to use a 
vertically placed measuring stick as a gnomon, which to the theory of 
homeothesis connecting the level of actual objects with the level of their 
shadows by means of proportionality, or invariance of angle, under the 
temporal action of light fixed at the same time of the day. The notion of 
an appropriate gnomon in the context of any type of obstacle is always 
instrumental for obtaining a spectrum, consisting of distinct equivalence 
classes, or partition cells, or fibers, or finally, distinguishable orbits of a 
multiply-connected temporal action generating a stream flow around an 
obstacle. 

The abstraction of the initial connotation of a gnomon from its 
association with the sun-dial of a stick emerged early during the 
flourishing period of the Alexandrian school of mathematics. A gnomon 
with respect to an obstacle becomes any suitable form with the following 
property: If the gnomon is adjoined to the obstacle-laden form it gives 
rise to a new form self-similar to the original one. This conception of the 
function of a gnomon in relation to an obstacle is not only ingenious, but 
it paves the way to a gnomonic derivation of the whole framework of 
category theory, which represents undoubtedly the most abstract part of 
modern mathematics. At this early stage, we mention for the sake of the 
curious and eager reader that the notion of adjoint functors forming an 
adjunction in category theory is nothing else than a technical 
elaboration of the way a specific category of frames serves as a gnomon 
with respect to another obstacle-laden and non-directly accessible one. 
For the time being, it is enough to highlight that the invention of a 
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suitable gnomon with respect to an obstacle always gives rise to 
bidirectional bridges binding together the level where the obstacle is 
located with another level of hypostasis whose meaning derives only 
from relation to this gnomon. This constitutes the algebraic 
manifestation of the function of a gnomon. In cases where the bridges 
are exact inverses to each other, a group structure is generated, where 
the gnomon is enciphered as the neutral element of this group. In case 
that the bridges are only conceptually inverse, or else, adjoint to each 
other, what is generated is rather a categorical monad structure. 

It is necessary now to examine in more detail the relation 
between these different conceptions of obstacles as modular sources of 
invariance and gnomonics. We consider the case that the algebraic 
manifestation of the function of a gnomon gives rise to a group of 
temporal actions. The notion of a group is associated with the 
conception of symmetry relations established by the action-elements of 
this group. Symmetry means common measure with respect to a 
standard of measurement, or a standard of demarcation, which is to say a 
gnomon. In other words, the idea of symmetry is subordinate to the 
function of a gnomon. Coming back to the context of our inquiry, 
symmetry of temporal actions can be established only with respect to a 
standard of partitioning for these actions into distinct classes of 
equivalence with respect to this standard. Given that these temporal 
actions initiate cyclic stream flows around the obstacle, such a standard 
of partitioning can be enunciated only in terms of boundaries for these 
flows. As such, the notion of a boundary serves as the cipher, or 
equivalently, the neutral element of the group structure partitioning 
symmetric temporal actions into distinct cells, and thus, forming a 
spectrum. 

In more technical terms, we obtain for our purposes, a metabasis 
from homothesis to homology and cohomology by inventing a new 
gnomon bearing the property of topological deformation invariance with 
respect to the obstacle. This new gnomon is more potent in power than 
the homothetic one, since 


a boundaries form an Abelian group structure, meaning that the 
cipher becomes of a structural type, and 
b the gnomon detects and operates on germs of actions due to the 


deformation invariance property. 


Due to these properties, the modular source of invariance forced 
by the obstacle is qualified in terms of symmetric, and thus, 
equivalence classes of germs of temporal actions with respect to 
the gnomon giving rise to a spectrum. Therefore, the pairing 
between homology and cohomology is spectrally induced, 
providing countable means of distinguishing among different 
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quanta. Each quantum, namely each symmetric class of germs of 
temporal actions, specifies a concrete rhythmic arrangement 
within a regular temporal cycle surrounding the obstacle; it is of a 
certain harmonic nature. 


The above brings us to the second fundamental issue of gnomonics in the 
context of the obstacle-oriented approach, the one pertaining to the 
conditions of qualification of a quantum as a spectral information unit. 
More precisely, we have seen how the function of this deformation 
invariant gnomon induces a spectrum, each cell of which is indexed 
harmonically in terms of "countable quanta of metabole by periodic 
action". The first crucial thing to stress is that the whole spectrum 
appears only through the simply-connected universal helicoidal covering 
of the obstacle. Since this universal covering is the global and uniform 
unfolded domain of all temporal actions embracing the obstacle, we 
conclude that a quantized spectrum becomes manifest only in a 
simply-connected domain. 

In other words, the manifestation of a spectrum necessitates the 
gnomonic annihilation of multiple-connectivity associated with a 
temporal action. In turn, multiple-connectivity is of a foamy and 
ambiguous nature, that is, it prevents the distinction among streams of 
flows around the obstacle. Given that these streams amount to chains of 
connectivity, it is only through boundaries that this fog of objective 
probabilistic ambiguity may be gradually lifted in time. Note that this 
form of ambiguity is of an objective character, since it is not based on 
any type of subjective ignorance. This lifting is enacted by the perpetual 
completion of all germs of temporal action until simple-connectivity 
prevails gnomonically and the spectrum of distinguishable quanta 
becomes manifest. 

The second crucial thing to stress is that a distinguishable 
quantum of the spectrum does not constitute a unit of spectral 
information yet. It becomes such if and only if it is actually 
distinguished. Put differently, the spectrum is only the pre-condition for 
conveying information in terms of quantum units, but it does not qualify 
any of its elements as pre-existing units of information without any act 
of actual distinction among them. This can be explained by the fact that 
the spectrum constitutes the articulation of the symmetry of the 
gnomon, and as such, the spectrum is precisely the bearer of the simple 
connectivity emancipated by the gnomon. On the other side, the 
objectification of a quantum of a certain frequency from the spectrum as 
the bearer of in-formation, requires an actual distinction that breaks its 
connectivity bridges with all other symmetrically connected ones with 
respect to the gnomon. We conclude that a spectral information unit 
amounts to breaking the symmetry in the connectivity pattern of the 
gnomon, the latter being the price for information. Note that, by the 
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principle of gnomonic constitution of the spectrum, a spectral 
information unit pertains to germs of temporal actions, and thus, it is a 
modular unit of actual distinction between different cells. Henceforth, 
maximal symmetry amounts to minimal information, whereas minimal 
symmetry amounts to maximal information. Put differently, connective 
symmetry and spectral information constitute a Galoisian complementary 
pair with respect to the function of the gnomon in the context of the 
obstacle-oriented approach. 


14 HOMEOTICS OF COMMUNICATION: OBSTACLE-EMBRACING METAPHORA 


The notions of analogia and metaphora are considered in their broadest 
possible meaning, where a quantity, or an object, or a structure, or even a 
category, is amenable to a certain process of comparison with another of 
the above kinds. In this sense, analogia and metaphora are detached from 
the restricted cognitive and linguistic connotations that the widely used 
notions of analogy and metaphor carry with them. Notwithstanding this 
fact, the former notions are included as special cases of analogia and 
metaphora, which are endowed with a well-defined mathematical 
content, being at the basis of what we call “-natural communication-”. 
The underlying basic idea is that the purpose of this process of 
comparison is to embrace the obstacles, which are associated in some 
specific manner with some domain occupied by any of the above kinds 
through transference to another conjugate domain. The transference is 
thought of bidirectionally, which means it involves both an encoding and 
a decoding bridge from some domain to its conjugate domain. The 
obstacle-embracing function of analogia and metaphora is articulated 
through congruence or similarity of relationship between instances and 
not as similarity between the instances themselves pertaining to any of 
the above kinds. This is a subtle difference that needs to be emphasized, 
since it discloses the basic characteristic of any analogia or metaphora 
underlying the power of this function and binding it with the notion of 
communication between conjugate domains. 

Thinking in terms of instances in two different domains between 
which a congruence or similarity of relationship is established, one is 
generally not directly comprehensible or accessible, while the other is 
assumed to be better or more easily tractable. It is important to clarify 
that according to the above, an analogia pertains to a congruence 
relation not between two instances, but between the relations of these 
two instances. Thus, an analogia as a congruence relation between 
relations, involves (at least) two terms, each of which is itself a relation. 
This congruence relation between relations is called a homeotic relation. 

As a simple first example, if we use the scaffolding of naive set 
theory, such that a simple relation is thought of as a binary relation 
between two sets, then an analogia requires four terms in order to be 
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expressible. The four terms are distributed in two distinct levels or 
domains, where two of the four terms are placed on the same level so as 
to express a simple relation. Furthermore, three of the four terms are 
assumed to be known or directly measurable, or accessible, or more 
generally, determinable by some method, and the purpose is to 
determine the fourth. 

The primary example of the notion of analogia emanates from 
Thales’ theory of homeothesis or proportionality. It is important to 
emphasize that the purpose of Thales' theory of proportions had been 
the measurement of non-directly accessible magnitudes. More 
concretely, the objective of Thales was to find the directly inaccessible 
height X ofa pyramid, given the length C of its accessible shadow, as 


well as the height 4, and the shadow length b, of an accessible object 
placed vertically as a reference stick, which plays the role of a 
measurement rod in homeothesis. The analogia devised by Thales for the 
resolution of this problem is based on the idea that light coming from the 
sun induces a congruence relation between the level of heights and the 
level of shadows for each specific time recording the magnitudes of all 
the four variables involved. The analogia of homeothesis is expressed 
symbolically as follows: 


b =c 


— 
(a to b)isas(X to C) 


In algebraic terms, the above analogia is expressed by the simple 


; a x ; ; ; , 
equation — — ^, from which the non-directly accessible magnitude x 
b c 


. . a 
can be determined indirectly as x=“. Note that the four terms of 
b 


this proportion between magnitudes are arranged into two distinct 
levels according to some qualifying characteristic, ie. @ and X 
occupy one level as vertical heights, whereas b and C occupy the 
other level as horizontal shadows. 

In point of fact, Thales provided a geometric solution to the 
problem addressed by homeothesis, since the set-up involving the 
algebraic equation of proportionality of magnitudes together with its 
simple algebraic solution presented above, was not available at that time. 
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The important fact is that the solution of the proportionality equation 
involves the group-theoretic operations of multiplication and, inversely, 
division of positive integer magnitudes. Thus, from the viewpoint of 
natural communication, the geometric theory of proportions, i.e. the 
theory of homeothesis, contains all the seeds of abstraction leading to 
the conception of the modern algebraic structure of a multiplicative 
group. 

In particular, given the multiplicative monoid structure of the 
positive integers, the solution of the Thalesian problem of 
proportionality or analogia of magnitudes requires the option to invert 
the multiplication operation, i.e. it requires the operation of division. In 
turn, since this is not possible in the context of positive integers, the 
operation of division entails their algebraic extension to the wider 
context of the rationals, culminating in the multiplicative group 
structure of the rationals. 

Conclusively, the determination of an unknown magnitude in the 
Thalesian setting, by analogia, interpreted now algebraically, requires 
the introduction of the multiplicative group structure of the rational 
numbers in order to provide a solution to the associated proportionality 
of magnitudes equation expressing that analogia. In a suggestive 
manner, we can rewrite the solution of this equation as follows: 


x-M,cM,'! 


meaning that to obtain the non-directly accessible magnitude X, 
“multiply by 4” (denoted by M,) the magnitude C, and then, divide 


by b (denoted by M,'). Thus, the determination of inaccessible 
magnitudes by means of analogia, algebraically necessitates the 
introduction of the group-theoretic closure structure on magnitudes, 
equipped with the operation of multiplication and possessing an inverse, 
which is division. 
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By extrapolating, we may assume that the resolution of a more 
general problem, based on analogia (not restricted to the situation of 
proportionality of magnitudes) implicitly requires for its algebraic 
manipulation the following: 

Firstly, the distribution of the four terms of an analogia into two 
distinct levels, two of the four on each level, where three of the four 
terms are assumed to be directly determinable, and the purpose is to 
determine the fourth. 

Secondly, the introduction of an appropriate closed algebraic 
structure with respect to a process that bridges together the two distinct 
levels, playing a similar role to the operation of multiplication (between 
magnitudes at different levels). This multiplicative adjunctive process 
can be thought of as a directed bridge which connects the upper level 
with the lower one, where each level is occupied by things belonging to 
the same class, or domain, or universe of discourse. 

Thirdly, the possible determination of the inverse to the 
multiplicative adjunctive process, called the division process. In many of 
the cases an exact inverse process (being suggestive of the global 
schematism of reversibility via another level) may not be attainable, and 
thus, partially or locally inverse processes should be employed, satisfying 
appropriate conditions. 

According to the above, in the case that an exact inversion 
process is available or globally constructible, facilitating an effective 
exact round-trip between two delineated levels, we call the analogia a 
metaphora. This conception has an Aristotelian origin, formulated in the 
statement in Poetics, according to which: "Metaphora is the substitution 
of the name of something else, and this may take place from genus to 
species, or from species to genus, or from species to species, or according 
to proportion." 

Projecting this statement back to the general environment of 
analogical relations, we conclude that a general analogy between 
instances may be concerned with class membership or class 
characterization. 

In a nutshell, an analogia, formulated as a relation among four 
terms distributed at two distinguished domains or levels follows a 
unifying conceptual thread: Starting from a term at some level the 
determination of an inaccessible term with respect to the first, at the 
same level, via a cyclical global round-trip process through another 
understandable level, involving three stages: 

First, setting up an encoding multiplicative adjunctive bridge of 
correspondence of the initial term at the first level with another term 
conceived as an instance at the other level. Second, processing the 
required task at this other level. Third, devising a decoding bridge of 
correspondence, inverse to the multiplicative one, which facilitates the 
return at the initial level, and simultaneously resolves indirectly the 
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problem of inaccessibility, or equivalently embraces the obstacle 
encountered at the initial level. 

Subject to the above, characterizing the general thought pattern 
of an analogia or metaphora, as an attempt to extract the conceptual 
essence of the Thalesian theory of proportions of magnitudes, and then, 
abstract it algebraically, we express an analogia or metaphora in terms of 
the following symbolic relation: 


X = SAS" 


where, the unknown X , at the obstacle-laden level, may be specified 
by an ordered three-stage process, through some quite easily 


determinable A at another viable level mediated via the opposite 
pointing bridges S and S~ connecting the two levels. In case where 


the bridges S and S'' are exact inverses, and A is considered to 
be noise-free or homeorhetic, we say that the analogy is effective, 


characterized as a metaphor. In the general case, where the bridges S 


and S~ are not exact inverses to each other, but only conceptually 
inverse, they are called adjoint. 

The underlying idea in all these cases is that a communication is 
established between these two levels capable of embracing the obstacles 
encountered at the initial level. The characteristic feature of an analogia 
is that a problem, located at a domain or level, requires for its effective 
treatment to move away from the context of this domain, i.e. to transfer 
the problem into another non-obstacle-laden domain. This is possible by 
designing appropriate encoding and decoding bridges between these two 
domains and following the three-stage process indicated previously, in 
the specified order. The effect of this, is that, as a result of the 
established congruence between the domains involved, the return to the 
initial domain, carries within itself the indirect solution to the problem 
that has been actually derived at the non-obstacle laden domain. Of 
course, the designation of the encoding/decoding bridges, being either 
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exactly inverse or adjoint, is of fundamental significance for the 
operational or computational manifestation of a round-trip between 
these levels, interpreted as a process of communication. Note that 
communication is possible if and only if a specific global, or local, or even 
partial, congruence becomes attainable between the involved domains. 
The requirement is that the bridges are somehow stable, i.e. they are not 
dependent on ad hoc choices or oversimplifying assumptions. This is 
expressed by the adjective natural which obtains a well-defined 
meaning in mathematical category theory, as we will discuss later. 

From an algebraic viewpoint, the symbolic relation X = SAS“ 
admits a dual interpretation, namely one in terms of substances and 
another in terms of operations. In the context of communication, the 
operational interpretation is preferable, since it places the emphasis on 
the process devised for overcoming the initial inaccessibility. In this 


sense, the symbol X (indirectly determinable by analogia), followed 
by the sign of equality, may be interpreted as signifying the total ordered 
series of the three actions needed for its effective determination via 
another level, connected to its own by two bridges in opposite 
directions. It is also instructive to notice that the meaning of the 
operational interpretation can be captured even from its dual 
substantive viewpoint, under the convention that the symbolic relation 
of analogia can be extended in the notational form: 


X(h,5) = S(,)4,.1)5" (L) 


where, the symbols /, and /, denote some kind of base locality or base 


indexing parameter. 


15 ALGEBRA OF METAPHORA: CONJUGATION BETWEEN HYPOSTATIC DOMAINS 


In general mathematical terms, the presentation of an effective analogia, 
or metaphora, in the symbolic form 


X = SAS" 


defines X to be conjugate to A under S , where S'! is 


considered to be the conceptual inverse of ©. This is a useful 
observation because it associates the algebraic principle of conjugation 
with the functional role of a metaphora. Since a specific algebraic 
structure is not pre-supposed ab initio, we call the principle leading to 
the algebraic expression of a metaphora as the principle of logical 
conjugation operating between two hypostatic domains. 

The algebraic expression X — SAS"! consists of two basic 
organic structural parts: The first part is delineated by the two 
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conceptually inverse vertically displayed arrows © and S"', forming 
the outer part, or the boundary of the analogia or metaphora, interpreted 
abstractly as a bidirectional bridge of information encoding/decoding 
between two different levels entering into a communication with each 
other. The second part is constituted by the horizontally displayed arrow 


A, forming the inner part of the analogia, and interpreted as a directed 
process of rhesis or stasis, ie. transfer or storage, within the level 
specified by the first vertical directed bridge. Rhesis or stasis always give 
rise to a partition spectrum at the obstacle-free level, which contains the 
blueprint for embracing the obstacle of the initial level under the action 
of the decoding bridge. Note that the functionality of an analogia or 
metaphora is always crucially dependent on the interpolation of some 
appropriate inner part A between the succession of the actions of the 
inversely pointing bridges. More precisely, if the inner part A is 
absent, then the outer part simply collapses since it cancels out. Based 
on this fact, we can formulate the basic properties of logical conjugation 
as pertaining to an effective analogia as follows: 


1 Horizontal Extension of Metaphora in Length: This is equivalent 
to the juxtaposition of two metaphoras, ie. two metaphoras 
sharing the same bridges can be combined horizontally simply by 


juxtaposing one with another as follows: if X,— S4! and 
X,=SA,S",then X,X, = SAAS 

2 Vertical Extension of Metaphora in Depth: This is tantamount to 
the stacking of two metaphoras arising from the substitution of 


the inner part of a metaphora by another metaphora, such that, 
the initial metaphora can be accomplished via a splitting into a 


deeper level of hypostasis, and so on, as follows: if X = SAS” 
and A-TBT ,sothat, X - STBT "S ,then X -(ST)B(ST) , 
E Inversion of Metaphora: This means that if a process X is 
conjugate to a process A at another level under the action of a 


bridge S,then A isconjugateto X under S~',as follows: if 
X -SAS ,then 4=S'XS. 


An interesting type of logical conjugation arises in cases where a bridge 
S equals its own inverse, that is $— S. An immediate consequence is 
that if the inter-level transformation $ is repeated twice in succession, 


then it gives the identity, viz. S? =1. In this case the bridge S is called 
an involution bridge. The most well known example of an involution 
bridge is provided by any device operating strictly between two states, 


42 NATURAL COMMUNICATION 


represented by the simplest Boolean algebra containing two truth values 
(True and False, or 0 and 1). 

Then, if the bridge 5 represents the transformation from the 
one state to the other (acting like a Boolean negation operator between 
the levels of truth and falsity), its repeated application for a second time 
brings us back to the original state. In logical terms, the negation of 
negation is equivalent to the identity, and therefore, an involution 
bridge functioning between two states distributed in two distinct levels 
is a picturesque way of expressing the law of excluded middle in Boolean 
logic. 

Due to the properties listed above, and making temporary use of 
the scaffolding of naive set theory, an effective analogia expressed by 
means of logical conjugation can be presented in the form of an 
equivalence relation, namely as: 


Xn, A 


stating that X is conjugate to A under S. This is an equivalence 
relation because it is reflexive, transitive and symmetric: First, due to 


the property of metaphora extension in length if Xi Ns A and 


X, ~ç Á, then XX, ~ç 44,. Second, due to the property of 


metaphora extension in depth, the transitivity condition is established 


since, if X ~g A and A Ny B, then, X ~ B. Finally, due to the 
property of metaphora inversion, the symmetry condition is established 


since, if X^ A, then ANa X. 


1.6 PARTITION SPECTRUM AND CIPHERS: VIRTUAL AND ACTUAL DISTINCTIONS 


The equivalence relation W~ T stating that the process W is 


conjugate to T under S, gives rise to a finite partition of all possible 
processes into blocks or cells constituting the observable spectrum of 
this partition. Each block of the partition is algebraically the equivalence 
class of W under some 5$, denoted by E(W). In other words, E(W) 
is the class of all processes V that are equivalent to W under S. In 
this sense, / is in the equivalence class of W if and only if 
E(W) — E(V). Note that the cells of a partition are non-overlapping, and 
more precisely, they are mutually exclusive and jointly exhaustive. This 
is the crucial property that characterizes the notion of the induced 
observable spectrum, indexed or classified below in terms of different 
colours: 
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It is important to point out that a metaphora involving two hypostatic 
levels pre-supposes implicitly that these two levels can be in principle 
differentiated. Of course, this is only possible in terms of the inversely 
pointing bridges $ and S~'. Concomitantly, two processes W and 
T , which are equivalent under S, i.e. they belong to the same cell of the 
partition, can be differentiated within this cell by the intervention of S 
and S~, although they cannot be actually distinguished. The 
underlying reason is that a cell of the partition should be properly 
thought of as an intrinsically indistinguishable element by itself, which 
however, can be potentially differentiated internally (e.g. by enforcing 
the encoding and decoding bridges $ and S~'), and most important, 
can actually be resolved, refined, and distinguished externally (e.g. by 
external acts of distinction). 

For this purpose, in the context of a finite partition, it is 
instructive to introduce the difference between virtual and actual 
distinctions. An actual distinction is characterized by pairs (W,W’'), 


where W and W' belong to distinct cells of the partition. In contrast, 
a virtual distinction is a differentiation internally within some cell of the 


partition, which is invoked by the explicit enforcement of $ and S™'. 
The interesting question, which has far reaching consequences in 
relation to the notion of information, is when a virtual distinction 
becomes an actual distinction. This is only possible by means of refining 
the partition. Equivalently, partition refinement requires a decoupling of 
the encoding and decoding bridges, since for a pair (W,W') qualified as 


an actual distinction W and W' belong to distinct cells, which entails 
that there are no bridges between them in force. If we adopt the 
provisional definition that information emerges through actual 
distinctions of a partition in the present context, then the procedure of 
partition refinement amounts to decoupling bridges of metaphora, and 
in this way, obtaining new information. 

As a consequence, the notion of metaphora expressed through 
conjugation, incorporates three distinct types of structural ciphers. The 
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first is the structural cipher of an algebraic group that expresses the 
notion of symmetry. In particular, an encoding bridge $ together with 
the inverse decoding bridge S~! differentiating a process W from a 


process 7 within a cell of the partition they enforce, make W and T 
symmetric to each other. The second is the structural cipher of a partial 
order that expresses the notion of distinguishability. In particular, 
external acts of refinement, i.e. acts of refining the grain of resolution in 
a spectrum to obtain actual distinctions -and thus- discern new 
information, induce a partial ordering relation among partitions. The 
third is the structural cipher of a category as a common abstraction 
between the notions of a group and a partial order. In particular, in our 
context the notion of a category is the algebraic cipher required to 
express the duality between sets and partitions, which emerges simply 
from qualifying the differentiation within a cell of a partition, given the 


bridges $ and S7',asa set of virtual distinctions. 

It is worth focussing, at this stage, on these structural ciphers in 
more detail. The structural cipher of an algebraic group is tantamount to 
the identification and classifications of the cells of a partition defined by 
metaphora, i.e. through conjugation. A group G is closed with respect 
to an operation, i.e. addition or multiplication, and it always contains an 
identity element, called the neutral element of the group. In this manner, 
the structural action of a group as a cipher is encoded in its neutral 


element. It is because of the neutral element that for any S in the 


group G , there exists a unique inverse ,S ! such that their 
operational composition results in this element. A group is characterized 
via its action, ie. it is the notion of a group action that structurally 
expresses the notion of equivalence in the cells of the partition. In this 
manner, the notion of a partition cell, under a group action that realizes 
it, is equivalent to the notion of an orbit or fiber of this group action. 

Next, we may consider the totally indiscrete partition that can be 
potentially differentiated under a group action, which essentially 
involves the enforcement of the encoding and decoding bridges in this 
partition. Since this partition is indiscrete by hypothesis, all virtual 
distinctions within it are symmetric to each other. In other words, we 
derive that the state of maximal symmetry equals a state of maximal 
indistinguishability. Equivalently, since there are not any actual 
distinctions in the indiscrete partition that constitutes a single block of 
the same colour, e.g. black colour, there is zero information that is 
extractable from it without any refinement. 

The procedure of refinement of the indiscrete partition is 
possible by symmetry breaking; in other words, actual distinctions in a 
refinement of the indiscrete partition require the breaking of the 
maximal symmetry of that partition. Symmetry breaking makes 
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information discernible in terms of the actual distinctions of the refined 
partition. On the other side, maximal refinement destroys all symmetry, 
i.e. it breaks all the bridges, and in this way is equivalent to maximal 
information, since everything becomes actually distinct in the discrete 
partition. Refinement is definable as a relation of partial order among 
partitions, where the indiscrete partition is the minimal element, and 
the discrete partition is the maximal element of this partial order. 


To sum up, given a group action, we think of differentiation within a cell 
of the induced partition in terms of the set of virtual distinctions 
belonging to an orbit or fiber of this action. Moreover, we consider the 
partial order of refinement in terms of virtual and actual distinctions. 
Then, in the simple case comprising three elements amenable to actual 
distinctions, the order of refinement looks as follows: 


The partial order of partition refinement is dual to the partial order of 
subsets of a set, and this fact renders the respective categories dual to 
each other. Thus, starting from metaphora and its properties as 
expressed through conjugation, we derive the categorical duality 
between partitions and sets. Note that the dual partner of an element of 
a subset is given by an actual distinction of a partition. Clearly the 
indiscrete partition does not have any actual distinctions, whereas all 
the possible actual distinctions are the actual distinctions of the discrete 
partition. 
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EC {B,C} 


{{A}, (B, CJ] ((A, B), 


{A} {B} ici 
{{A, B, C}} 


Moreover, since differentiation within a partition cell is qualified by the 
set of virtual distinctions that can be made within this cell, and due to 
the fact that a partition cell is identified with an orbit of a corresponding 
group action, based on the notion of symmetry induced by the inverse 
bridges of a metaphora, the duality between sets and partitions arises 
from the inverse correlation between symmetry and information. In 
particular, this inverse correlation boils down to the existence of two 
partial orderings that are in cadence with each other but the first is 
increasing whereas the other is decreasing. Note that both of these 
partial orders are bounded from above and below, such that the state of 
maximal symmetry in the first ordering corresponds to the state of null 
actual distinctions, and thus minimal information, in the second 
ordering, and so much is equally true of the converse. These two 
inversely correlated partial orders may be thought of as orthogonal to 
each other, if depicted jointly, since symmetry and information are 
complementary in the context of metaphora. 

Now, suppose that McKxK is the equivalence relation 


induced by logical conjugation on a set of processes or relations K .We 
may consider a category (K,M) in which K is the set of objects 
(standing for processes), M is the set of arrows, and the source and 
target maps M — K are given by the first and second projection. Then 
given X and 4 in K, there is precisely one arrow (X,A) if X 
and 4 are in the same equivalence class, viz. they are metaphorically 


related by conjugation, while there is none if they are not. Then 
transitivity assures us that we can compose arrows, while reflexivity tell 


us that over each process X in K there is a unique arrow (X, X), 
which is the identity. Finally symmetry tells us that any arrow (X, A) 
has an inverse (A4, X). Thus, (K,M) is a groupoid (category in which 
all arrows are isomorphisms) such that, from a given object of this 
category (process) to another there is at most one arrow (if they are 
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metaphorically related). Conversely, given a groupoid, such that from a 
given object to another there is at most one arrow, if we denote by K 
the set of objects and by M the set of arrows, the source and target 
maps induce an injective morphism M° KxK, which gives an 


equivalence relation on K with the concomitant interpretation. 


17 INTELLIGIBILITY OF THE COSMOS: STRUCTURAL EXTENSION 
OF ALGEBRAIC SCALARITY 


Let us now examine the functionality of logical conjugation from a 
structural algebraic standpoint. We have already claimed previously that 
the resolution of the Thalesian problem of determination of an 
inaccessible magnitude by the method of proportions, implicitly contains 
the seeds of discovery of the multiplicative group structure of the 
(positive) rationals. More precisely, multiplication is an essential 
operation that can be performed on the integers endowing them with 
the closed structure of a multiplicative monoid. Division, the inverse 
operation to multiplication, is nevertheless not a total operation on 
integers, and thus, the determination of inaccessible magnitudes on the 
basis of proportion cannot be effectively performed within the reference 
domain of integers. 

To achieve a total operation of division, to resolve the Thalesian 
problem, we are obliged to extend the initial domain into a new domain 
of numbers, where the required inverse operation can be always 
implemented. This means that the resolution of the problem requires an 
appropriate extension of the initial closed structure (integers) with 
respect to the operation of multiplication into a new structure 
(rationals), which is closed with respect to both multiplication and its 
inverse operation of division. This is a recurring theme in universal 
algebra and thus it deserves a closer analysis in order to explain the 
particulars of its implementation by means of the logical conjugation 
strategy. 

For this purpose, let us state explicitly che ordered series of three 
processes that have to be performed, according to the general pattern 
characterizing metaphoras, for the construction of the field of rationals 
from the ring of integers. We recall that the rationals constitutes the set 
of all fractions a/b, a and b integers, bz with the usual 
relation a/bsc/d if ad=bc , which makes invertible every 
non-zero element of the integers. 

The basic ingredient for the construction of the field of fractions 
is the fact that the set of non-zero elements of the integers is 
multiplicatively closed. The structural metaphora characterizing 
completely this construction is technically called the process of 
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localization of the commutative unital ring of the integers Z with 
respect to the multiplicative closed subset of the non-zero integers. The 
whole purpose of this structural metaphora by conjugation is to make 
every element of the multiplicative closed subset of non-zero integers 
invertible, such that the new structure of numbers obtained in this 
manner, fulfills the following objectives: First, it bears a structural 
similarity to the initial domain of numbers, viz. it is also a commutative 
unital ring with respect to addition and multiplication. Second, the 
operation of division (inverse to multiplication) can be performed by the 
existence of inverses of non-zero integers, which have been 
incorporated in the new extended closure domain of numbers. Third, as 
a consequence of the above, the initial domain of numbers together with 
their arithmetic can be embedded in the new one. 

We consider the commutative unital ring of integers Z and let 
ScZ be the multiplicative closed subset of non-zero integers. The first 
step is to set up a directed bridge from the level of commutative unital 
rings to the level of sets, encoding the process of extending the 


underlying set-theoretic domain of integers Z into a new domain 
formed by the cartesian product of sets ZxS. Note that the ordered 
pairs of integers (a,s) with s #0, are not supposed to have any a priori 
structure, since their existence is required at the level of sets by means 
of the encoding directed bridge connecting the structural levels 
involved. In this extended new set-theoretic domain the initial task can 
be facilitated by imposing the homological equivalence criterion, 
according to which the ordered pair of integers (va,vs) should be 
equivalent to (a,s) for any non-zero integer v. Technically this 
condition is described in the following way: 

In the set ZxS we define the following binary relation: (a,s) 


9 (b,r) if and only if there exists v e S such that: v(at —bs) - 0. 
The relation 9 is an equivalence relation, partitioning the set ZxS 
into equivalence classes. We will denote the quotient set by Z sy, and the 
equivalence class of (a,s) by the fraction symbol a/s. Thus, the 


quotient set L; contains elements which can be interpreted as 


fractions, bearing the semantics of numbers allowing division by 
non-zero integers. 

The structural metaphora is completed via logical conjugation 
by setting up an inversely directed decoding bridge from the level of 
sets to the level of commutative unital rings, effectuating the 
indirect round-trip as follows: We set a/s+b/t:=(ta+sb)/st , 


(a/s)(b/t)=(ab/st) for every a/s, b/t e s; The operations are 
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well defined and endow Z s With the structure of a ring. The zero and 
unit elements are, respectively, 0/s and s/s, for every s e S. 
Finally, we define the canonical morphism of rings h:Z>Z 5» given by 


h(a)=a/1, for every a e L. Note that for any s e S we have 


that 1/s is the inverse of A(s) in Ls. Hence, Ls is the smallest 


ring containing Z, in which every element of the multiplicative closed 
subset of non-zero integers S is invertible. 
Thus, the extension of scalars of the commutative unital ring of 


integers Z by means of algebraic localization, with respect to the 
multiplicative closed subset of non-zero integers, is understood as a 
structural algebraic metaphora implemented by logical conjugation. The 
structural effect of this metaphora by conjugation is the addition of 
multiplicative inverses to the elements of the multiplicative closed 


subset $c Z, such that the extended ring Ly, consists of fractions 


als, where aeZ, se. Moreover, the conceptualization of algebraic 
localization as a structural metaphor for the resolution of the general 
problem of making division a total operation by congruent extension of 
structure via the logical process of conjugation, permits its application in 
generalized structural environments as we shall see in the sequel. 


18 STRUCTURAL METAPHORA: ADJOINING - PARTITIONING - QUOTIENTING 


It is instructive to explicate in more detail the conjugation strategy 
related with the efficient functioning of the above structural metaphora. 
First, we observe that the encoding process of the underlying 


set-theoretic domain of 7, utilized as an architectonic scaffolding, into 
the new domain formed by the cartesian product of sets ZxS takes 
place by means of extending the scalars of Z with respect to the scalars 
of the multiplicative closed subset $ of Z. This means that the 
extension of scalars of the set-theoretic domain of Z is effectuated by 
adjoining to Z the scalars of a well-defined internal algebraic part S 


of Z distinguished by its anticipated operational role. 

Second, the level of sets can be thought of as a temporary 
underlying scaffolding via which logical conjugation can be effectively 
applied. More precisely, at the level of sets the operational role of the 
distinguished part $ of Z can be implemented by the imposition of an 
appropriate homeotic equivalence relation on the previously extended 
set-theoretic domain ZxS. The conceptual underpinning of this 
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process is the identification of those elements of the extended domain 
ZxS, which exhibit a certain homeotics of behaviour, which we 
symbolize by the relation R. Any suitable criterion of homeotic 
indiscernibility must lead to a partition of ZxS into disjoint classes of 
elements bearing the imposed homeotic relation R, and hence R must 
be an equivalence relation. Since, the imposition of such a relation R 


effectuates a classification of the elements of ZxS into disjoint classes 
of equivalent elements, partitioning it in the particular way determined 


by R, the latter can be thought of as a homeotic perspective. It follows 
that an equivalence class modulo the homeotic perspective A, consists 
of all the elements of Zx$, indiscernible with respect to R, and thus 
homeotically identical. 

More specifically, the homeotic perspective R imposed on 
ZxS, requires that the ordered pair of integers (va,vs) should be 
homeotically identical to (a,s) for any non-zero integer v, under the 
intended interpretation of the homeotic class of (a,s) by the fraction 
symbol a/s. Note that the homeotic classes (a,s) are metaphorically 


interpreted as elements a/s, being assigned a new name, viz. fractions, 


of a new set, namely of the quotient set Ly. It is important to notice 


that consequent to the transition from ZxS to L; is the replacement 
of equivalence modulo A, viz. R-perspective homeotics, by equality 


(identity) of elements in the quotient Z T 


Third, the structural metaphora realizing the result of the applied 
logical conjugation is completed by means of the inversely directing 
bridge from the level of sets back to the initial level of commutative 
unital rings. The semantic aspect of this bridge amounts to a re-casting 


of the elements of the quotient set Z $5, as elements of a new ring, viz. as 


elements of the same closed structural genus as the initial Z. This is 
accomplished by modifying appropriately the addition and 
multiplication operations referring to these new elements (fractions). 
This modification takes place according to the principle that the new 
operations should incorporate and reproduce the effect of the old ones, 
when restricted to the old elements, being dressed in the new form 
imposed by the adopted homeotic perspective. 

The important thing to notice is that the completion of the 
structural metaphora according to the logical conjugation strategy 
described above, accomplishes the task of making the operation of 
division total, and thus, resolves the geometric problem of homeothesis 
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in a structural way. In this way, from the standpoint of the ring of 
integers, the structural metaphora permitting the unconstrained action 
of the division operation on magnitudes, belonging now to an extended 
closed partially congruent structure of the same algebraic genus (ring of 
rationals), accomplishes the interpretation of division as an emergent 
well-defined total operation. This is due to the fact that the operation of 
division acts properly on this new kind of species (fractions), which 
remains closed with respect to its action. The logical conjugation 
resolves the original Thalesian problem structurally because fractions 
are formed at the set-theoretic level, and then lifted at the ring-theoretic 
level by means of encoding/decoding bridges. In particular, fractions are 
formed by the inverse processes of extending the set-theoretic domain 


Z to the larger one ZxS with respect to the part S, and then 
restricting this extended domain by collapsing it, viz. by partitioning it 
homeotically into disjoint classes, with respect to the imposed internal 
homeotic perspective subsumed. 

In more general terms, the above algebraic localization structural 
metaphora is a particular application of the logical conjugation strategy 
designed for the resolution of a specific problem involving (at least) two 
delineated structural hypostatic levels, and based on the existence of a 
pair of inversely pointing bridges connecting these two levels, as follows: 
First, by means of an extension bridge, encoding the information of a 
structural domain into a new extended one assuming existence at a 
different level. Second, performing the required task at that level by 
realizing an appropriate equivalence relation, and subsequently forming 
the associated quotient structure. Finally, by means of a reciprocal 
bridge, decoding the acquired information in a structural form congruent 
to the form of the structural domain we started with, according to the 
specification of the initial level. 


19 INDIRECT SELF-REFERENTIAL METAPHORA AND HOMEOTIC CRITERION 


At a further stage of development of these ideas, we realize that the 
successful implementation of the conjugation strategy, concerning 
structural metaphoras, necessitates primarily the investigation of the 
meaning of an effective analogia within the same algebraic structural 
genus. This task is important, because it clarifies the nature of an 
indirect analogical self-referential relation taking place within a certain 
closed structural genus. From the general context of the preceding 
analysis, it has become clear that at least, referring to the set-theoretic 
level of magnification, a set can be related to a distinguished part of it by 
the imposition of an equivalence relation on their jointly formed 
cartesian product with respect to a homeotic perspective, which 
reciprocally required the delineation of that distinguished part, in the 
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first place. The total process can be cast into the pattern assumed by a 
self-referential structural metaphora as follows: 

Initially, we assume that a set of elements, considered as an 
individual object within the genus of sets (characterized by the 
membership relation), can relate to itself by separation of a well-defined 
part of it, viz. a subset bearing the functional role subsumed by a 
particular homeotic perspective. In turn, this homeotic perspective can 
be applied to the extended object obtained from the initial object by 
adjoining the distinguished part. Finally, using the quotient 
construction, we collapse the extended object into a new partitioned 
object belonging to the same genus. Of course, this is only possible if all 
of the following conditions can be fulfilled: First, if the initial object can 
split its substance between two internal levels or hypostases within the 
same genus, such that the latter, formed by extension with respect to a 
part, is also an object of the same genus encoding the former. Second, if 
the application of the homeotic perspective on the extended object 
partitions it into equivalence classes, forcing in this way a homeotic 
criterion of identity, or equivalently, an indiscernibility relation with 
respect to this homeotic perspective, at the same level. Thirdly, if the 
equivalence classes of the quotient can be re-interpreted as elements of 
a new object of the same genus, being formed at the initial level by 
identifying equivalent elements with respect to the homeotic 
perspective. 

It is important to realize that an indirect self-referential relation, 
implicated by logical conjugation within the same genus, accomplishes 
precisely the satisfaction of the above conditions. This is possible by 
means of two inverse internal bridges connecting these two separate 
levels of hypostasis into a non-contradictory circular pattern as follows: 
the first bridge carries out the extension process of an object to another 
level of hypostasis, being formed by adjoining to it a distinguished part, 
delineated by the functional role subsumed under a homeotic 
perspective. At the new level, an appropriate equivalence relation on the 
extended object implements the functional role of the homeotic 
perspective, that is, implements a homeotic criterion of identity. As a 
result, we end up with a partitioning of the extended object into a set of 
equivalence classes constituted by indiscernible elements with respect 
the imposed criterion. Finally, an inverse bridge performs the transition 
back to the initial level, by collapsing the extended object with respect 
to the homeotic perspective, and thus, transforming the homeotic 
relation into an equality (identity) of elements in the quotient set, 
formed back at the initial level. Notice the crucial point that the 
quotient structure formed by returning to the initial level has to be again 
a set-theoretic object, that is, it must be congruent to the structural 
specification of the initial object we started with. 
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After this series of remarks, there arises the natural problem of 
applying the logical conjugation strategy realizing an indirect 
self-referential metaphora into the context of objects belonging to some 
algebraic structural genus, like groups, rings and algebras. This becomes 
possible, if we formalize the notion of a homeotic perspective as an 
equivalence kernel of a comparison morphism (homomorphism) 
between structures of the same algebraic genus. Note that the functional 
role subsumed by a homeotic perspective, elevates the relation of 
equivalence among elements belonging into the same equivalence class 
at the level reached by descending the first bridge, to a relation of 
equality (homeotic identity) at the initial level regained by ascending 
back through the inverse bridge. In turn, this constitutes the precise 
implementation of what we call a homeotic criterion of identity. 

Set-theoretically speaking, this amounts to the implication that if 
two elements g and f of the extended set, at the new internal level 


of hypostasis, are equivalent with respect to a homeotic perspective R, 
viz. a Rp, then their images inside the quotient set, interpreted as new 


elements, at the initial level, are identical, viz. [a] RU [P] 5. Based on this 


argument, we can deduce the modeling of the notion of a homeotic 
perspective between structures of the same algebraic genus, by passing 
into some appropriately restricted type of equivalence relation by means 
of logical conjugation, depending on the algebraic genus considered. 


1.10 EQUIVALENCE AND HOMEOTIC KERNELS OF ALGEBRAIC GENUS 


In a general context, the minimum requirements for an algebraic system 
include the existence of a set $ with an equality relation for which 
there is defined a binary law of composition, namely, a single-valued 
function of pairs o, f such that of is in S for a, f in S. 
Adopting this as our starting point, we superimpose an equivalence 
relation R on S in order to investigate how a desired restricted type of 
equivalence relation arises. Namely, denoting by x the set of equivalence 


classes C, mod R, we raise the following question: Can an operation o 
be definedin x based upon the composition operation in S? 

We proceed along the lines of what might be a first attempt to 
investigate this question by defining: 


C, C, 7 C, 


The above apparently makes the product dependent upon the choice of 
class representatives. This deficiency can be amended by requiring that, 
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if C, =C, and C, = Cs, then C, C, 7 C,C;. This amounts to the 
assertion, if a'Ra and f'Rf,then (a'B')R(af)). Equivalently stated, 
we obtain the condition: a@'Ra implies that (a'x)R(ax) and 


D 
(xa )R(xa) forall x. We call regular those equivalence relations which 
satisfy the condition above. The latter constitutes a necessary and 


sufficient condition upon R in order that 
C, °C, = C, 


stands for a well-defined operation. Then, we can easily deduce that the 


correspondence 9 of S onto x defined by: Qx)=C, if and only if 


x € C is an algebraic homomorphism, called the natural 
homomorphism. Essentially, from a reciprocal standpoint, x should be 
a homomorphic image of $ under a correspondence, mapping all 
elements of $ belonging to an equivalence class onto an element of x. 
But the existence of such a homomorphism immediately implies the 


existence of one mapping the class containing œ upon E and the 
homomorphism property then requires that C, oC, =C,, holds true. 
The central idea explained previously can be now easily applied 
to structures of some algebraic genus, for example, to groups. In this 
case, we consider a group § together with a regular equivalence 
relation R. Then, defining an operation in È = {C,,C,,.} according to 


the composition rule C,» C, = Cyg» 


$. Since a homomorphic image of a group is necessarily a group, we 


we obtain a homomorphic image of 


deduce that x is actually a group whose identity element is C, where 
e isthe identity element of the group 5. 

The above construction shows that the process of shrinking a 
group $ with the aid of a regular equivalence R produces a 


homomorphic image x of § being also a group, thereby preserving 
the structural specification of its algebraic genus. Conversely, given a 


homomorphic image x of S, there is defined a partition, and 
therefore, an equivalence relation R on S$ . Moreover, the 


homomorphism property implies that R is a regular equivalence relation. 
In a nutshell, we conclude that in the case of groups, the problem 


of finding all homomorphic images of 5 reduces to that of finding all 
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regular equivalence relations over $.For this purpose, we make use of 
the coset decomposition of a group S with respect to a subgroup H. 
More precisely, we define, aR if and only if œ — A5, where, h e 
H. 


We can easily show that R is actually an equivalence relation, 


such that the equivalence class C, =H Q, called the right coset of H. 


Moreover, since a'Ra implies that (a'x)R(ax) , the equivalence 
relation R is right regular. 


But conversely, starting with a right regular equivalence R in 


$ we find that C, is a subgroup and C, = Ca , since Ra implies 


that (Ba')Re; Hence fac € 6 or, f e Ca and conversely. 
Thus, the problem of finding the various right regular equivalence 
relations in $ is reduced to the problem of determination of the right 


coset decompositions of $ with respect to its subgroups. 
Precisely analogous considerations establish that the various left 


regular equivalence relations in $ are completely determined by the 
left coset decompositions of § with respect to its subgroups. Thus, we 


conclude that, if R isa regular equivalence relation, then, on the one 
side, it defines a left coset decomposition with respect to the subgroup 


H ofallelements x such that xRe, and on the other side, it defines a 


right coset decomposition with respect to the same subgroup. Hence R 
stems from a subgroup for which the left cosets are identical with its 


right cosets. Such a subgroup N is called a normal subgroup of S, 
satisfying: xN — Nx forall x in S. 

Thus, a regular equivalence relation R in S stems from a 
normal subgroup N of S, viz. a subgroup remaining invariant under 
logical conjugation, meaning that N-xNx'! for all x in S. 
Conversely, a normal subgroup of S defines a regular equivalence 
relation on $. Now, if N is a normal subgroup of S, then its cosets 


C, =XN forma group with the following composition rule of closure: 
aNoBN =(ap)N, 


or equivalently, C 


a 


oC,=C,, holds. The resulting quotient X=S/N 


is a group homomorphic to $ and constitutes that group, which 
collapses the normal subgroup N of § to the identity element of x. 
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Conversely, every homomorphic image of $ can be duplicated by, 
hence it becomes isomorphic to, such a quotient group. 

The completely analogous analysis for the case of rings yields the 
corresponding homomorphism theorem with the same efficiency. Thus, 
we have deduced the modeling of the notion of a homeotic perspective 
between structures of the same algebraic genus, by the concept of 
regular equivalence relations. Consequently, the implementation of 
self-referential metaphoras within the context of objects belonging to 
some algebraic structural genus, becomes possible if we formalize the 
notion of a homeotic perspective precisely as a regular equivalence 
kernel of a comparison morphism (homomorphism) between structures 
of the same algebraic genus. 

More concretely, in the case of groups, we have the following: Let 


S and T be groups and let ø be a group homomorphism from S to 
T. If er is the identity element of T, then the kernel of ø is the 
subset of S consisting of all those elements of § which are being 


mapped by ø totheelement €z: 


Ker(0) = {x eS: 0(x)=e,} 


Since a group homomorphism preserves identity elements, the identity 


element €; of S must belong to Ker(9). By the preceding analysis, it 


turns out that Ker(d) is actually a normal subgroup of S. Thus, we can 
form the quotient group S/Ker(), which is naturally isomorphic to 


Im(@), viz. the image of ø (which is a subgroup of T). 
Analogously, in the case of rings with a unit element we have the 


following: Let S and T be rings and let ø be a ring homomorphism 


from $ to T.If 0. is the zero element of T, then the kernel of ø is 


the subset of $ consisting of all those elements of § which are being 


mapped by ¢ tothe element 0,: 


Ker(g)= ixe$:0(0) 70, 


Since a ring homomorphism preserves zero elements, the zero element 


0; of $ must belong to the kernel. It turns out that, although Ker(@) 


is generally not a subring of $, since it may not contain the 


multiplicative identity, it is nevertheless a two-sided ideal of S. Thus, 
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we can form the quotient ring S / Ker(¢), which is naturally isomorphic 


to Jm(@), viz. the image of ø (whichisasubringof T). 

The effective generation of self-referential structural metaphoras 
via logical conjugation in the context of some algebraic genus, implicated 
by the action of regular equivalence relations within this genus, provides 
a powerful methodological device for the resolution of a wide range of 
problems. Moreover, a self-referential structural metaphora may be 
combined with another type of metaphora, for instance a genus to 
species metaphora. 

As an example, we may consider the case of the genus of (finite) 
groups. We have already seen previously that a regular equivalence 
relation on a group corresponds to a normal subgroup of this group, 
interpreted as an internal homeotic perspective. More precisely, this 
homeotic perspective constitutes the regular equivalence kernel of the 
homomorphism from the group to its corresponding quotient group. A 
natural problem arising in this context refers to the possibility of 
decomposition of a group into a finite series of non-further 
decomposable groups (simple groups) using the method of division with 
respect to internal homeotic perspectives, namely, with respect to 
normal subgroups. This is the problem of solvability of a group-theoretic 
structure, which has been first posed in the context of Galois theory. If 
solvability is attainable, then the initial group can be thought of as being 
decomposed into a finite series of irreducible group layers (factor 
groups) adjoined to each other in a proper way. 

This problem can be successfully tackled by means of the 
conjugation strategy, if we combine the previously explained 
self-referential structural metaphora with a genus-to-species metaphora 
between the genus of multiplicative groups and the species of the 
integers. In the context of the latter metaphora, if a group corresponds 
to an integer, then a normal subgroup corresponds to a divisor of this 
integer and the associated quotient group corresponds to the quotient of 
the integer by the divisor. Furthermore, a non-further decomposable 
group (simple group) corresponds to a prime integer number, and finally, 
the notion of decomposition of a group into a finite series of simple 
groups using the method of division with respect to normal subgroups 
corresponds to the Euclidean algorithm for divisibility of the integers. 


1.11 LOGICAL CONJUGATION VIA A GNOMON: HOMEOTIC CRITERION OF IDENTITY 


It is instructive to emphasize that the appropriate operational 
implementation of all different manifestations of the logical conjugation 
strategy rests only on two prerequisites: 

First, the ability to induce a meaningful stratification into 
different hypostatic domains or levels which can be connected by means 
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of encoding and decoding bridges. In the general case, we may think of 
these levels as structural ones. The stratification may even involve 
substructures of an initially given structure, delineated according to a 
specific characteristic and adjoined to the initial structure, as separate 
levels. The latter is particularly suited to the resolution of 
self-referential problems through a cyclical conjugation process by 
means of the reciprocal and reflexive techniques of descending and 
ascending. 

Second, the ability to establish a congruence, or a homeotic 
relation among the stratified levels. It is precisely the ingenuity of a 
homeotic criterion that provides the seed for the successful 
implementation of the logical conjugation strategy. Put differently, an 
effective analogia or metaphora subsumed by logical conjugation 
requires an appropriate criterion of homeotics among stratified levels in 
order to operate. We point out that the notion of metaphora literally 
means transference or transportation. Thus, logical conjugation can be 
conceived as a logical transportation process involving at least two 
separate levels according to a specific homeotic relation among these 
levels. We also note that metaphora may refer to transportation of 
information or structure or matter or energy or whatever else this notion 
can refer to, whereas the logical conjugation strategy via which it takes 
place is indifferent to its particular qualifications. This provides the 
sought for universality in the application of logical conjugation to 
different fields. 

From the above, we deduce that what is crucial for the logical 
conjugation method is the establishment of some appropriate homeotic 
criterion operating among the stratified hypostatic levels. Then, based 
on this homeotic criterion it becomes more tractable to devise 
appropriate encoding and decoding bridges reciprocally connecting all 
different levels and effectuating a metaphora. It is interesting to note 
that from the present viewpoint the notion of homeotics bears a logical 
function although it is usually introduced and implemented by 
topological means. At least, it is important to stress that a homeotic 
criterion is independent of local metrical spatiotemporal notions of 
distance. For this reason, it can operate non-locally or among different 
scales. The ubiquity of a homeotic criterion is that it establishes some 
particular measure of invariance among the stratified levels. This 
measure can be expressed as an arithmetic invariant, like a ratio or a 
fraction, or even in structural terms like a group or groupoid. The 
essential thing is that inter-level connectivity and congruence obtained 
by metaphora, requires a homeotic criterion in order to be expressed via 
the logical conjugation strategy, just as the homeotic criterion rests 
conversely on such inter-level connectivity. 

In standard mathematical terminology, what we call a homeotic 
criterion appears in a variety of different formulations, which are unified 
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conceptually from our perspective. This unification is facilitated by 
means of logical conjugation and its net effect, which is metaphora 
according to some qualification, and ultimately serves as an effective 
means of coping with complexity and self-reference. For instance, a 
homeotic criterion may be expressed in the simplest possible 
manifestation as a relation of homeothesis or proportionality of integer 
magnitudes as in the original Thalesian conception. It may also be 
expressed as a relation of similarity between two square matrices, where 
the homeotic criterion is the representation of the same linear 
transformation with respect to two different bases of a vector space. In 
this case, the logical conjugation strategy resolves the problem of 
diagonalization via the method of eigenvalues. 

In the field of differential topology and differential geometry a 
homeotic criterion is provided by the notion of a local homeomorphism 
or local diffeomorphism correspondingly. We may note parenthetically 
that from the perspective of logical conjugation the notions of 
topological or differential manifolds defined by descending to simpler 
spaces like the Euclidean ones and then ascending back via the method 
of gluing from the local to the global level, are solely needed for the 
formulation of the metaphora process of differentiation, called covariant 
parallel transport, and giving rise to the invariants of curvature. Finally, 
a homeotic criterion may be literally expressed in standard algebraic 
topological terms, namely by means of homology and cohomology theory. 
In broad terms, homology theory establishes invariant measures of 
topological similarity in terms of a series of groups stratified into 
different scales or dimensions. The topological similarity is defined by 
means of classifying chains of connectivity into two classes, called cycles 
and boundaries correspondingly. More precisely, two cycles are 
homologically equivalent if they differ by a boundary. The dual theory, 
called cohomology theory, is based correspondingly on the notion of 
cochains of connectivity, which are classified respectively into cocycles 
and coboundaries. In this case, two cocycles are cohomologically 
equivalent if they differ by a coboundary. For example, in the case of de 
Rham cohomology theory, the cocycles are represented as closed 
differential forms and the coboundaries as exact differential forms. 

A natural question arising in this context is the following: 
Notwithstanding the technicalities involved, for example in the setting 
of homology and cohomology theories of various forms, is there a guiding 
concept that lends itself to a proper and efficient depiction of a homeotic 
criterion? In other words, what is the common thread between the 
homothesis equivalence relation and the more sophisticated 
algebraic-topological homology equivalence relation which renders them 
both amenable to the logical conjugation strategy? 

We argue that the common conceptual thread for establishing a 
proper homeotic criterion is provided by the use of a gnomon. The 
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intuitive idea of a gnomon also makes more easily conceptualized the 
quite abstract notion of a homeotic algebraic kernel. The best definition 
of the notion of a gnomon has been given by the great mathematician 
Heron of Alexandria in the following terms: A gnomon is that entity 
which, if it is adjoined to some originally given entity, results in a new 
augmented entity becoming homeotic, or partially congruent, or even 
similar, to the original one. In order to understand the depth of this 
simple-seeming definition of a gnomon it is necessary to start from its 
initial conception in the context of the Thalesian theory of homeothesis. 
In this context, the gnomon is, literally speaking, the part of the sundial 
that casts the shadow. 


We can easily see that it is exactly the adjunction of the gnomon to the 
pyramid, which induces a homeothetic equivalence relation between the 
level of objects and the level of their shadows with reference to their 
magnitudes at the same time of the day, and consequently makes logical 
conjugation operative for the determination of the non-directly 
accessible magnitude of the height of the pyramid in terms of proportion. 
In its simplest possible form the general process of adjoining a gnomon 
in order to obtain a relation of homeothesis may be visualized as follows: 


Formally, the relation of homeothesis is an equivalence relation, and 
thus induces a partition spectrum consisting of equivalence classes 
standing for the blocks or cells of this partition. The quotient structure 
obtained by factoring out this equivalence relation incorporates a new 
homeotic criterion of identity in comparison to the initial one, which is 
precisely characterized in terms of the chosen gnomon of homeothesis. 
In other words, the notion of logical identity is relativized with respect 
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to the gnomon, such that the unit element of the quotient structure 
expresses equivalence modulo the gnomon. 

In the case of homeothesis or proportionality of magnitudes, the 
metaphorical aspect of logical conjugation may be easily visualized in 
terms of a recursive or periodic application of a gnomon. This leads 
naturally to the dynamical notions of gnomonic growth or unfolding and 
reciprocally gnomonic subdivision or folding by means of logical 
conjugation. A particular well known example is provided by the 
function of the golden mean gnomon, depicted graphically as follows: 


a b 
nm 
E 
a+b 1 "v i 


The conclusion obtained from the analysis of the notion of a 
homeothetic gnomon can be extrapolated to more complex situations, 
where a more general homeotic criterion is required for the effective 
application of logical conjugation. The abstraction consists in thinking of 
a gnomon as a means to indicate, or discern, or distinguish, or to set a 
boundary. The function of a gnomon is again to induce a certain type of 
modularity incorporating a homeotic criterion of identity. 

For instance, in the case of a manifold, the gnomon is a local 
Euclidean space and the homeotic criterion is subsumed by the notion of 
a local homeomorphism. The modularity type is expressed by the gluing 
conditions of local Euclidean patches adjoined homeotically to a globally 
intractable space endowing it with the structure of a manifold. The 
logical conjugation strategy is used as a means to resolve a difficult 
problem for manifolds in terms of simpler problems, which can be solved 
at the level of local Euclidean patches and their amalgamations. 
Equivalently put, this logical method conjugates a complex problem at 
the manifold level to a simpler problem at the local Euclidean level 
where it can be directly resolved. The efficiency of logical conjugation 
rests on the fact that we are able to descend and ascend between these 
levels due to the homeotic criterion enforced by the associated gnomon. 
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Finally, it is worth explaining the notion of gnomon employed in 
standard homology theory, as it is conceptualized in algebraic topology. 
In this case, the role of a gnomon is played by the notion of a boundary. 
We recall that chains of connectivity in homology theory are classified in 
terms of cycles and boundaries. Intuitively, a boundary at some 
dimension is a bounding chain of a higher dimensional topological form, 
whereas a cycle stands for a non-bounding chain. Visually, 
non-bounding chains may be thought of in terms of holes or punctures or 
higher dimensional cavities, whereas boundaries may be thought of in 
terms of filled, and thus bounding chains. The basic idea of a boundary as 
a gnomon, establishing the homeotic criterion of homology, such that 
logical conjugation can operate, is that adjoining a boundary to a cycle 
gives a topologically similar or homologous cycle. Thus, two cycles 
differing by a boundary belong to the same homology equivalence class 
as depicted visually below. 


In this sense, homology equivalence classes, which are actually abelian 
groups due to the algebraic operations involved in composing chains and 
orienting boundaries, enfold the invariant information of holes and 
cavities of topological forms. We emphasize again that these group 
invariants are obtained solely by the logical conjugation strategy on the 
basis of the homological criterion of identity set up by the notion of a 
gnomonic boundary. 
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TRANSCENDENTAL 2 
CIRCULATION: 
EXPONENTIATION 

AND 

LOGARITHMIZATION 


2.1 EXTENSION BY INVERSION: FORGETTING AND REMEMBERING 


One basic characteristic of the process of extension of the algebraic 
structure by means of metaphora through the scaffolding of sets is that 
the conceptually inverse bridges employed to achieve conjugation bear 
some particular meaning that is worth focussing on. More concretely, 
the encoding bridge is actually a forgetful bridge (“lethe”) in relation to 
to the initial algebraic structure, whereas the decoding bridge is one of 
recollection (“anamnesis”) that re-establishes the algebraic structure at 
the initial level. The reason is that the appropriate homeotic criterion of 
identity is established in terms of an equivalence relation at the level of 
set elements, following which, the algebraic structure is enforced in a 
suitable way. The other basic characteristic is that the extended 
algebraic structure, does not discard, but rather incorporates the initial 
one. This means that the restriction of the structure extended from our 
initial one serves to ensure agreement with it. This is clear already from 
the algebraic treatment of the Thalesian problem that required the 
extension of the integers into the rationals in order to solve the pertinent 
proportionality equation between magnitudes and their shadows. In the 
extended algebraic structure of the rationals the integers are qualified as a 
particular type of rationals, such that the restriction of the rationals to the 
integers is feasible. 

From an algebraic viewpoint the metaphora realizing the 
extension of the integers to the rationals addresses the issue that 
division is not possible within the domain of the integers. It becomes 
possible only via the extension of the integers to the rationals, since the 
latter assume a group structure with respect to the operation of 
multiplication, which is absent in the case of the integers. In this sense, 
this extension in entailed by the necessity of determining the algebraic 
domain, where the inverse operation to multiplication becomes a total 
operation and can be performed without obstruction. The perspective of 
inverting an algebraic operation, which anyway proves indispensable in 
solving algebraic equations, is very fruitful and elucidating in 
understanding the emergence of arithmetics and algebraic structures. 
From this perspective, a structural algebraic metaphora provides the 
means to evade the obstacle of inverting an operation in an initially 
specified algebraic domain. 


22 TWOFOLD INVERSION OF POWERS: ROOTS AND LOGARITHMS 
A very important case presents itself in the consideration of the notion 
of taking powers. It is well known that the notion of power is defined by 


recursion on the operation of multiplication. The complexity in the 
notion of a power is that it involves two numerical entities assuming 
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different operational roles. More concretely, we have the base of the 
power and the power itself, such that the operation of raising the base to 
a power is not a commutative operation, i.e. the result is not invariant 
where the roles of bases and powers are exchanged. In this sense, the 
non-commutativity appearing for the first time algebraically in the 
procedure of raising a base to a power, requires the consideration of two 
distinct inverses; one referring to the base, and the other referring to the 
power. If we call this non-commutative operation with respect to the 
base and the power the operation of exponentiation, then its inversion is 
twofold: Inverting with respect to the base is the procedure called root 
extraction, whereas inverting with respect to the power is the procedure 
called logarithmization. 

Therefore, two distinct types of conjugation are needed in order 
to invert exponentiation. The first, referring to the powers with respect 
to a base obliges us to extend the field structure of the rationals to the 
field structure of the reals. As a result, logarithmization becomes a total 
operation in the domain of real numbers. The second, referring to the 
roots, necessitates the extension of the field structure of the rationals to 
the field structure of the complex numbers, if we include the roots of 
negative numbers. Both of these inversions are unified in the field 
domain of the complex numbers under the notion of the complex 
logarithm. It is important to highlight that both of these inversions are 
not purely algebraic, but entrain topological arguments for the 
effectuation of the respective metaphoras. The first requires an 
argument of continuity, whereas the second requires additionally a 
topological argument of evasion of the obstacle of multiple connectivity, 
to which we will come back later. 

At this stage, it is worth considering first, real logarithmization in 


functional and algebraic terms. If we consider that b is any positive 
base different from the unit 1, then the exponentiation equation 
b" =x, where x70, is solved in terms of y by logarithmization, i.e. 


z 


y = log,x. Equivalently, the power y is expressed as the real logarithm 


of x in the base or root b. It is clearly not allowed to take the real 


logarithm of zero or a negative number. If we think of b” asa function 
of y, then this function is a continuous (and differentiable) function of 


the variable Y, whose inverse is the continuous (and differentiable) real 


/ 


logarithm function x+>log,x=y. Note the intervention of this 


topological qualification required for the performance of the required 
inversion that requires the explicit consideration of the irrationals 
besides the rationals, in other words, the meaningful inclusion of limit 
processes, in order to achieve the extension to the domain of the reals. 
The real logarithm function is characterized as the unique monotonically 
increasing function from the positive reals to the reals, such that: 
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log,b=1 
log. (y, : y) = logy, + log,y, 


Note that the real logarithm function converts multiplication of positive 
reals to addition of reals and it is order preserving. 

A natural question emerging in the functional context regarding 
the real logarithm function is how to express the procedure of raising to 
a power independently of the base employed. For this purpose, we define 
the exponential function exp:xrexp(x), from the reals to the 
positive reals, ie. the value is never zero and never negative, 
characterized by the property that 


exp(x, *x;) = exp(x,)-exp(x,) 


meaning that it converts addition of reals to multiplication of positive 
reals. Then, the problem of raising to any power a with respect to a 
base ©, where © is thought of as a variable, is resolved by regarding 
the exponential and logarithm functions as inverse bridges between the 
group theoretic domains of the positive reals with respect to 
multiplication and the reals with respect to addition. More concretely, 
these inverse bridges, are inverse homomorphisms between these two 
groups, and thus, constitute the group of the reals under addition 
isomorphic to the group of the positive reals under multiplication. In 
other words, the real exponential function and the real logarithm 
function are not only inverse functions, but more important, they are 
inverse group homomorphisms. 


In this fashion, we may define the real logarithm function log: RR 
as the group homomorphism from the multiplicative group (Rt, ‘) tothe 
additive group (R,+) since log( y, :y)) - log y, * log y, is satisfied for 
any positive reals Y; and 2. Inversely, the real exponential function 
exp: ROR’ isa group homomorphism from the additive group (R,+) 
to the multiplicative group (R^, ) satisfying 


exp(x, + x,) = exp(x,) exp(x,). 

As such these two group homomorphisms are inverse to each other; they 
establish an isomorphism between these two different group structures. 
The most important consequence of this isomorphism is that the 
additive group structure of all real numbers, i.e. of the values of the 
logarithm function under addition, is indistinguishable from the 
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multiplicative group structure of the positive reals, i.e. of the values of 
the exponential function under multiplication. Consequently, the 
difficult operation of raising to a power can be conjugated to the easy 
operation of multiplication by metaphora from the additive group of the 
reals to the multiplicative group of the positive reals, where exp and 


log play the role of the inverse bridges. Symbolically, we have: 


C$ = exp[a]log(c) = exp[a]exp (c) 


Conversely, the capacity of the above metaphora to solve the problem of 
raising to a power by conjugating it to multiplication is equivalent to the 
group isomorphism induced by the inverse bridges identified with the 
real exponential and the real logarithm function. 


25 TRANSCENDENTAL GNOMONS: BRIDGING THE HARMONIC WITH 
THE GEOMETRIC 


Both the exponential bridge and its inverse logarithmic bridge are 
characterized by self-similarity. Thus, they can be conceived in 
gnomonic terms. More concretely, since both of them are transcendental 
functions they act as inverse bridges between the transcendental or 
harmonic domain and the geometric domain, which is to say that the 
exponential is a bridge from the geometric to the harmonic, and 
inversely, the logarithm is a bridge from the harmonic to the geometric 
domain. If we consider the well-known example of the logarithmic 
spiral, it clearly provides an example of gnomonic growth, which is 
encountered in the natural world, for instance in the case of the Nautilus 
shell The logarithmic or equiangular spiral differs from the 
Archimedean spiral in the sense that the distances between successive 
windings are not constant, but they increase in geometric progression. 


Archimedean Logarithmic 
Spiral Spiral 
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Coming to the exponential bridge, if we consider the arithmetic mean of 
exp(x) + exp(—x) 
2 
obtain a well-known curve, called the catenary curve, which can be also 
thought of in gnomonic terms. The origin of this curve is physical, and 
more precisely, it is the solution to the least action problem referring to a 
chain in a gravitational field. Put simply, the catenary curve composed 
by the arithmetic mean of two exponential bridges according to the 

above, is the natural shape of a hanging chain under the pull of gravity. 


, then we 


the exponentials exp(x) and exp(—x), i.e. 


The inverted shape of the catenary is the well-known catenary arch in 
architectonics with myriad of applications. The catenary arch by its 
specification through the real exponential bridges stands by itself 
without any support, defying in a sense the pull of gravity as the inverse 
of the shape assumed by a hanging chain. 


Catenary arch 


Catenary 


The most interesting aspect of these transcendental gnomons, which is 
absent from the initial rational conception of the geometric ones, is the 
appearance of curvature. Moreover, the pattern of gnomonic growth is 
not a linear trapezium as in the former case, but an angular trapezoidal 
sector, depicted for comparison below. 


79 NATURAL COMMUNICATION 


24 INTRINSIC GEOMETRIC CURVATURE 


The blueprint of the different types of local curvature in two dimensions 
is already evident by considering the catenary curve. The geometric way 
of detecting the local curvature involves the consideration of the 
tangent and the normal at a point. The normal may be thought of as the 
radius of a circle at the specified point, whereas the tangent is the 
orthogonal to the normal, identified with the tangent of the circle at this 
point. We now imagine another curve that bears the inverse 
specification of tangents and normals, whereby the former tangents are 
the normals of the new curve and the former normals are the tangents of 
the new curve. Then, we obtain a geometric inversion with respect to 
the local curvature referring to these two curves. If we apply this to the 
case of the catenary, then we obtain another curve called the tractrix as 
depicted below: 


The surface of revolution emerging by rotating the tractrix about its 
asymptote is a pseudosphere, which is a surface with constant negative 
intrinsic curvature, characterized as a hyperbolic surface. The analogia 
with the sphere comes from the fact that a sphere has constant positive 


curvature 1/R°, where R is the radius of the sphere, whereas the 
pseudosphere has constant negative curvature —1/ R°. They can be 
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treated on an equal footing by considering the radius of the 
pseudosphere as an imaginary radius, Le. iR, such that its curvature 
becomes the negative magnitude —1/ R?. This is a non-trivial step that 
requires an imaginary metaphora between the harmonic and the 
geometric domain culminating in the role of the imaginary unit, a subject 
to which we will come later. 


The revolution of the catenary around an axis can be performed in two 
ways, both concavely and convexly. The surface of revolution obtained 
in the first case is a catenoid, while in the second it is a catenary dome. 
The catenoid is a minimal surface; it occupies the least area when 
bounded from above and below, e.g. by two circular rings. Because of this 
fact, it has mean curvature zero everywhere. As such it should be 
thought of as the curved abstraction of the plane, which is also a minimal 
surface considered as a surface of revolution. The catenary dome should 
be thought of as the optimal correction to the shape of an ideally 
symmetric spherical dome when subject to acceleration due to gravity. 


72 NATURAL COMMUNICATION 


25 THE HELICOID: DESCENT OF THE IMAGINARY UNIT FROM HARMONICS 


Topologically the catenoid is non-simply connected due to the hole it 
bears in the middle; if we make a cut, then it can be deformed 
periodically to a simply-connected helicoid, which is also a minimal 
surface, although not a surface of revolution. In particular, it occupies 
the least area when bounded sideways by two helices. In this way, the 
catenoid becomes locally isometric to the helicoid. A two-dimensional 
entity could not locally distinguish the catenoid from the helicoid. The 
fact that this locally isometric deformation exists is a strong motive to 
explore the implications of the exponential and logarithmic bridges 
when extended to the imaginary and complex number domains. The 
crucial observation is that after half a period a mirror image of the same 
helicoidal surface arises, which may be qualified topologically as a 
twisting. For example, we may think of a belt as a toy model whose two 
sides are coloured differently. The closed belt is an approximation to the 
region around the equator of the catenoid. If we open the belt and move 
the left end up and the right end down we have an approximate model of 
a helicoid. On the other side, if we move the left end down and the right 
end up we obtain the mirror or twisted image of the former helicoid. 


Note that the rotation axis of both the helicoid and its mirror is 
orthogonal to the equator of the catenoid, since there is a 7/2 
rotation counterclockwise or clockwise in relation to the equator. This is 
a strong indication about the role of the imaginary unit from a 
transcendental viewpoint. 
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The extension of the real exponential function to the imaginary domain 


1 
takes place via the complex exponential function exp: Ro S , where 


S' denotes the unit circle, whose elements are described by Euler's 


formula as e^ =cos@+isin@. Note the appearance of the imaginary 


unit, which is interpreted as a rotation by 2/2 making the imaginary 
axis orthogonal to the real axis in the domain of the complex numbers. 
Given together with the imaginary unit, there is always its mirror image, 
described as its complex conjugate. Since the unit circle is coordinatized 
by means of the imaginary unit, we think of this circle as an imaginary 
ring. Its emergence will be elaborated as we go on. At this stage, it is 
useful not to adopt the more conventional geometric, but rather to 
favour the harmonic interpretation. Simply expressed, the imaginary 
ring is actually a harmonic ring, i.e. it descends not from the domain of 
geometry but from the transcendental domain of harmonics. 
Notwithstanding this fact, the image of the ring in the geometric domain 
of forms may be visualised as a circle, more precisely, as a circular 
shadow of a harmonic entity. The latter is expressed transcendentally 
through the complex exponential function as its imaginary power. 

For the consistency of this metaphorical interpretation it is 
necessary to explicate the qualification of a harmonic entity as well as its 
expression as an imaginary power. The intuition comes from the dual 
consideration of the helicoid along with its mirror image as constituting 
a harmonic entity. Firstly, the helicoid unfolds continuously by parallel 
translation of its tangent planes, and after half a period of rotation a 
mirror image of the same helicoidal surface arises. We may think of the 
helicoid together with its mirror image as helical waves propagating in 
opposite directions such that the mirror image is the reflection of the 
first. This is possible if these helical waves are bounded from above and 
below for temporal length of one period so as to give rise to a helical 
standing wave. Here, this condition is equivalent to the requirement 
that within this bounded interval the helical wave is in unison with its 
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reflection, its mirror image. Being in unison means that they are 
consonant in the fundamental harmonic frequency corresponding to the 


frequency ratio 1:1, which in turn, would correspond to an angular 
temporal interval of one whole period 27 . 


2.6 HARMONIC SERIES OF A TEMPORAL HELICAL CHORD 
AND FREQUENCY SPECTRUM 


It is instructive to highlight the difference between a vibrating straight 
chord whose length is spatial, and a vibrating helical chord whose length 
is temporal as in the preceding. The unison ratio in the former case 
corresponds to a zero length spatial interval, whereas it corresponds to a 


2z temporal interval in the latter case. Notwithstanding this fact, we 
are able to establish the whole harmonic series in the helicoidal case, 
such that there is an inverse relationship between frequency and 
temporal extent or duration. The visual imaginary ring in this context is 
the unit circle descending from the harmonic domain of relations 
between a variably bounded helicoid and its mirror image into the visible 
geometric domain as its observable shadow. It serves to spatialize 
temporal extents by means of the imaginary unit and its conjugate to 
allow for twofold directionality. The spatialization records temporal 
extents in a twofold imaginary axis, qualified by both a positive and a 
negative direction as usual, as simultaneously extended imaginary 
spatial lengths at the present of the emergent shadow. Equivalently, 
these spatialized extents can be viewed as angular sectors of the 
imaginary circle via the complex exponential function. In this manner, 
being in unison in the harmonic context of a helical standing wave has a 
shadow in the visible geometric domain quantified by the imaginary 
spatial length 27i, which is identical to the period of the complex 
exponential function. Alternatively, through the complex exponential 


function, being in unison corresponds to the whole 27 angular sector 
of the circumference of the imaginary ring. 

It is worth pondering on some specific characteristics of the 
harmonic domain that make it different from the visible geometric one. 
If we think ontologically in terms of substances, then in the harmonic 
domain the twisted or mirror image, or simply the reflection is of the 
same substance as the original, since it can interact and interfere with it 
to produce a standing helical wave bounded from above and below. The 
latter is not traveling in space at all. In contrast, it resolves time in terms 
of the harmonics series and the concomitant harmonic ratios of 
frequencies, ie. by means of consonances and dissonances. As such a 
standing helical wave in the context of its resonating environment is not 
an ontological entity in physical space, although it has a shadow 
quantified through the imaginary ring. Its most crucial aspect is that it 
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resolves time periodically in terms of the harmonics, in such a way that 
time and frequency are reciprocally correlated. Thus, in the same way 
that time is spatialized via the imaginary axis, to give an imaginary 
length, frequency is spatialized orthogonally to the former as speed or 
momentum. What really matters is the orthogonal placement of 
frequency and spatialized temporal duration due to the intervention of 
the imaginary axis. As such, the opposite convention of indexing 
frequencies as imaginary quantities and spatialized temporal intervals as 
real is also valid and acceptable. Keeping in mind the above 
correspondences it becomes evident that the exponential function is 
qualified as eigenfunction of the differentiation operator, as well as a 
kernel of an integral transform, for example, the Fourier transformation 
between functions of these reciprocal variables. Note that an arbitrary 
angle in its expression as a power in the complex exponential is a 
product of the reciprocal variables. 

Keeping the former convention, we identify the stairs of any 
bounded portion of the helical wave, unfolding orthogonally to the 
imaginary ring that constitutes its shadow, or present epiphaneia 
determined by the bounds of the resonator, with the harmonic series, 
being able to induce any harmonic ratio. In this manner, the harmonics 
are qualified as powers for the actualization of consonances and 
dissonances. The negative harmonics, setting up the whole frequency 
spectrum, correspond to the harmonic series of the reflection. Therefore, 
the whole frequency spectrum of a bounded helical standing wave does 
not bear any ontological role, but its role may be thought of as 
teleological. More precisely, the whole harmonic series depicted by the 
helical stairs is the entelecheia of the standing wave that accompanies 
the transcendental domain of time, as expressed in terms of the complex 
exponential function. 
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2.7 NON-GLOBAL INVERTIBILITY OF IMAGINARY POWERS AND BRANCHING 


Considered structurally, which means here group-theoretically, the 
complex exponential is a group homomorphism from the additive group 


(R,+) to the multiplicative group (S ») satisfying 
exp(i(0) +0,)) = exp(i8)-exp(i,). The homeotic criterion of identity is 


encapsulated in the kernel of this group homomorphism, which is 2zZ. 
Note that the homeotic criterion of identity is established in terms of the 


angular temporal interval of one whole period 27 times the harmonic 
series, which belong to the group of the integers. In this sense a single 
moment of time, identified with the present of the imaginary ring 
shadow, making it a unity, is resolvable homeotically by the whole 
spectrum of harmonics, so that consonances can occupy this moment. 


The existence of this homeotic kernel 27Z of the complex 


exponential group homomorphism e :(R,4) 2 (S 5) has a price. The 
price is that the complex exponential is not invertible globally, but only 
locally. This broaches the significance of the domain of sheaves into 
which we will encounter later on. At present, the fact that it is not 
possible to have a well-defined global notion of a complex logarithm as 
the inversion of the complex exponential entails the novel phenomenon 
of branching. In other words, the projection from the helix to the circle, 
although it bears well defined local sections inverting it locally, does not 
possess a global inverse. We may assert that branching is the geometric 
way to engage with the issue of homeotic consonance in the harmonic or 
transcendental domain. Topologically, the latter gives rise to what is 
called multi-connectivity. Branching is the geometric way to evade 
multi-connectivity by a process of cutting, bounding, and unfolding, 
until everything becomes simply connected. 

Considering the complex logarithm, we realize that an inverse 


homomorphism from the multiplicative group (S L to the additive 
group (R,+) can be defined only locally, i.e. by restricting the values of 
the angle within a period, i.e. from —zz to +2, —z «Oz, or from 
0 to 2zz, 0<@<2z, which depicts a branch by cutting. The 
meaning of the branch is that the complex logarithm is single-valued 
within this branch. The whole issue arises from the multi-valuedness of 
the angle, because the complex exponential has the same value for angle 
0, and O*2kz, where k is an integer. This is precisely what is 
encapsulated in the homeotic kernel of the complex exponential group 
homomorphism that is understood, as established above, by the nature of 
the helicoid. Epigrammatically, we may say that if the harmonic domain 
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is associated with multiplexing and knotting, the geometric domain is 
associated with branching and weaving. Topologically, the main theme is 
connectivity, and the metaphora pertains to the unfolding of harmonic 
multi-connectivity into geometric simple-connectivity. 


28 CANONICS: METAPHORA FROM HARMONICS TO GEOMETRY VIA TOPOLOGY 


Since the harmonic and the geometric domain incorporate different 
principles of organization, we may consider the transcendental 
exponential and logarithmic functions not only from a gnomonic 
standpoint, but more accurately, from the perspective of canonics. The 
notion of a canon incorporates the requirements for an analogia or 
metaphora between two structurally, or organizationally different, 
domains that can communicate to each other covariantly by conjugation, 
which means by the enforcement of appropriate encoding and decoding 
bridges. The notion of canonics emanates from Pythagoras' vibrating 
monochord that embodied the idea of descending from the harmonic to 
the geometric domain and ascending back. Conceptually it refers to the 
transfiguration of an acoustic chord to an optical fiber involving the 
instantiation of a scale that is able to transform acoustic frequency 
ratios to visual length intervals. The conception of relative frequencies 
as powers that can be perceived by the ear implies that the bridge from 
the harmonic to the geometric is of a logarithmic nature. In other words, 
the logarithm function transfigures frequency ratios to length intervals, 
since it converts division to substraction. Inversely, the transfiguration 
from the geometric to the harmonic domain is of an exponential nature. 
This fact has been implicated in the impossibility of setting up a rational 
scale of musical intervals. In turn, this bears the consequence that the 
discovery of the irrationals does not come from the geometric domain, 
most typically presented via the Pythagorean theorem, which targets the 
incommensurability of the diagonal with the sides of an orthogonal 
triangle, but derives rather from harmonics. The notion of the 
equally-tempered, based on the equipartition of musical intervals, 
ending up on the chromatic geometric scale, is a geometric solution to 
evade this problem at the price of sacrificing the pure harmonics. 

The conceptualization of the imaginary ring set out here, allows 
the exemplification of canonics from the viewpoint of complex 
geometric function theory, especially as pertaining to the complex 
exponential and complex logarithm functions. More precisely, the 
complex exponential is an encoding bridge from the geometric to the 
harmonic domain, whereas the complex logarithm is a decoding bridge 
from the harmonic to the geometric domain, which is actually inverse to 
the former only locally, giving rise to the phenomenon of branching. The 
complex logarithm bridge of this metaphora may be thought of as the 
means of unfolding harmonic multi-connectivity into geometric 
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simple-connectivity. From a structural algebraic viewpoint, the complex 
exponential defined in terms of a group homomorphism from the 


additive group (R,+) to the multiplicative group (S^, ) is extended 
now to a group homomorphism from the additive group of complex 
numbers (C,+) to the multiplicative group of non-zero complex 


numbers (C,). Considering the complex logarithm, an inverse 


homomorphism from the multiplicative group (C,) to the additive 
group (C,+) can be defined only locally, which obliges us to restrict the 
values of the angle within a period. The period in question is either, from 
—z to +m, —T «OX; or from 0 to 2m, 0€X0«2z, which 
depicts a branch where the complex logarithm is continuous and 
single-valued. 


The harmonic multiple-connectivity is encapsulated precisely in the 
homeotic kernel 27Z of the complex exponential group 
homomorphism that is intrinsic to the nature of the helicoid. 
Consequently, the homeotic criterion of identity is expressed in terms of 
the angular temporal interval of one whole period 27 times the 
harmonic series, being identified structurally with the multiplicative 
group of the integers. We stress that the integers in this setting are 
manifested as powers. Topologically these powers are utilized for 
counting the number of windings. Thus, topologically, the above 
homeotic criterion of identity amounts to a homological criterion of 
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identity. More concretely, the multiplicative group of the integers plays 
the role of the first homology group of the topological circle, e.g. the first 
topological structural invariant of multiple-connectivity expressed by 
means of a commutative group. Not only this, but additionally, in the 
case of the topological circle, the first homology group is isomorphic 
with the first homotopy group, or fundamental group, since both are 


identified with the multiplicative commutative group Z. In this 
manner, the homeotic criterion of identity, serves not only as a 
homological criterion of identity, but also as a homotopic criterion of 
identity in relation to the topological circle. Of course, the imaginary 
ring endows the topological unit circle with the complex structure by 
which the complex exponential and logarithm functions are defined. 


2.9 SPHERICS: THE PLANISPHERE PROJECTION 


Given the identification of the topological unit circle endowed with the 
complex structure with the imaginary ring, culminating in the polar grid 
scaffolding of the complex plane, via the Euler representation, we realize 
that this grid actually descends from the sphere endowed with the 
complex structure, called currently, the Riemann sphere. 


This is elucidating, since the original framework of Pythagorean 
harmonics and canonics was called spherics. A simple geometric 
perspective offering a glimpse to spherics consistent with our 
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interpretation of metaphora is incorporated in the stereographic 
projection of a sphere onto a plane. This projection is described first in 
Ptolemy's Planisphaerium, called originally, the planisphere projection. 
This projection is defined on the whole surface of the sphere with the 
exception of a single point (usually taken as the North pole) that is 
identified with the locus of projection, or the point through which light 
rays enter the sphere, propagate through it, until eventually they emerge 
out of the sphere by crossing it at a point, which is mapped one-to-one 
on a point on the plane. The stereographic projection is bijective and 
smooth with the exception of the single point of projection. It preserves 
neither distances nor areas. Its major characteristic though is that it 
preserves oriented angles between any two paths on the sphere, hence it 
is not only isogonal but also conformal. It is precisely this characteristic 
emerging out of the metaphora from the sphere to the plane through the 
stereographic projection that provides the crucial insight on what 
geometrically qualifies the complex structure emanating from the 
imaginary ring, as we are going to clarify below. At this point, if we think 
of this projection as the encoding bridge from the sphere to the plane, it 
is just as important to consider the decoding bridge from the plane to the 
sphere. 
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The main observation is that the further out on the plane a point is, the 
closer its inverse image point on the sphere is to the North pole. But no 
point on the plane has as its inverse image the North pole itself. Rather, 
as a sequence of points move out towards infinity on the plane, their 
inverse images tend towards the North pole on the sphere. Therefore in 
the setting of this metaphora, the notion of infinity on the plane entrains 
the North pole of the sphere as its inverse image, so that there is a 
continuous one-to-one correspondence between the plane together with 
infinity and the sphere. In this sense, the sphere is homeomorphic 
topologically with the compactification of the plane emerging by the 
addition of a virtual point, called the ideal point at infinity. 


2.10 STEREOGRAPHY: THE CONFORMAL QUALITY OF COMPLEX STRUCTURE 


Next, the basic concept that we intend to pursue is that the conformal 
quality of the stereographic projection is equivalent to endowing both 
the plane and the sphere with a complex structure. For this purpose, it is 
worth pondering in more detail on the conformal character of this 
projection. The crucial aspect is that the projection preserves on the 
plane the angles at which paths on the sphere cross each other, and more 
precisely the angles at a crossing point between the tangent vectors of 
these paths at the crossing point. On the other side, the stereographic 
projection does not preserve area, i.e. the area of a region on the sphere 
is not generally equal to the area of its stereographic projection onto the 
plane. A precise geometric way to understand this phenomenon can be 
expressed by means of the notion of intrinsic Gaussian curvature. 

More concretely, since the sphere and the plane have different 
intrinsic curvatures, there cannot exist a projection from the sphere to 
the plane that preserves both oriented angles and areas, since in that 
case, the curvature would be preserved. Therefore, a projection from the 
sphere to the plane can be either conformal or area-preserving, but not 
both simultaneously. According to the preceding the stereographic 
projection is only conformal. In consequence, circles on the sphere that 
do not pass through the North pole, i.e. the locus of projection, are 
projected to circles on the plane, whereas circles on the sphere that do 
pass through the North pole are projected to straight lines on the plane. 
Equivalently, these lines may be thought of as circles through the virtual 
point at infinity, or as circles of infinite radius. Inversely, all lines on the 
plane being transformed to circles on the sphere by the inverse of the 
stereographic projection meet at the North pole. In particular, parallel 
lines, which do not intersect on the plane, are transformed to circles, 
tangent at the North pole, whereas intersecting lines are transformed to 
circles intersecting transversally at two points on the sphere, one of 
which is the North pole. The loxodromes on the sphere, by which we 
mean the paths of constant compass bearing on the sphere, or the paths 
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having invariant angle with the corresponding parallels of latitude and 
meridians of longitude, project onto paths intersecting radial lines on the 
plane in an equiangular way, i.e. they project onto logarithmic spirals on 
the polar grid. 

The naturality of the complex differentiable structure on the 
sphere emerges as follows through the stereographic projection: We 
notice that although the stereographic projection from a single point on 
the sphere to the plane fails to map this single point of projection from 
the sphere to the plane, nevertheless if we consider two simultaneous 
projections from different points of the sphere to the plane, e.g. the first 
one from the North pole and the second from the South pole of the 
sphere, then the entire sphere can be mapped conformally on two copies 
of the plane. The first one may be thought of as tangent to the South 
pole, while the second as tangent to the North pole of the sphere. Clearly 
this double stereographic projection contains redundant information 
about the sphere. 

The idea is that each copy of the plane is a local patch of the 
sphere, which actually covers the whole sphere with the exception of the 
projection point, such that each patch is identified with the inverse 
image of the corresponding projection. In this manner, it is evident that 
two distinct but overlapping patches afford a complete covering of the 
sphere in their descriptive terms. The implicated metaphora of structure 
from the plane to the sphere through these two locally covering patches 
is that they exchange information compatibly about the sphere, or else 
they are compatible on their overlaps. Each copy of the plane is endowed 
with a complex structure induced by the imaginary ring in two distinct 
ways. 

For simplicity, we may identify both copies of the plane with the 
equatorial plane of the sphere and induce the complex structure in the 
first case by the complex parametrization œ =W +iV , while the second 
is given by the complex parametrization =W —iV . Then, a transition 
map from one patch to the other, i.e. from the a -parameterized copy of 
the complex plane to the #-parameterized copy of the complex plane, 
both identified with the equatorial plane of the sphere, asserts how these 
two copies are glued together by restriction to their overlapping regions. 
The gluing takes place by the identification of each non-zero complex 
number a ofthe first copy with the non-zero complex number 1 of 
the second copy, and conversely. In this sense, what plays the role of 
origin in the g -parameterized copy, assumes the role of infinity in the 
second /-parameterized copy, equally and conversely. The important 
thing is that the transition maps so-defined from one complex patch to 
the other are holomorphic maps. This means that a transition map as 
specified above is complex differentiable on its domain of definition. 
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Thus, we obtain a holomorphic atlas on the sphere endowing it with a 
complex differentiable structure, ie. the sphere becomes a 
one-dimensional complex manifold, called the Riemann sphere. 

It remains to show the equivalence of the complex structure on 
the sphere with the conformal characterization of the sphere emanating 
from the stereographic projection. For this purpose, let us denote the 
complex structure by J, such that analogously with the action of the 
imaginary unit on the complex plane, it rotates vectors in each tangent 
plane at a point of the sphere by 2/2. Then, if we consider the 
stereographic projection from the North pole of the sphere, denoted by 
P, the conformal characterization in complex differentiable terms with 
respect to atangent vector X ata point of the sphere, amounts to the 
prescription that dP(JX)=idP(X), i.e. dP is acomplex linear map. 

Equivalently, this informs us that the conformal projection map 
is anon-degenerate holomorphic map; a complex differentiable map such 
that the differential never becomes zero. Henceforth, the complex 
structure J on the sphere is equivalent to the conformal 
characterization of the sphere by the stereographic projection, in the 
precise sense that the differential map dP is complex linear. This 
implies a further equivalence: The operation of first rotating a tangent 
vector at a point of the sphere by J followed by the operation of 
pushing forward this vector from the sphere to the plane by dP is 
indistinguishable from the operation of first pushing forward the 
tangent vector from the sphere to the plane by dP followed by the 
operation of rotating the latter by the imaginary unit /. In other words, 
these two distinct operations commute, such that on the complex plane 
of projection dP(JX) = idP( X), called the Cauchp-Riemann equation. 

Thus, the complex structure on the sphere making it a complex 
manifold is equivalent to the conformal characterization of the sphere 
via the stereographic projection, which in turn, is algebraically 
equivalent to the commutativity of the operations of imaginary rotation 
and pushing forward by the differential of the projection with respect to 
the plane of this projection. Note that if P is the stereographic 
projection from the North pole of the sphere, then dP is the complex 
linear map from the tangent plane at a point of the sphere to the plane of 
projection to be thought of as pushing forward tangent vectors from the 
former to the latter. 
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2.11 IMAGINARY RING EQUATOR: DIACHRONIC PRESENT AND HOMEOSTASIS 


It is important now to stress that the metaphora induced by the 
stereographic projection of the sphere should not be considered as 
independent from the original framework of harmonics and canonics 
that made this same metaphora necessary in the first place. This means 
that the actual depth of the stereographic projection, together with the 
threefold correspondence established previously, can be properly 
appreciated from a temporal standpoint, rather than a spatial one. The 
objective is to think of the sphere in temporal or chronological terms so 
as to achieve an insight on the temporal status of the projection plane. 
What really matters is the fact that the projection plane is capable of 
representing the sphere completely by inverse stereographic projection, 
if and only if we employ two distinct complex-parameterized copies of it, 
standing for projection planes with respect to the North and South pole 
of the sphere correspondingly, and so long as they are amalgamated 
compatibly -continuously and holomorphically- together, on their 
overlapping regions. With these conditions, the projection plane, 
identified with the equatorial plane of the sphere, binds together 
antipodally the northern with the southern hemisphere, such that the 
imaginary ring in the patch corresponding to the projection from the 
North pole is glued together antipodally with the imaginary ring in the 
patch corresponding to the projection from the South pole, and both are 
identified with the equator of the sphere. 

Thus, in view of the doubly articulated stereographic projection, 
the projection disk bounded by the equator of the sphere with the 
complex structure, ie. in its function as an imaginary ring, is 
conceptualized temporally as an epiphaneia of the present, which binds 
together what is included inside the ring with what is outside the ring by 
means of inversion with respect to this ring. This is geometrically 
termed circle inversion, meaning geometric inversion with respect to the 
equator in our context, which is accomplished by means of complex 
inversion followed by reflection on the W-axis, where the latter is 
simply complex conjugation. Taking into account that complex inversion 
is actually physically implemented by a z-rotation about the W-axis, 
we conclude that what appears on the epiphaneia of the present is a 
binding of a point inside the projection disk with a point outside it 
obtained from the first via a z-rotation about the W-axis followed by 
reflection in the W-axis. 

There are now two interrelated issues that we have to elucidate 
in order to make viable the sought after temporal interpretation. The 
first issue targets the nature of the above binding; what is the physical 
process corresponding to the shadow of this binding that is 
accomplished on the epiphaneia of the projection disk bounded by the 
imaginary ring of the equator of the sphere? The second issue targets the 
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nature of what we call the present in the context of the temporal 
interpretation of the stereographic projection. It turns out that these 
two issues are not independent of each other. We just have to focus 
carefully on the domain of harmonics in order to make sense of the 
implicated geometry on the epiphaneia of the disk. 

What is actually involved is the helicoid together with its mirror 
image as constituting a harmonic entity. We recall that the helicoid 
unfolds continuously by parallel translation, orthogonally and away from 
the epiphaneia, and after half a period of rotation a mirror image of the 
same helicoidal surface arises. In this way, we think of the helicoid 
together with its mirror image as helical waves propagating in opposite 
directions such that the mirror image is the reflection of the first. This is 
possible if these helical waves are bounded from above and below for a 
temporal length of one period so as to give rise to a helical standing 
wave. Equivalently, within this bounded interval the helical wave is in 
unison with its reflection, its mirror image. Being in unison means that 
they are consonant in the fundamental harmonic frequency 


corresponding to the frequency ratio 1:1, pertaining to an angular 


temporal interval of one whole period 2% . Therefore, the pertinent 
kind of binding appearing on the epiphaneia of the disk expresses the 
harmonic resonances of the helical standing wave in question, whence 
the bounding of this standing wave is provided by the sphere in terms of 
the temporal length of its periods of rotation. 

The above leads to a novel meaning in relation to the notion of 
the present. A single moment of time is resolvable homeotically by the 
whole harmonic series capable of being instantiated within the posed 
bounds at this moment. Moreover, the harmonics persist diachronically, 
that is for each conceivable present, being able to induce any harmonic 
ratio in that present. In this way the harmonics are qualified as powers 
for the actualization of consonances in each present. Consequently, the 
diachronic, harmonically persistent present manifesting on the 
epiphaneia, constituted by the invariants of the helical standing wave 
homeorhesis, that is the points of homeostasis depicted by the 
harmonics, is identified with the bounding imaginary ring, which in turn 
is the equator of the sphere endowed with the complex structure by 
virtue of the conformality of the stereographic metaphora. Hence, in the 
context of the present, the harmonics appear through the complex roots 
of unity of the imaginary ring equator. 


212  ARCHIMEDEAN SPIRAL: METAPHORA FROM THE CIRCULAR TO THE LINEAR 
There are two fundamental questions that have to be addressed in the 


preceding framework. The first concerns the clarification of the precise 
manner that the sphere bounds the helical standing wave. This is 
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fundamental because it elucidates the temporal interpretation of the 
sphere in terms of its periods of rotation. The second concerns the 
problematic of how the present can be thought of as the imaginary axis 
of the complex plane in its rectangular manifestation in relation to a 
possible conformal projection of the sphere derived from the 
stereographic projection that manifests in the polar grid of the 
projection plane. 

Both of these questions can be dealt with in a satisfactory 
manner if we pay attention to the significance of the major problem of 
ancient Greek mathematical enquiry, i.e. the problem of squaring the 
circle. We view this problem as a problem of natural communication, and 
for this reason the method proposed by Archimedes to address it bears 
great significance. We call this method Archimedes’ metaphora because 
the Archimedean method does not supply a constructible solution to this 
problem by straightedge and compass. Instead, Archimedes having 
realized that there does not exist a constructible solution, he invents a 
metaphora from the circular to the linear domain. It is this metaphora 
that deserves a proper emphasis and appreciation. 

The problem of squaring the circle, refers to the instantiation of a 
square that has the same area as that of the disk bounded by a circle. In 
the first stage, Archimedes considers an isomorphic problem. Namely, 
the problem of geometrically unfolding the perimeter of a circle to a 
linear length. This more fundamental problem conceptually can be cast 
isomorphic to the original as follows: If the geometric unfolding of the 
perimeter of a circle to a linear length is possible, then the area of a circle 
can be made equivalent to the area of an orthogonal triangle whose sides 
are given by the radius of the circle and the perimeter of the circle. 

The main problem arises from the irrationality of z, which is 
actually a transcendental number. For every conceivable circle of some 
radius, z is an invariant characterizing the perimeter through the 
radius. The incommensurability of the circular domain with the linear 
domain is precisely captured by the irrationality of z. In the 
"Measurement of the Circle" Archimedes devised an ingenious 
approximation to the perimeter of the circle involving the method of 
exhaustion by means of inscribed and superscribed polygons. This is in 
effect to march toward the perimeter both from inside and outside using 
polygonal approximations involving up to 96 sides. In relation to the 
pertinent problem of squaring the circle, Archimedes devised the means 
of metaphora from the circular domain to the linear domain in terms of 
the Archimedean spiral. In other words, the Archimedean spiral is 
introduced relationally with respect to these incommensurable domain; 
in our terms as a bridge of metaphora from the circular to the linear and 
inversely. 

The spiral is conceived in physical terms by Archimedes. He 
considers a point particle, located initially at the centre of the circle, 
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which starts to move uniformly from the centre to the periphery of the 
circle along the radius. Simultaneously, Archimedes considers that the 
radius rotates uniformly counterclockwise around the centre of the 
circle. Thus, the particle movers according to the composition of these 
two uniform motions, the first linear, and the second circular. The 
composition of these two uniform motions is a non-uniform motion, 
which describes the trajectory of the considered particle. It is this 
trajectory that bears the geometric form of the Archimedean spiral. The 
spiral is devised as a means of metaphora from the circular to the linear 
domain, more precisely, as a means of geometric linear unfolding of the 
perimeter of the circle into a measurable linear length. This is 
accomplished by realizing the tangent to the spiral after one turn, i.e. at 
the point where it intersects the circle after one turn. Archimedes 
showed that the tangent line to the spiral at this point crosses the 


vertical axis at a point whose distance from the origin is exactly 27r, 
where r isthe radius of the circle. As a result, the tangent to the spiral 


at the point of its intersection with the circle corresponding toa 27 
rotation, accomplishes the required unfolding of the perimeter into a 
linear length, which is provided by the distance of the point of 
intersection of this tangent with the vertical axis from the origin. The 
important thing to notice is that the recording of this linear length 
corresponds to the time needed by the particle to complete one turn of 
its spiral trajectory; to all intent the perimeter of the circle is unfolded as 
a temporal length. This form of temporal unfolding is periodic and can be 
analogously recorded for all higher turns of the spiral. Note also that the 
radius of the spiral at each point of the trajectory of the particle is 
determined by the angle with respect to the horizontal axis. 
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According to the above, the perimeter of the circle is unfolded into the 


linear length 2zr, which is recorded at the vertical axis as the vertical 
side of an orthogonal triangle whose horizontal side is the radius r of 
the circle. Then, the area of this triangle is half of the area of the 


parallelogram having the same sides, which is clearly 27;?. Thus, the 


area of the circle is the same as the area of the above triangle, ie. zr’. 


2.15 HARMONIC RESOLUTION OF TIME: IMAGINARY IMPRINT 
OF THE POLYSTROPHIC SPIRAL 


It is elucidating to attempt an interpretation of Archimedes's method in 
the terms of the imaginary ring. For simplicity, we may consider the 
circle as the unit circle in the complex plane. Then, the two-dimensional 
Archimedean spiral unfolds the unit circle into the imaginary axis by the 
above procedure. The question is how we qualify the imaginary axis in 
this setting. There are two stages to address this issue. The first refers to 
the conception of the imaginary axis as a spatialized temporal dimension 
through the intervention of the imaginary unit. Accordingly, the 
spatialized temporal length corresponding to the time needed for the 
completion of one turn of the spiral becomes imaginary, and thus, 
negative if squared. The second stage takes into account the periodicity 
that is implicit in the successive turns of the spiral. More precisely, 
Archimedes' method allows the unfolding of the perimeter of the circle 
multiple times recorded by the turns of the spiral, which means the 
Archimedean spiral is polystrophic and not only monostrophic. This fact 
forces the conception of time in this setting as a helix in three 
dimensions unfolding orthogonally to the complex pane, and which is 
projected epimorphically on the imaginary ring, i.e. on the unit circle on 
the complex plane, endowed with the polar grid via Euler's 
coordinatization. This is nothing else than the exponential group 


homomorphism exp: R  $ ^ whose kernel is 27Z. Thus, topologically 
the winding number counts the integer number of turns around the 
origin, which is excluded from the complex plane. 

If we consider Archimedes’ spiral as the means of metaphora 
from the circular to the linear domain, according to the preceding, the 
counterclockwise oriented spiral is the encoding bridge, whereas the 
inversely oriented clockwise spiral is the decoding bridge. Thus, we may 
invoke harmonic considerations in our setting, as pertaining to the 
helical conception of time, by means of a helix and its mirror image, if 
bounded appropriately. The leading idea again is that a single moment of 
time, identified with the present of the imaginary ring shadow, can be 
resolved homeotically by the whole spectrum of harmonics, giving a 
precise meaning to the polystrophic quality of the Archimedean spiral in 
the two-dimensional projection. 
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The effect of this manoeuvre through the domain of harmonics is 
that we can now qualify the integers as a quantum spectrum of 
frequencies on the imaginary axis of the complex plane via branches of 
the complex logarithm. We emphasize that this is viable due to the fact 
that both the complex exponential and its local inversion in terms of a 
branch of the complex logarithm are conformal, meaning they preserve 
oriented angles. In light of this fact, the homeotic criterion of identity 
can be imprinted on the imaginary axis in terms of the angular temporal 


interval of one whole period 27: times the harmonic series. 
Consequent on the periodic resolution of time in terms of the harmonics, 
time and frequency become reciprocally correlated, and represented 
orthogonally to each other. Time in the form of the helix in three 
dimensions unfolds orthogonally to the complex plane. The helix 
considered together with its mirror image give rise to a helical standing 
wave bounded by temporal intervals of integer periods. The latter 
projects down to the complex plane with the origin removed on an 
annular strip of the polar grid. Applying a corresponding branch of the 
complex logarithm transforms this strip conformally to a rectangular 
region on the complex plane. The imaginary axis is marked in this way 
by the harmonic frequencies corresponding to the integer number of 
cycles per unit of time, where the latter is taken to correspond to the 


temporal length of one whole period 27 . 

Henceforth, it is instructive to note that the bounding in the 
complex analytic setting takes place via logarithmic branch cutting, 
which stems from the fact that no global complex logarithm function 
exists by which to invert the complex exponential function. 
Notwithstanding this fact the restriction to branches preserves the 
conformal character mapping annular strips to rectangular regions on 
the complex plane and inversely. As a side remark, we come to an 
understanding of the finite topological coverings of the circle by itself 
corresponding to all different integer powers as emanating from the 
universal unfolding of the circle by the helix, considered together with 
the above described process of bounding that reveals the harmonics. 
Therefore, the topological winding number physically descends from the 
harmonics, which are qualified as powers for the actualization of 
consonances, ie. harmonic ratios. Finally, it is the action of the 
logarithm through its single-valued branches that transforms these 
ratios into spatialized spectral intervals measured on the imaginary axis, 
as outlined above. 
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2.14 HARMONICS OF THE ARCHIMEDEAN SCREW 
AND THE EQUIAREAL PROJECTION 


An adequate mechanical model that captures all of the above aspects is 
the Archimedean screw in three-dimensional space. If we consider a 
finite portion of the screw, then the projection of the screw onto the 
plane thought of as perpendicular to the central axis of the screw, 
depicts an annular strip of the polar grid on the complex plane with the 
origin removed. Again, if we apply the complex logarithm this strip is 
transformed conformally to a rectangular region on the complex plane. 
We may now imagine the bounding of such a finite portion of the screw 
by an open cylinder. 

This is particularly elucidating in relation to Archimedes's 
method of determination of the surface of a sphere on the basis of his 
method of unfolding the perimeter of the circle into a linear length. We 
recall that the latter leads to the conclusion that the area of a circle is 
equal to the area of an orthogonal triangle whose sides are equal to the 
radius of the circle and the perimeter of the circle respectively. Since the 
area of the sphere is 4zr?, this area is the same as the area of four 
circles of the same radius r , or equivalently, the same as the area of four 
orthogonal triangles fitting compatibly together, whose big side is 2zr 
and small side is r, where r is identified with the radius of the 
sphere. 

Necessarily these circles should be considered as great circles 
passing through the North and South pole of the sphere, so as their 
radius is the same as the radius of the sphere. The unfolding of any such 
circle into a linear length equals the equatorial length of the sphere, or 
the length of the perimeter of the equator, given by 27r. Thus, all four 
orthogonal triangles should have a big side equal to the equatorial length 
of the sphere 2zr and small side equal to the radius of the sphere. 

It follows directly that these four triangles fit together in a plane 
region divided in two halves by the horizontal equatorial line of length 
27r , such that the small side of each triangle + equals the vertical side 
of a half of this plane region. Conclusively, this plane region has a 
horizontal side equal to the equatorial length of the sphere 2zr anda 
vertical side equal to 2r. Each horizontally conceived half divided by 
the equatorial line has sides 2zr and y respectively. In each half 
there fit two orthogonal triangles sharing the same diagonal of sides 2zr 
and r respectively. Thus, the area of the sphere equals the area of 
these four orthogonal triangles, each one of which equals zr’. 

In order to obtain a proper insight on the above Archimedean 
method of determining the area of a sphere it is significant to realize 
what it implies. Precisely, it implies that there exists an equiareal 
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projection of a sphere onto a cylinder, which we call the Archimedean 
projection. Note that this projection of the sphere is not conformal, as is 
the stereographic projection, but it does preserve areas. It is realized as a 
horizontal radial projection emerging by placing the sphere within an 
open cylinder touching it along the equator. In this sense, the 
Archimedean projection should be considered as complementary to the 
stereographic projection of the sphere onto a plane. 

Topologically, we may easily see that if we cut the sphere along a 
meridian passing through both the North and South pole of the sphere, 


we unwrap the sphere onto an open cylinder of height 2r. The area of 
this cylinder equals the area of a plane region on which it can roll for the 
temporal length corresponding to one rotation, 27r, identified with the 
equatorial length of the sphere. 

Hence, the sphere excluding its North and South pole can be 
projected in an area-preserving manner onto a open cylinder, and vice 
versa. Rolling the cylinder as above, we obtain an equiareal projection of 
the sphere on a planar region whose horizontal side is the equatorial 


length of the sphere 2zr and whose vertical side is 2r, together with a 
rectangular and straight weaving grid of meridians and parallels. 


-— — [ ——- 


The inverse equiareal projection from the open cylinder to the sphere is 
very important in relation to the first of the previously posed questions 
concerning the clarification of the precise manner that the sphere 
bounds a helical standing wave. It was conceivable simply as a finite 
portion of an Archimedean screw, characterized by its harmonics. As we 
mentioned before, this is fundamental because it elucidates the temporal 
interpretation of the sphere in terms of its periods of rotation, recorded 
eventually in terms of spectral lengths on the imaginary axis of the 
complex plane due to the Archimedean linear unfolding of the equatorial 
circle of the sphere. Since the latter bounds the epiphaneia of the 
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present by the conformal stereographic projection of the sphere onto the 
plane, the inverse equiareal projection reveals the resolution of the 
present into the pertinent harmonics according to the bounding role of 
the sphere. For these reasons, all bearing on the posited temporal 
interpretation, the conformal stereographic projection of the sphere 
onto the plane cannot be considered independently from the equiareal 
Archimedean projection of the sphere onto the cylinder unrolling onto 
another plane. 


2.15 TEMPORAL DIASTASIS: SYNTHESIS OF CONFORMAL 
WITH EQUIAREAL METAPHORA 


We argued that the present manifesting on the epiphaneia is expressed 
by the equator of the sphere, endowed with the complex structure by 
virtue of the conformality of the stereographic metaphora, and thus 
identified with the bounding imaginary ring of the horizontal disk of this 
projection. If we think in terms of Leon Battista Alberti's veil metaphora 
of Renaissance perspectivism, then the veil is the epiphaneia of the 
metaphora, whereas the eye corresponds to the projection point, i.e. 
either the North pole or the South pole in the case of the stereographic 
projection. If we identify the veil with the equatorial disk of the sphere, 
the interesting thing is that the sphere, which plays the role of the scene 
in this metaphora, lies both in front and behind the veil. 

We recall that the pertinent kind of binding appearing on the 
epiphaneia of the disk descends from the harmonic domain; it expresses 
the harmonic resonances of a helical standing wave, whence the 
bounding of this standing wave is provided by the sphere in terms of the 
temporal length of its periods of rotation. It is precisely this fact that is 
encoded in the Archimedean equiareal projection of the sphere onto the 
cylinder, according to the preceding. 

We emphasize that the consequence of this synthesis combining 
the stereographic with the Archimedean metaphora from the sphere to 
the plane and inversely, implies that the present is resolvable 
homeotically by the whole harmonic series capable of being instantiated 
within the pertinent temporal spherical bounds. Additionally, since the 
harmonics persist diachronically, that is, for each conceivable present, 
they are qualified as powers for harmonic resonance in each present. 

Hence, in the context of the present, the harmonics appear 
through the complex roots of unity on the imaginary ring equator. The 
diachronic persistence of the harmonics, elevating them to invariants 
from a homology-theoretic topological viewpoint, has the effect that 
they appear as points of stasis geometrically. In this sense, the temporal 
helical axis of unfolding perpendicular to the epiphaneia bears the 
meaning of a temporal diastasis. As we have shown, any appropriate 
finite bounded portion of this diastasis can be transfigured conformally, 
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by means of a branch of the complex logarithm on the imaginary axis of 
the complex plane equipped with the rectangular grid, as a spatialized 
spectral interval. This settles completely the second question 
concerning the problematic of how the present can be thought of in 
terms of the imaginary axis of the complex plane in its rectangular 
manifestation. 

A significant observation regarding the complementary roles of 
the stereographic and Archimedean projections of the sphere is that the 
achieved synthesis actually pertains to any conformal and equiareal 
projection of the sphere. We should nevertheless recognize that a 
projection of the sphere on the plane that is both conformal and 
equiareal is not possible due to the curvature of the sphere. Reciprocally, 
the geometric characteristic of the curvature can be explicated from the 
synthesis of these two complementary types of metaphora, which are 
both indispensable in order to derive the notion of the present 
introduced here, e.g. from the temporal interpretation of these 
projections. For instance, we may consider another conformal projection 
of the sphere on the plane different from the stereographic one, but 
bearing the same oriented angle-preserving character, called the 
Mercator projection. 


In this projection parallels of latitude on the sphere correspond to 
horizontal lines and meridians of longitude to vertical lines on a 
rectangular grid. The importance of this projection is that loxodromes on 
the sphere correspond to straight lines, making this projection very 
useful in navigation. Note that in the context of the stereographic 
projection loxodromes appear as logarithmic spirals whose center is 
either the North or the South pole. Loxodromes are not defined at the 
poles of the sphere, but they spiral from one pole to the other. They may 
be thought of as winding around each pole an infinite number of times as 
they approach it, but the distance they cover is finite. The Mercator 
projection is a conformal projection that maps the unit sphere within 
rectangular strips of width 2% excluding the North and South pole of 
the sphere, such that loxodromes appear as straight lines. 

Using both the Mercator and stereographic projections we can 
easily realize the conformal character of the complex exponential and 
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the complex logarithm. For this purpose, first we consider the inverse 
Mercator projection from the plane to the sphere, and then the 
stereographic projection from the sphere to the plane. Both of them are 
conformal, thus their composition is conformal as well. This composition 
can be expressed in terms of the complex exponential, which maps a 


rectangular strip of width 27r to an annulus on the complex plane 
with the origin removed, since the pole is excluded from the Mercator 
projection. 

This argument shows that the complex exponential is a 
conformal map through the considered conformal projections of the 
sphere. The same argument can be used in reverse to show that the 
complex logarithm, through its principal branch for instance, is also 
conformal from the plane of the stereographic projection to the plane of 
the Mercator projection. With this approach, our basic conclusions 
pertaining to the synthesis of any conformal and equiareal projection of 
the sphere, thought of as complementary types of metaphora from the 
sphere to the plane, are confirmed for the proposed temporal 
interpretation of these projections. 


2.16 CYCLOTOMY: COMPLEX ROOTS OF UNITY ON THE IMAGINARY RING 


We recall that since the harmonics persist diachronically they bear the 
status of powers for harmonic resonance in each present. Therefore, in 
the context of the present, the harmonics appear through the complex 
roots of unity on the imaginary ring equator. There are always n 
different complex n-th roots of unity, that is, complex numbers whose 
n-th power is equal to unity, equally spaced around the perimeter of the 
unit circle in the complex plane. Since, they are equally spaced they 
constitute a well-tempered scale on the epiphaneia of the present. Roots 
of unity are manifested geometrically as the vertices of a regular polygon 
that connects them together. 
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Of particular importance are the primitive roots of unity. More 
precisely, on the unit circle with n equally spaced rays, there is now a 


mark on ray k, denoting a primitive root of unity, if and only if k and 


n are relatively prime, having no common divisors other than |. 


CS ee 


An equally-tempered scale marking the unit circle leads to cyclotomy 
and is manifested geometrically on the epiphaneia in terms of regular 
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polygons inscribed in the unit circle. We consider now the temporal 
helical axis of unfolding perpendicular to the epiphaneia bearing the 
meaning of a temporal diastasis, as above. It is important to examine the 
means of subdivision of this diastasis. 

For this purpose, it suffices to adopt a topological standpoint and 
consider the integer winding numbers of this helical diastasis evenly 
covering the circle on the epiphaneia. We recall that finite bounded 
portions of this diastasis qualify these windings in terms of harmonics, 
corresponding to finite covering spaces of the circle, and expressed as 
powers in the complex analytic setting. First, we point out that the 
square power in relation to the unit circle corresponds to doubling the 
angle, and so on for all higher integer powers. Let us consider the finite 
double covering of the circle by the circle. This corresponds spectrally to 
doubling the frequency, and thus by inversion dividing the unit circle 
into half. Similarly, if we consider the finite triple covering, it 
corresponds to tripling the frequency, thereby dividing the circle into 
three parts. 

We treat all higher integer powers analogously, and by inversion, 
that is in terms of the roots of unity, we are able to subdivide the circle. 
The cyclotomy corresponds spectrally to the generation of regular 
polygons. The deeper the resolution of the cyclotomy is, the higher the 
number of vertices appearing equi-distantly on the unit circle, giving an 
ever-higher number of sides of the inscribed regular polygon. In this 
manner, the harmonic subdivision of the unfolding helical diastasis, is 
manifested geometrically as regular polygons inscribed in the circle. The 
further this subdivision is pursued by ascending to higher harmonics, 
resolving the circle in a more refined way, the higher the number of 
polygonal sides inside the circle. 


2.17 SHEAVES: METAPHORA FROM DESIGN TO ARCHITECTURE 
AND COLUMN CANONICS 


The previous analysis provides an ideal starting point in order to think of 
the relation between design and architecture. The basic idea is that 
design descends from the domain of harmonics, whereas architecture 
descends from the domain of geometry. In this light, they can be 
characterized as reciprocally related to each other. Equivalently, there 
exists a metaphora from design to architecture, and vice versa, which 
should be though of as a metaphora from the domain of harmonics to the 
domain of geometry, as mediated through the topological level. From 
this perspective, the notion of a purely geometric design as well as its 
antipode, ie. the notion of a purely harmonic architecture appear as 
degenerate conceptions that ignore the metaphora from the one to the 
other. Our distinction will be elaborated, in particular, by considering 
the fundamental notion of a column in terms of the proposed metaphora. 
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For this purpose, it is preferable to start working at the 
topological domain, considered as the mediating level between 
harmonics and geometry. The basic topological distinction is the 
part-whole, or more concretely, the local-global distinction. In the case 
of design, the global is envisioned in its totality, and the local parts are 
organized in a way to fulfill the global. The basic constraint of design is 
tantamount to the restriction of the local parts by the global. Thus, the 
local parts are passive, and the global is active restricting the local parts 
appropriately. Reciprocally, in architecture the local parts are selected in 
the form of atomic elements, which have to be jointly organized together 
geometrically so as to open up a new space. 

In this sense, the basic constraint of architecture is how a local 
part can be extended by joining it together with another compatible 
local part, and so on toward the global. In consequence, in the latter case, 
the local parts are active, and the global is passive. Of course, in order 
that the opening up of a new space becomes possible, the local parts 
cannot be assembled randomly together. Rather their assemblage in 
space should conform to some pre-conceived global vision topologically, 
which allows the opening up of such a new space. In short, what is 
required is a metaphora from the domain of design to the domain of 
architecture. 

If we characterize topologically the architectural assemblage that 
achieves the opening up of a new space as a sheaf, then the natural 
communication scheme between these domains, requires that at the 
level of design this assemblage bears the character of a presheaf. The 
difference between these notions is that in the case of the presheaf only 
the global-to-local compatibility is required, whereas in the case of the 
sheaf, the reverse local-to-global compatibility must also hold. Note that 
the first does not necessarily imply the second. 


The idea that design, as conceptualized above, descends from harmonics 
is based on the fact that design is characterized by finality, or better, by 
entelecheia, since it carries its final purpose implicitly within itself 
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according to the Aristotelian conception. Reciprocally, architecture is 
characterized by elementarity, and efficient causality in the organization 
of the local parts towards the global, subject to the constraints of 
geometry. Thus, architecture, although operating within the domain of 
geometry, implicating simple connectivity, is capable of opening up a 
new space only if the atomic elements are able to achieve a certain 
consonance with the whole, which in turn, presupposes the envisioning 
of such a whole: in other words the metaphora from design to 


architecture. 
bw : 


In this sense, the action of design may be though of as the action of a 
resonator that accomplishes the harmonic resonance of the actively 
envisioned global with the local through powers or spectral frequencies. 
Also in this sense, the assemblage of the active atomic elements 
geometrically should comply with the spectral compatibility of these 
elements in order that the opening up of a new geometric space in 
agreement with the harmonically envisioned global becomes feasible. 
Note that beyond the topological level, in architecture, the active 
local parts can be joined together by admissible geometric 
transformations, in particular by translation and rotation, which in 
three-dimensional space can combine together in the form of a screw, a 
simply-connected finite portion of a helicoid. In the case of design, the 
envisioned global may be thought of harmonically as bearing the 
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characteristic of the imaginary ring. We emphasize that this is not a 
visual, but a harmonic characterization, which means that the active 
global in design is not an already formed geometric entity, since this 
would contradict the essence of the metaphora. The active global in its 
harmonic conception should be able to restrict the suitability of the local 
parts only on the condition of harmonic resonance with them at each 
present, i.e. diachronically. This condition can be met only if the local 
parts can be qualified as complex roots of unity, which they synchronize 
as a polygonal totality with the global via powers up to a certain depth of 
spectral frequential resolution. 

As a particular example of the above metaphora from design to 
architecture, together with their topological characterization in terms of 
the notions of a presheaf and a sheaf respectively, we consider the case 
of a column. We are going to examine the active global in design through 


the 8-th complex roots of unity, displayed below. 


The basic idea is that the active local parts in this architectural 
implementation of the harmonics instantiated by design synchronize as 
a polygon of eight sides with the global via corresponding powers up to 
the depth of this spectral resolution. These active local parts can be 
amalgamated by the admissible geometric transformations of translation 
and rotation, which combine to a helicoidal screw in three dimensions. If 
we assume that these atomic elements admit the geometric form of 
graphs of primitive roots of unity, expressed as polygons, then in the 


considered case of the 8-th complex roots of unity, we instantiate a 
geometric template consisting of the superposition of a square together 
with another tilted square, together comprising an octagon. 


IOO NATURAL COMMUNICATION 


In this manner, the active local parts in architecture give rise to a 
geometric template. We consider the screw motion of this template 
along the temporal diastasis orthogonally to the superscribing imaginary 


ring marked by the 8-th complex roots of unity. Since we view the 
template as a superposition of two squares, it is instructive to consider 
the geometric template as an 8-star, whose sharp nodes may be rounded. 
The idea is that this star constitutes the basis of a column. Note that the 
8-star template as a constellation is amenable to a screw motion with 
respect to two orientations; it can ascend according to the 
counterclockwise orientation and descend back according to the 
clockwise orientation, thereby providing the ichnography of a helical 
standing wave comprised of the harmonics under consideration. 
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Therefore, the double screw motion of the 8-star template in three 
dimensions gives rise to a weaving pattern of two oppositely oriented 
helicoids, which topologically they overlap compatibly on the harmonics. 
Thus, they comprise a sheaf that admits the precise geometric 
manifestation of a part of a column. 


Note that the above realized part of a column bears 8 striations. Clearly, 
it emerges from a quite low spectral resolution of the global imaginary 
ring involving only eight roots. We bear in mind that a pretty faithful 
approximation, according to the original construction of Archimedes, 
would involve 96 striations. Thus, either we increase the resolution 
implementing more and more striations, all at once, following 
geometrically the same pattern of double screw motion, or we treat the 
above realized part of a column as a branch of the whole column. 
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The latter is possible, since the whole column comprises a sheaf, and 
thus, we may legitimately consider its amalgamation through joining 
together distinct branches compatibly. We emphasize that joining 
branches together furnishes a resembling a tree. The basic notion is that 
when different logarithmic branches, constituted according to the 
preceding, join together, the number of roots doubles at each joint 
section. This branching tree-like structure of a column is iterated until 
the global section approximates a circle, completing in this sense the 
metaphora from design to architecture. 
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TEMPORAL BONDS: 3 
TRIPODAL SPECTRAL 
ARCHITECTONIC 
SYNTAXIS OF TIME 


3.1 HARMONICS TO GEOMETRY: ENCODING LOGARITHM-DECODING 
ALGORITHM 


It is elucidating to consider in more detail the temporal aspects of the 
metaphora from harmonics to geometry along the lines already 
established. The temporal helical axis of unfolding perpendicular to the 
epiphaneia bears the meaning of a temporal diastasis. Any appropriate 
finite bounded portion of this diastasis can be transfigured conformally, 
via a branch of the complex logarithm on the imaginary axis of the 
complex plane equipped with the rectangular grid, as a spatialized 
spectral interval. In the context of each present, the harmonics appear as 
powers through their corresponding action on the complex roots of 
unity, in accord with the cyclotomy of the circle, or equivalently, the 
imaginary ring in the complex analytic setting. The diachronic 
persistence of the harmonics, elevates them to topological invariants 
that manifest as points of stasis geometrically. In this sense, a point of 
stasis bears temporal depth, since harmonic resonance is qualified in 
terms of such points diachronically. The crucial issue is that a spatialized 
spectral interval is not merely a geometric interval, but carries 
topological and harmonic information that manifests in discrete or 
quantum terms with respect to the temporal unfolding diastasis. More 
precisely, the implicated geometry is the one arising out of a 
cohomological spectrum, congredient with the sheaf localization 
structure. We qualify this geometry simply as spectral geometry to avoid 
further technicalities at this stage. The objective is to foreground the 
metaphora from harmonics to geometry in relation to the temporal 
aspects of this metaphora, not to focus exclusively on the terms of the 
complex analytic function-theoretic setting of our previous discussion. 
The motivation for this reflection follows from the idea that the 
complex analytic function-theoretic setting is based on and presupposes 
for its consistency a certain notion of generalized number domain; the 
domain of complex numbers, which is an algebraically closed field. In a 
well-defined sense, the metaphora from harmonics to geometry cannot 
be consistently implemented without reference to the arithmetic cosmos 
of the complex number field. We recall that we employ two distinct 
types of metaphora in order to invert exponentiation. The first, referring 
to the powers with respect to a base necessitates the extension of the 
field of the rationals to the field of the reals, so that logarithmization 
becomes a total operation in the domain of real numbers. The second, 
referring to the roots, calls for the extension of the rationals to the 
complex numbers, to accommodate the roots of negative numbers. Both 
of these inversions are unified in the field domain of the complex 
numbers under the notion of the complex logarithm. But, in turn, the 
complex logarithm inverts complex exponentiation only locally, namely 
by considering a branch of this multi-valued function corresponding to 
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the interval between two consecutive harmonics. As a result, the 
inversion of the logarithmic encoding bridge from harmonics to 
geometry, ie. the decoding bridge from geometry back to harmonics, 
requires the algorithmic instantiation of the harmonics as powers acting 
on the roots of unity. Therefore, the notion of arithmos pertains to the 
metaphora from harmonics to geometry in terms of the logarithm notion 
in the encoding direction, and in terms of the algorithm notion in the 
decoding direction. 


In the above setting, arithmos via its dual connotation as a logarithm and 
algorithm correspondingly, in relation to the encoding of harmonics to 
geometry and, inversely to the decoding from geometry back to 
harmonics, provides the bridges of the metaphora from harmonics to 
geometry. We may assert that the domain of harmonics directs the 
global choreography, the domain of arithmetics in its double role, as 
previously, directs the scenography and the orthography respectively, 
while the domain of spectral geometry directs the ichnography. The 
latter interprets a point of stasis as the trace of its temporal depth in 
each present. Taking into account the concomitant weaving pattern on 
the geometry depicted by the rectangular grid of the complex plane via 
the branched action of the logarithm, we realize that it descends from 
the epiphaneia conceived in its polar Euler representation bounded by 
the imaginary ring. 
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w=logz 


3.2 HARMONICS-ARITHMETIC-GEOMETRY: THREEFOLD METAPHORA 


AS A STATIC TRIPOD 


According to our argument, the spectral geometry on the epiphaneia 
manifests itself like the spider's web, called “arachne” in ancient Greek. 
It is telling that in nature the spider ascends and expands its web by 
means of the logarithmic spiral, i.e. following the geometric progression, 
whereas it descends back to the center and stabilizes its web along a 
radius, i.e. following the arithmetic progression. 


The ancient Greek naming is very interesting since all three of the 
involved notions -armonia, arithmos, and arachne- bearing the 
correspondence with harmonics, arithmetic, and spectral geometry 
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respectively, emanate from the same linguistic root. We argue that this 
phenomenon is not accidental, but it is intimately correlated with the 
personification of Time in mythology. This provides a very elucidating 
conceptual insight on all the preceding. Before going to this matter, it is 
significant to point out a fundamental symmetry property pertaining to 
the metaphora from harmonics to geometry through arithmetics. This 
symmetry property, which is of a topological origin, is that the round trip 
at the level of harmonics via the level of geometry under the arithmetic 
bridges can equivalently and isomorphically be conceived as a round trip 
via the level of arithmetic under geometric bridges. 

The latter is feasible if the level of arithmetic is identified simply 
as a spectrum characterized by the integer frequencies, whereas the 
encoding and decoding geometric bridges are identified on the 
epiphaneia in terms of the ascending logarithmic spiral and the 
descending Archimedean spiral respectively. In the latter setting, the 
domain of harmonics still directs the global choreography, the domain of 
the geometry in its double role, as above, directs the scenography and 
the orthography respectively, and the domain of arithmetic directs the 
ichnography. 

We realize that in the initial setting arithmetic is exemplified 
through its algebraic or operational aspect, whereas in the latter setting 
it is exemplified through its spectral discrete aspect. Analogously, in the 
initial setting geometry is exemplified through its spectral, quantum 
qualification, in the form of points of stasis, whereas in the latter setting 
it is exemplified through its kinematic qualification whose forms are 
spiral progressions. It is not difficult to realize that there exists a further 
symmetry, which can be considered a metaphora from arithmetic to 
geometry via encoding and decoding bridges belonging to the domain of 
harmonics. The encoding bridge is the extraction of the roots of unity, 
whereas the decoding bridge is the utilization of the harmonics as 
powers for synchronization of the points of stasis with the unity. We 
conclude that there exists a threefold canonical metaphoric 
communication among the domains of harmonics, arithmetic, and 
geometry, such that any one of them gives rise to a pair of 
encoding/decoding bridges with respect to a metaphora establishing the 
canonics between the other two. In this case, we say that these three 
domains constitute a static tripod, in accordance to the ancient Greek 
term. 


55 TRIPOD OF TIME: WINDING-MEASURING-BOUNDING 


Since a tripod of this nature and function is balanced on the notions of 
armonia, arithmos, and arachne, according to the above, it is worth 
revisiting briefly the cosmogonical context of the pre-socratic 
philosophy, where these threefold canonical communication relations 
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were first conceived and explicated. The notion of the static tripod is of 
Delphic origin, where it stands stably over the omphalos symbolizing the 
primordial obstacle. In this sense, the static tripod is the generator of a 
threefold stable communication relation embracing the obstacle. 

The very first abstract tripod incorporating the characteristics 
described above, is the tripod [thauma(state of wonder)/ananke 
(necessity)/ aletheia(truth)]. Thaumazein is the act of looking upward 
to the sky and wondering in the attempt to unveil what is true. The 
encoding and decoding bridge between these two levels, of thauma and 
aletheia is enacted by necessity. Note the bidirectionality of necessity in 
this metaphora, which is not restricted to some type of efficient 
causality, but it incorporates the entelecheia inversely as well. 
Moreover, aletheia is not identified with what we call today logical 
truth. Aletheia refers to unveiling what is diachronically true, where the 
latter is identified with what should not be forgotten after being 
unveiled; in other words aletheia is tantamount to mnemosyne, the 
faculty of memory and remembrance, personified by the mother of the 
nine muses. 

Since thaumazein is the act of looking upward and aletheia is 
meaningful with respect to lethe which comes first, we can easily 
consider them as bidirectional bridges between the two other legs of the 
tripod, thereby completing the circuit of the threefold metaphoric 
communication. We may think of the tripod as follows: 


Concomitantly, we think of each leg of the above tripod as a melos, 
meaning a breaking in the continuity associated with the omphalos in 
the middle. Each melos in its rendering as a bidirectional bridge with 
respect to the other two, may be thought of in terms of an umbilical cord 
emanating from the omphalos, serving as a means of establishing its 
diachronic identity. A melos is distinguishable as such, ie. 
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independently from its participation in the tripod, by bounding and 
cutting the cord, breaking the continuity in this way, to be 
re-established by its re-habilitation within the tripod that re-activates 
its cord. The re-activated cord bears the mark of its breaking as a root of 
its unity that allows a melos to synchronize with its cord via powers, to 
be thought of as harmonic frequencies giving rise to a spectrum that 
translates a cord into a chord. 

Each distinguishable melos of the initial tripod gives rise to 
another tripod embracing the obstacle that its associated discontinuity 
imposes. The state of wonder gives rise to the tripod [philosophy/ 
mathematics/ architectonics], which is resolved further to the tripod 
[logos/ orthos doxa/ arche], to the tripod [ratio/ arithmos/ architecture], 
and to the tripod [armonia/ arithmos/ arachne], we encountered 
previously. 

The aletheia as mnemosyne gives rise to a triad of tripods 
capturing the metaphoric communication among the nine muses, the 
first composed of [epic poetry/ lyric poetry/ hymn], the second of 
[choral dance/ comedy/ tragedy], and the third of [music/ history/ 
astronomy]. We come finally to necessity, the melos from which the 
tripod of time emerges out of its spindle and the thread it spins as an axis 
mundi, i.e. as a cosmic helical axis of unfolding perpendicular to the 
epiphaneia. 
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The tripod of time consists of [Clotho/ Lachesis/ Atropos], together 
called the Moirai. Clotho is the one who winds the thread, Lachesis is 
the one who unfolds and measures the thread, and Atropos the one who 
bounds and cuts the thread. Especial care is needed in comprehending 
the tripod of time specifically, as a means of threefold metaphoric 
communication among Clotho, Lachesis, and Atropos, and not as a 
literal spatial representation of different actions. The key is especially 
provided by the domain of harmonics, without which a literal geometric 
representation becomes untenable and distorting. 

In particular, the discrete marking or quantization of the thread 
by Lachesis in terms of the integer periods of winding around by Clotho 
is not accidental, but it is subordinate to the bounding of the thread by 
Atropos, so as to reveal the harmonics. In this manner, the winding of 
the thread as a temporal diastasis of unfolding is complemented by the 
harmonics of a bounded helical standing wave appearing in the caduceus 
(kerpkeion) of Hermes, the father of the Moirai and personified God of 
communication, which in turn, qualifies the measurement of the thread 
by Lachesis as a spectral measurement. This brings us back to the tripod 
[harmonics/ arithmetic/ geometry], which has been already analyzed in 
detail. It is an amusing realization that the tripod of time harbours such 
an articulating relevance for these mathematical considerations 
pertaining to metaphora and natural communication. 


3.4 SINGLE TEMPORAL DIASTASIS: CHANGE OF TIME AS CHANGE OF PHASE 


It is worth examining the major difference between the notion of a 
temporal diastasis, i.e. the notion pertaining to a helical temporal axis of 
unfolding perpendicular to the epiphaneia, and the standard notion of a 
real temporal dimension totally ordering events. An interesting analogia 
is emerging from the domain of music pertaining to the difference 
between harmony and melody. Whereas melody refers to the sequential 
horizontal ordering of notes, harmony refers to the vertical, consonant 
or synchronized listening to the notes at each present. 

We recall that the concept of the epiphaneia can either be 
thought of as a disk in the complex plane equipped with the polar grid 
and bounded by the unit circle, identified with the imaginary ring, or 
under a conformal transfiguration via a branch of the complex logarithm, 
as a rectangular strip on the complex plane, where the imaginary axis 
bears the information of spatialized spectral intervals. The important 
thing to keep in mind is that the imaginary ring or the imaginary axis, 
model the present diachronically. The reason is that a spatialized 
spectral interval is not merely a geometric interval, but bears topological 
and harmonic information that manifests in discrete or quantum terms 
with respect to the temporal unfolding diastasis. 
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To recapitulate, at each present, the harmonics lead to the 
cyclotomy of the circle, bearing the status of powers for harmonic 
resonance in each present. This is why the meaning of the imaginary 
axis, as an axis spatializing time spectrally in each present, is very 
different from a real dimension ordering events. In the latter case, 
events appear as geometric points on this axis, which are sequentially 
totally ordered from the past to the future on a geometric linear 
continuum. In the former case, the geometric points on the imaginary 
axis are points of stasis bearing temporal depth, characterized by their 
power to synchronize or resonate with the present. Notice that from the 
perspective of the present, and given that the same helical temporal axis 
applies to each present isomorphically, the difference between past and 
future is a difference in orientation, which is to say that past and future 
appear symmetrically with respect to the present differing in orientation. 

From a topological viewpoint, we have the phenomenon of 
multiple-connectivity of the past with the future with respect to the 
present. In particular, the past can be connected to the future in a 
multiplicity of possible ways in the present, if we take into account the 
symmetric appearance of roots of unity in the present differing in 
orientation, as well as the significance of the primitive roots of unity for 
this purpose. We argue that the notion of a temporal diastasis presents 
interesting results even in the case, where we restrict our attention to 
the spectral interval referring to a single harmonic. Within such an 
interval change of time may be simply thought of as a continuous change 
of phase. If we assume that the same interval applies for each present, 
then we have to distinguish only two cases. The first case applies when 
the continuous rate of change is the same for each present, whereas the 
second applies when this continuous rate of change differs from present 
to present. 


3.5 CONSTANT RATE OF PHASE CHANGE AND CONTRACTION OF LENGTH 


First, let us consider a kinematical model of Special Relativity in the 
complex plane, where the real horizontal axis is a spatial axis, whereas 
the imaginary axis is a spatialized temporal axis. According to this 
theory, the maximal speed of electromagnetic signal transmission is 
defined by the speed of light c, which is constant in all directions. 
Moreover, the spatiotemporal metric relations are constant at every 
point-event leading to the group of Lorentz transformations as the 
kinematical symmetry group of the theory. The metric measuring 


distances is expressed as d$? —dx?-c?^dt!, which takes the form 


2 2 fa? d TT 
d$ -dx + (icdt) on the complex plane, where the imaginary unit | is 
used in the conversion of the temporal factor into the spatialized form, 
which the metric relation refers to. 
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Note that the temporal metric factor appears in imaginary 
spatialized form by the adoption of the speed of light c through the 


intervention of the imaginary unit i. The metric relation 


dy de + (icdt) on the complex plane is subordinate to the upper 
bound in geometric information signaling defined by the speed of light 
c, and thus, it pertains to phenomena approximating that speed. 
Furthermore, this type of continuous temporal unfolding at very high 
speeds takes place at a constant rate in each present given by the speed 
oflight c. 

We would like to study the connectivity between the past and 
the future in the present in this case. The basic idea is not only that the 
speed of light is constant, but that the chrono-geometric relations 
induced by this upper bound are constantly the same at each present, 
since the metric is not variable. This means that the imaginary ring, 
thought of as the unit circle with the complex structure, by normalizing 
the speed of light to unity, persists isomorphically at each present 
regarding both its shape, and the continuous rate of change upon it. It 
follows that, from the viewpoint of each present the difference between 
future and past is a difference in orientation only, subsumed by the 
imaginary unit and its complex conjugate. 

Thus, in this case, change of time from the view of the present 
amounts to continuous change of phase, and this is isomorphically the 
same in each present for both the past and the future, differing only in 
orientation with respect to the present. As a consequence, we obtain the 
Lorentz contraction of lengths in the direction of motion. If we consider 
motion along the horizontal real spatial direction at a high speed below 
the speed of light, then spatial extension in the real horizontal linear 


dimension by | unit of length will appear contracted with respect to the 
present at “0”, ie. with respect to the imaginary ring centered at "0", 
since it amounts to a change of phase on the unit circle equal to the 
passage of spatialized time, measured by the angle with respect to the 
real horizontal dimension. Hence, the length contraction (depending on 
the speed of motion) with respect to the present at “0” is just the 
projection on the horizontal linear spatial dimension of the 
corresponding phase change on the unit circle. Interestingly, at the 
speed of light, the length is contacted to zero with respect to the present 
at “0”. 
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5.6 VARIABLE RATE OF PHASE CHANGE AND METRIC ANHOLONOMY 


In the case of General Relativity, the spacetime metric becomes variable 
from point-event to point-event, depending on the distribution of 
matter in its vicinity. In this way, General Relativity is reducible to 
Special Relativity only in the infinitesimal vicinity of every point-event. 
Thus, the metric, and therefore, the chrono-geometric relations are not 
constant as in Special Relativity, but become variable. In turn, the 
variability of the metric requires that a standard of comparison is 
required at each point-event. This gives rise to the infinitesimal process 
of parallel transport, induced by a connection, involving small round 
trips around each point according to a prescribed rule of parallelism, 
characterized by the metric-compatibility of the connection. These 
round trips detect the change of orientation of a transported vector, 
expressed by means of a relative geometric phase factor, called the 
metric anholonomy of the connection, explicating locally the curvature 
associated with uneven matter distributions. 

In this case, in the infinitesimal vicinity of any point-event the 


metric assumes the form, dS’ = dx +(iedt)’, but this form is not 
retained constantly as we move from point-event to point-event. Thus, 
the rate of phase change is not constant between the past and the future 
with respect to the present. Concomitantly, although change of time 
amounts to continuous change of phase from the view of the present, the 
rate of phase change is differentiated between the past and the future. In 
this manner, past and future differ not only in orientation with respect 
to the present, but there is also a relative geometric phase difference 
between them, i.e. their metric anholonomy. 

We conclude that the notion of a temporal diastasis presents 
interesting results even in the case, where we restrict our attention to a 
single spectral interval, qualified metrically. Within such an interval 
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change of time corresponds to a continuous change of phase, and 
assuming that the same interval applies for each present, then, either the 
continuous rate of change is the same for each present, or the 
continuous rate of change differs from present to present giving rise to a 
relative geometric phase factor. 

Actually, the analogous type of effects considered in the case of 
Special Relativity and General Relativity, that have been concisely 
discussed above from our perspective, may be thought of as emerging 
naturally in seemingly unrelated contexts, just by abstracting the 
relevant constraints. In the kinematical case of Special Relativity the 
constraint emanates from the constancy of the speed of light as an upper 
bound characterizing the propagation of electromagnetic signals. The 
crucial thing is that this upper bound speed is used as a universal 
metrical factor for the spatialization of time in the present along the 
imaginary axis on the complex plane in two dimensions. In this way, 
another type of constant speed pertaining to an upper bound for a 
different kind of propagation characterized metrically as above, would 
also correspond to a change of time as a change of phase, giving rise to an 
analogous effect of length contraction in the present referring to the 
direction of propagation. 

Let us consider the case of propagation of an army in the 
battlefield. Initially, the notion of an armored vehicle was simply 
conceived as a means of protecting the infantry following it. As such the 
upper bound in the speed of propagation was set by the infantry. The 
strategic transmutation of the role of an armored vehicle into a unit of 
armored vehicles moving independently from the infantry amounts to a 
change in the syntaxis of time in the battlefield. This is because the 
speed of propagation of the army is altered by the upper bound set by the 
unit of armored vehicles. Thus, at speeds of propagation near this upper 
bound, change of time amounts to change of phase in the battlefield, 
where time in the present is spatialized on the imaginary axis due to this 
upper bound. Then, assuming that the continuous rate of change 
remains constant for each present, we obtain the phenomenon of length 
contraction in the direction of motion of the army in the battlefield from 
the view of the present of the resting infantry. In a similar fashion, 
effects of local curvature out of a relative geometric phase factor may 
appear in the present at the battlefield. This is the case if the continuous 
rate of change of phase does not remain constant for each present. For 
example, consider the case of a cavalry unit in comparison to an armored 
unit. Although change of time amounts to continuous change of phase 
from the point of view of the present in both cases, the rate of phase 
change is differentiated between the past and the future, e.g. at the 
present where a cavalry unit is substituted by an armored unit. In terms 
of this example, past and future do indeed differ not only in orientation 
with respect to the present, but there is also a relative geometric phase 
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difference between them, which locally curves the battlefield to the 
advantage of the armored unit. In this case, we may think of the change 
of time as a "massive" one in analogy to the geometrized gravitational 
effect. 


57 PAIR OF LINKED TEMPORAL DIASTASES: DOUBLY-PERIODIC 
SPECTRAL WEAVING 


From a topological viewpoint, the most interesting phenomenon 
accompanying the notion of a temporal diastasis is the 
multiple-connectivity of the past with the future with respect to the 
present. We examined previously only the metrical case involving a 
single spectral interval, where change of time corresponds to a 
continuous change of phase in the ring of the present. Additional 
challenges naturally arise in the case of listening and comprehending a 
piece of music, or in the case of reading a book and trying to understand 
its content. 

Clearly, the process of acquiring meaning and understanding 
cannot be reduced to the sequential order of time. More precisely, at 
each and every present, we rather instantiate temporal bonds between 
the memorized past and the anticipated future, where the present plays 
the role of a modulus for this type of bond. Due to topological 
multiple-connectivity these bonds allow information amalgamations 
irrespectively of any notion of distance or proximity in the text. 

In particular, things in the very far past may form a temporal 
bond in the present with anticipated things in the very near future. If 
both the past and the future comply to the same temporal diastasis, in 
our terms if the ring in the epiphaneia of the present persists, through 
unfolding on the same helical axis perpendicular to the epiphaneia, then 
a temporal bond in the present can be formed from the primitive roots of 
unity on the persisting ring between the past and the future. In other 
words, there are roots from the past, which are relatively prime with 
anticipated roots in the future. Both past and future roots are elicited 
bidirectionally to the same diachronically persisting ring of the present, 
as seeds bearing corresponding powers, capable of forming a bond in the 
present. This bond is articulated in the same ring by the demarcation of 
the primitive roots. As such, change of time amounts to the relative 
phase difference that is subordinate to new root primitivity. This is how, 
the present is synchronized with the whole constellation of consonant 
spectral intervals, whence the primitive roots account for temporal 
bonds. 

We will now think of the general case, where the same temporal 
diastasis does not persist diachronically, in the sense that change of time 
in the present cannot be accounted for in terms of a relative phase 
difference. This possibility already presents itself where we have two 
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different temporal diastases that act jointly, in the sense of imposing two 
different periodic rules. We have to be careful to distinguish two 
possibilities in this setting. 

The first refers to the case that these temporal diastases are 
characterized by different, but directly interlinked rings in the present. 
The second refers to the case that these temporal diastases are unlinked 
in any direct way to each other, but at some present they get linked 
together through a third ring, such that if any of these three rings is 
eliminated then everything becomes totally unlinked. The latter case 
will present the major interest for us, since here, thinking from the view 
of the present, change of time is not merely a change of relative phase, 
but a change of circle. Additionally, this case depicts the depth of a 
temporal bond, and a posteriori captures the essence of a tripod based on 
a diachronically stable natural communication constituted by means of 
tripartite metaphora. 

Before we study in detail the synergetic metaphora that gives rise 
to a change of circle, it is worth making some remarks concerning the 
first paradigm, where two directly linked temporal diastases are acting 
jointly at the same place. Recall that in the case of a single temporal 
diastasis, meaning a helically unfolding temporal axis, the imaginary 
ring, or its conformal logarithmic transfiguration to the imaginary axis of 
the complex plane serves to model the present on the epiphaneia. In 
those cases where we have another temporal diastasis directly linked 
with the former, then the only way that we can model it in the context of 
the two-dimensional epiphaneia is in terms of the orthogonal axis to the 
former one. These diastases are linearly independent over the real 
numbers and the whole complex plane tesselated by rectangles, whose 
orthogonal sides correspond to the periodic rules of the two diastases, 
i.e. their spectral measures, models the present. 


In this manner, Z’ gives rise to a lattice on the complex plane, 
and we obtain instead of spectral measures on the imaginary axis, 
spectral measures on the integer lattice on the complex plane. The 
functions defined on the complex plane bearing this spectral lattice are 
doubly periodic, called elliptic functions. Analogously to the 
trigonometric functions culminating to the simply-periodic complex 
exponential function parameterizing the circle, the doubly-periodic 
elliptic functions parameterize two directly linked circles. In this 
fashion, note that complex analytically the unit circle is identified with 
the imaginary ring in the first case. In the second, due to the direct chain 
linkage, only one of the rings is thought of as imaginary. This is also clear 
if we think of the parametrization of the spectral lattice taking place in 
the complex plane bearing one imaginary and one real dimension. If we 


denote these two periods by ®,, and (,, then their ratio is imaginary. 
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The fundamental parallelogram on the complex plane is the one with 


vertices 0, @, (05, @ t0. 


5.8 TORICS: THE QUINCUNCIAL PROJECTION 


From a topological perspective, the above case of the two directly linked 
chain-like temporal diastases, descends from the torus. Topologically, 
we may think of them as two linked cycles on the torus constituting the 
homology basis of its first homology group. 
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Analogously to the case of a single temporal diastasis descending from 
the sphere, two directly linked temporal diastases descend from the 
torus. Note that the torus is topologically different from the sphere, 


since it bears the central hole in the middle, i.e. it has topological genus | 


in comparison to the sphere whose genus is 0. So once more, we may 
think of the topological genus temporally, as emanating from the notion 
of a temporal diastasis. If we think of this link in terms of the sphere, 
then we would need a sphere bearing four poles. This is explained 
complex-analytically by saying that the torus constitutes a double 
branched covering of the sphere. 


The above has been conceived by Charles Sanders Peirce as a way 
of mapping the sphere on the epiphaneia, called the quincuncial 
projection. If we think of the above as the fundamental parallelogram on 
the complex plane, we see that it bears two poles whose residues cancel 
each other. Considering the elliptic functions determined by their values 
on a fundamental parallelogram as above, we realize that they can not be 
holomorphic, since in that case they would be constant as bounded 
functions; called for this purpose, meromorphic functions instead. 
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It is interesting to compare the stereographic with the quincuncial 
projection. The latter enfolds two copies of the sphere bearing four 
branch points. These can be identified with the points where the 
displayed axis pierces the torus. The two different projections on the 
epiphaneia of the complex plane are correlated as follows: Using the 
inverse quincuncial projection we obtain a conformal mapping of the 
fundamental region on the torus, which then can be projected to the 
Riemann sphere by means of the branched double cover of the sphere by 
the torus. Then, the stereographic projection of the sphere accomplishes 
the sought after metaphora. 


3.9 PAIR OF NON-DIRECTLY LINKED TEMPORAL DIASTASES 
AND TEMPORAL BONDS 


Next we consider the general case of two temporal diastases, which have 
no direct link to each other, but at some present they get linked together 
indirectly giving rise to a temporal bond. On the epiphaneia, this type of 
linking of two rings is possible only through a third ring, such that if any 
of these three rings is eliminated then all linkage is completely lost. The 
first important thing to realize is that a temporal bond cannot be 
constituted within two dimensions; an additional dimension is needed. 

Alternatively, we have to consider two unlinked imaginary rings, 
each of which lies on its own copy of the complex plane. The feasibility 
of a temporal bond in three imaginary dimensions implies that two 
imaginary rings can be amalgamated together with respect to a third 
imaginary ring, otherwise they remain unlinked. Thus, a temporal bond 
cannot be modelled on the complex analytic plane, requiring rather the 
four dimensional quaternionic analytic setting, where three of the four 
axes are imaginary. In much the same way that a single imaginary axis is 
meaningful together with a real axis orthogonal to it, three imaginary 
axes are meaningful together with a real axis being orthogonal to all 
three of them. Note that the three imaginary axes are orthogonal to each 
other, but any one of them emerges from the product of the other two. 
As such this product is not commutative, showing that the algebraic and 
analytic modelling of a temporal bond is non-commutative. This means 
that the articulation of a temporal bond is based on non-reversible 
temporal actions. It is due to this irreversibility that the bond becomes 
stable. Since we do not intend to enter the domain of non-commutative 
quaternionic analysis, we call the site involving three imaginary axes a 
crystalline site. 

We are going to restrict ourselves to the simplest topological 
rendering of a temporal bond not involving any analytic considerations. 
Keeping the temporal perspective, and in particular, thinking in terms of 
the present, change of time is not merely a change of relative phase, but 
a change of circle, where each circle is viewed here as a topological 
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circle. Since the circle at present is assumed to amalgamate together the 
two other unlinked a priori circles, which entails the linking should take 
place in modular relation to the circle of the present, it is necessary to 
examine the conditions that make this feasible. We note that 
topologically no distinction pertains between the circles with respect to 
the temporal before and after relation that enters only by identifying a 
particular circle with the present, according to our previous analysis. In 
other words, topologically speaking, a temporal bond is threefold 
symmetric with respect to three circles linked in this way. The 
distinction comes from identifying one circle as the circle of the present, 
so that the other two can be temporally amalgamated together in 
modular relation to the marked one. The topological distinction that 
matters is whether two circles are directly linked or not, but even when 
not is the case, if they can be linked through a third one appropriately. 


5.10 CHANGE OF TIME AS A SYNERGETIC CHANGE OF CIRCLE 
IN THE LIVING PRESENT 


In the course of this problematics, the change of time as a change of 
circle from the past to the future in modular relation to the present, 
should be thought of as a synergetic change of circle belonging to the 
conceptual domain of synectics in the Aristotelian meaning of this term. 
At a first stage, we may conceptualize a synergetic change of circle as a 
higher connectivity interface, binding cohesively together the past with 
the future, independently of their metrical linear distance, in modular 
relation to the present, considered as their unity. At the event level, 
such a symmetric treatment of the past and the future with respect to 
the present is not possible. But the connectivity interface we examine 
currently does not refer to the level of events, where past and future 
stand in an asymmetrical ordered relation with respect to the present. 

This interface capable of giving rise to a temporal bond mediates 
the metaphora of both the past and the future with respect to the 
present at this present. In this sense, the metaphora of the past to the 
future through the present via change of circle by means of a temporal 
bond should qualify these terms as three different circles capable of 
being linked together. Since the linking is meaningful in the present 
where a change of circle takes place, a metaphora of both the past and 
the future must be in play at this present. Of course, this metaphora is 
not in the nature of a metaphora of events that would be in any case 
impossible. The mental strain concerns especially the notion of the 
future appearing absurd from a standard perspective if not conceived 
through its metaphorical essence. 

More precisely, one of the main functions of the human brain is 
to act as a metaphora from the future to the present, in the sense of 
gnomonically anticipating and envisioning the future. This is possible 
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exactly because of the symmetry of a metaphora in terms of encoding 
and decoding bridges. Thus the vision of the future in relation to a 
change of circle from the past that takes place in the present is qualified 
topologically as the metaphora of this envisioned circle in the present. 
The same actually holds symmetrically for the past through the faculty 
of memory, which functions topologically as the metaphora of the circle 
of the past in the present. Consequently, memory and vision are 
symmetrically articulated with respect to the circle of the present, from 
the viewpoint of gnomonics and natural communication, although it is 
not obvious at all how it is possible to form a bond in the present that 
will allow the concomitant change of circle from the past to the future. 

Since we have established, that this bond pertains to a higher 
connectivity interface in the present it cannot be expressed at the level 
of events. In other words, from the naive view of a simply-connected 
linearly ordered one-dimensional continuum of events a temporal bond 
amounts to a wormhole that can connect very distant events 
non-locally, something impossible given only the conceptual apparatus 
of, say, a Markov chain connecting these events. Essentially, such 
wormholes qualify as metrically non-local bridges of connectivity that 
can instantaneously bind the very far past with the very near future. 
Although this is paradoxical if considered at the ordered event level, the 
human brain utilizing mental metaphora performs it unproblematically. 

The issue is that the metaphora takes place not at the level of 
events, but at the level of topological germs, or simply elicited seeds, of 
events that bear a meteoric nature. For this reason, the present does not 
play the role of a pathetic point on a line ordered by means of succession, 
but its role becomes energetic in the sense of binding the remembered 
past with the gnomonically or canonically envisioned future that 
precisely characterizes its invisible depth. The claim is that this notion 
of the present is a living one, whereas the former is a dead one. It is the 
same with the articulation of some given history at any present as a 
living or as a dead one. 

In other words, the qualification of the living present is 
metaphorically equivalent to its ability to give rise to temporal bonds. It 
is clear from this discussion that this does not apply to any past and to 
any envisioned future in the present. Put differently, there are certain 
conditions that allow a change of circle in the present from a circle of the 
past to a circle of an anticipated future. From the standpoint that 
harmonics takes prior place to topological considerations, these circles 
may be though of as unlinked chords bearing their harmonics as elicited 
seeds in the present, and the issue is how they can be tuned together in 
the present so as to give rise to a temporal bond through which change of 
circle takes place. 
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3.11 PRIMITIVITY OF ELICITATION: TEMPORAL LEVERAGING TO THE FULCRUM 


The notion of a temporal bond is qualified as follows: First, it should not 
be conditioned by relations of metrical proximity of the elicited seeds 
from the past and the future in the present, where a change of circle can 
take place; Second, a temporal bond between elicited seeds from the past 
and the future, always bears a modular relation with the present acting 
as their unity. Equivalently, a temporal bond should not be thought of as 
a direct pair-wise gluing, but as a modular gluing, that takes place in 
relation to the present, and together with the present; Third, a temporal 
bond induces a synergetic circle change, if and only if the pertinent 
elicited seeds from the past and the future, in their capacity for 
amalgamation together in modular relation to the present, are both 
relatively prime with respect to the present. Equivalently, they should 
be neither analyzable nor localizable to any other common factors with 
respect to the present; Fourth, a temporal bond as a synthetic unity that 
takes place in the present, characterized symmetrically and 
bidirectionally by relative primeness, or primitivity, with respect to the 
present, specifies the syntaxis of a compounded temporal unfolding 
encapsulated by synergetic circle change in the present; Fifth, a 
temporal bond should be a Tripodal link of least action, since it 
corresponds to an inseparable tripartite correlation, which cannot be 
analyzed to any pairwise correlations. 

It is crucial to make some further remarks in relation to the 
property of primitivity, or relative primeness, required bidirectionally 
from the elicited seeds in their capacity to enter into a modular gluing 
relation with the present, characteristic of a temporal bond. This notion 
is analogous to the one in integer modular algebra conceived by Gauss, 
where the absolute notion of an integer prime number becomes 
relativized with respect to a modulus. The significance of this 
generalization, in the case of integer modular systems, is that any integer 
can assume the role of a prime, but only in relation to another integer 
acting as a modulus. The idea here is that the quality of relative 
primeness in relation to the present is crucial for the realization of a 
temporal bond. In more intuitive terms, the assertion is that, relatively 
to the present, a seed from the past becomes spectrally spontaneously 
recognizable, and thus, capable of being elicited in the present, without 
any possible factorization through anything else. The same, 
symmetrically, holds for an envisioned seed in the anticipated future in 
its capacity to enter into a temporal bond with a seed from the past in 
the present, which acts as the modulus of unity for this Tripodal link. 

It is instructive to recall that the realization of such a temporal 
connectivity interface becomes effective only on the condition of 
topological non-degeneracy of the temporal unfolding between the past 
and the future in the present, acting as their modulus of unity. 
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Equivalently, the different winding stairs of the helices corresponding to 
the a priori unlinked temporal diastases should be spectrally 
distinguishable in the present. Topologically, this spectral 
distinguishability amounts to quantized action. In other words, the 
winding stairs indexed by the group of the integers, count quanta of 
action. Again, spectral distinguishability should be always relativized 
with respect to the pertinent present, where a temporal bond is 
instantiated as a least action solution to the indirect linking of the past 
with the future. 

The most important consequence of relative primeness conceived 
this way, is that the pertinent seeds of the past and the future entering 
into a temporal bond, become, both symmetrically, relationally inverse 
with respect to the present, and relationally conjugate with respect to 
each other, in the present. In turn, the present is qualified through an 
Archimedean fulcrum relative to these seeds or, more precisely, relative 
to their respective a priori unlinked topological circles. Thus, seeds from 
the past and the future become eliciting seeds in their power to enter 
into a temporal bond in the present, if and only if they can be leveraged 
metaphorically to the present, relationally to each other, with respect to 
the fulcrum of the present. 


3.12 RESONANCE OF TEMPORAL CHORDS: THE TRIPODAL LINK OF A BOND 


If we consider a seed either in the past or in the future, it becomes 
spectrally spontaneously recognizable from the fulcrum in the present, 
ie. not factorizable through any other simpler common factor, by means 
of a loop, and more precisely, a simple tame closed curve, which is based 
at the fulcrum. This means that it starts and ends at the fulcrum, and 
passes through the topological circle corresponding to its temporal 
diastasis. Since we refer to a seed, it is better to consider the whole 
equivalence class of such loops that can be continuously transfigured to 
each other. It is enough to recognize a single representative of this class 
by means of a based loop at the fulcrum. If we denote the relevant 


topological circle by A, then a based loop at the fulcrum passing through 
A, may admit two distinct orientations: If the loop passes through 4 
with direction away from the fulcrum (+), it is denoted by a, whereas 
if it passes with direction toward the fulcrum (—), itis denoted by a. 


Therefore, oriented loops based at the fulcrum of the present and 
crossing unlinked topological circles encapsulate the reflexive principle 
of seed recognition from the past and the future, depending on their 
orientation. 
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In other words, reflexive recognition of a seed in the past or in the 
future, in its power to enter into a temporal bond in the present, is not 
enough for the establishment of the bond. What is required additionally 
is the metaphoric leveraging of these seeds to the fulcrum of the present 
by utilizing the property of relative primeness, so that they become 
elicited seeds in the present capable of modular amalgamation. This 
condition leads to the notion of a temporal chord in the present, through 
which the expression of a temporal bond becomes explicit. 

Consider a recognized seed from the past, identified either with 
the based oriented loop at the fulcrum, a^ := o, or with c !, by means 
of crossing the topological circle 4, depending on the orientation. 
Analogously, consider a recognized seed in the future, identified either 


with the based oriented loop at the fulcrum, a or with £, by means 


of crossing the topological circle P, depending again on the orientation. 


For instance, if « and p. are recognized, they both become eligible 
to be elicited seeds in the present by metaphoric leveraging with respect 
to the fulcrum. For this purpose, they should be relationally conjugate to 
each other by the requirement of relative primeness with respect to the 


present. This means that / and g^ should play the role of 
bidirectional bridges for the leveraging of a, and also symmetrically 
that & and q should play the role of bidirectional bridges for the 


A -l ; e ; : : 
leveraging of p . It is elicited seeds that give rise to temporal chords in 
the present. Therefore, a temporal chord in the present is enunciated by 
interpolating a recognized seed from the past, for example, o, between 


the bridges / and p, ie. by metaphora through / and p, which 


leverages the seed a with respect to the fulcrum, e.g. pop n 

The significance of temporal chords in the present is that they 
can resonate together harmonically in the present. More precisely, a 
temporal chord emanating from a recognized seed in the past can be 
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fused together with a temporal chord from a recognized seed in the 
future by harmonic resonance in the present. The latter is instantiated 
by means of new topological circle in the present capable of 
amalgamating together the circles 4 and B ina non-pairwise fashion. 

For this purpose, we consider a recognized seed from the past, 
identified with the based oriented loop at the fulcrum, a, by means of 
crossing the topological circle A in the prescribed orientation, and 
symmetrically, a recognized seed from the future, i.e. an envisioned seed 
in the present, identified with the based oriented loop at the fulcrum, 
B, by means of crossing the topological circle B also in its respective 


prescribed orientation. Note that A and B are a priori unlinked 
corresponding to two different temporal diastases. These oriented 
fulcrum-based loops a and f can be composed, either in the order 
a ,orinthe order a, and these compositions are non-commutative. 


In this manner, composed actions of seed recognition from unlinked 
temporal diastases are order irreversible with respect to the fulcrum. 
Let's consider the composition in the order cf. The basic idea is 


to extend this composition in consecutive stages and express it in terms 
of temporal chords with respect to the fulcrum. If we adjoin by 


-l 
composition œ™ to «f, we obtain the temporal chord apa , which 


amounts to the metaphora of // with respect to the fulcrum, utilizing 


1 


the bridges & and «^ for this recognized seed in the future. Next, we 


-1 -1 -1 g-l 
adjoin p to the temporal chord apa , to obtain apa p , which 
-1 
can be read either as the composition of the temporal chord apa 
-1 
with p or as the composition of o with the temporal chord 


Ba D p , due to the associativity property of non-commutative 
composition. In the same way, by continuing the process of adjoining as 
above, the objective is to generate a cycle based at the fulcrum. A cycle is 
generated when the process of adjoining ends with the composition of 


that has been utilized at the initial stage. A cycle based at the fulcrum is 
generated by the resonance of a temporal chord from a recognized seed 
in the past with a temporal chord from a recognized seed in the future, 
as follows: 


ap > afa af f^ > apa” p'a > afa Bap. 


In the above process, the cycle generated is given by 
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C-afa B, 


since starting from the ordered non-commutative composition af we 
ended at: 


(afa B Nap) = Clap). 


The cycle 


= -1 gly .— 
C-(apa B ):-[a. p], 
ie. the commutator of o and £, is generated by the resonance of the 


aj . -la-l 

temporal chord apa with the temporal chord pa p . Therefore, 
the new topological circle C leads to the indirect gluing of the 
topological circles 4 and B in modular relation to the present, 
identified thereby, as the circle of the present. It is only through the 
Tripodal link instantiated in the present by C that a synergetic change 
of cycle from A to B takes place. 

: : z - gy. ; 

The topological circle C - (afa p )= la, p]. involves four 
crossings of the circles 4 and P, more concretely, two of the circle 4 
and two of the circle D, with opposite orientations and in an alternating 
order. Notice that the structure of C does not depend on what we 
consider as an initial composition, like (af) in the case presented. If 
we consider any other initial composition from all possible ones, we will 
again arrive at a cycle of the same structure, ie. to a resonance of a 
"temporal chord" from the "past" with a "temporal chord" in the "future" 
with respect to the fulcrum. In other terms, the compositional structure 
of the topological circle C, amalgamating 4 and B in modular 
relation with respect to the present, is the invariant of resonance 


between a temporal chord from the past with a temporal chord from the 
future, that qualifies change of time as a synergetic change of cycle from 


A to B inthe present, and giving rise to a temporal bond. 
The crucial observation is that a temporal bond induces a 


particular type of topological linking of the cycles 4, B and C, which 
we call a Tripodal topological link. Equivalently, a synergetic change of 


cycle from A to B in the present is tantamount to a Tripodal link of 


the cycles A, B and C, qualified by the property that if any one of the 
cycles is removed from this link the remaining two come completely apart. 
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3.13 TOPOLOGICAL QUALIFICATION OF THE TRIPODAL LINK 


Topologically, a Tripodal link may be simply thought of as an 
interlocking family of three loops, such that if any one of them is cut, 
then the remaining two become completely unlinked. Each loop is 
considered a tame closed curve. The property of tameness means that 
the closed curves considered can be deformed continuously and without 
self-intersections into polygonal curves, which are those formed by a 
finite collection of straight-line segments. 

Moreover, a loop, as a topological object, discloses the following 
properties: First, a loop is not separated into two pieces by cutting it at a 
point, which is rather achieved by cutting it at two points; Second, a loop 
is an intrinsically one-dimensional object though of as a figure in three 
dimensions; Third, a loop is bounded, i.e. it is contained in some sphere 
of sufficiently large radius. Moreover, a loop is called knotted if it cannot 
be continuously deformed into a topological circle in three dimensions 
without self-intersection. Therefore, each one of the three interlocking 
loops of the Tripodal link should be considered as an unknotted tame 
closed curve. We refer to them simply as loops keeping in mind that each 
one of them is unknotted. To sum up, in terms of loops, a Tripodal link is 
depicted as the configuration displayed on the left below, which is to be 
contrasted with a different type of configuration consisting of three 
interconnected loops displayed on the right. 
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E 


b 


The Tripodal link configuration of loops on the left is such that if any of 
the loops is cut at a point and removed, then the remaining two loops 
become completely unlinked. In contrast, the configuration on the right 
is such that each loop actually links each of the other two. 

The topological notion of a link pertains to the connectivity 
among a collection of loops. In general, an N -link is a collection of N 
loops in three dimensions, where N is a natural number. Regarding 
the connectivity of a collection of N loops, the crucial property is that 
of splittability of the corresponding N -link. We say that an N -link is 
splittable if it can be deformed continuously in three dimensions, such 
that part of the link lies within B and the rest of the link lies within C, 
where B, C denote mutually exclusive solid spheres (balls) in three 
dimensions. 

Intuitively, the property of splittability of an N -link means that 
the link can come at least partly apart without cutting. Complete 
splittability means that the link can come completely apart without 
cutting. On the other side, non-splittability means that not even one of 
the involved loops, or any pair of them, or any combination of them, can 
be separated from the rest without cutting. As an illustration, we 


consider the following 3 -link: 
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The above 3-link consists of three loops, denoted by C, D and F. 
Clearly, this is a splittable 5-link, which is not completely splittable. As 


can easily be seen in the above figure, the loops D and E cannot be 
split apart without cutting. Notwithstanding this fact, it is a splittable 
3-link because the loop C can be separated from the rest without 
cutting. Thus, the above 3-link can come at least partly apart, and 
therefore is splittable. 

The property of splittability of a topological link, is adequate to 
completely characterize the Tripodal link. First, the Tripodal link is a 
3-link, since it is consists of 5 loops. Second, the connectivity of this 
3-link in terms of the splittability property, implies that the Tripodal 
link is a non-splittable 5-link, such that every 2-sublink of this 5-link is 
completely splittable. More precisely, it is a non-splittable 3-link 
because not even one of the three loops, or any pair of them, can be 
separated from the rest without cutting. A 2-sublink is simply any 
sub-collection of two loops obtained by removing the loop that does not 
belong to this sub-collection. Since, the Tripodal link is characterized by 
the property that if we erase any one of the three indirectly interlocking 
loops, then the remaining two loops become unlinked, it follows that 
every 2-sublink of the initial 5-link is completely splittable, according to 
the figure below: 
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3.14 THE FREE NON-ABELIAN GROUP STRUCTURE OF ORIENTED BASED LOOPS 


Our objective is to discover an appropriate algebraic structure capable of 
encoding the connectivity type of the Tripodal link, that is to say we 
seek a metaphora from the domain of topology to the domain of algebra, 
which will enable us to disclose the essence of a Tripodal link. 

First, we consider an unknotted tame closed curve in three 
dimensions. Since any such curve can be continuously deformed to a 
topological circle it is enough to consider such a circle in three 


dimensions, denoted by 4. Second, we think of a based oriented loop 
which may pass through this circle a finite number of times, each one 
with a prescribed orientation. A based loop means simply that it starts 
and ends at a fixed point p. The orientation of the loop is defined as 
follows: If it passes through the circle one time with direction away from 


p it is denoted by o^, whereas if it passes one time with direction 
towards p itis denoted by o. Thus, in the algebraic symbols of the 


generic type “7” we encode: First, the passage or not of a based loop 


through a circle 4, which qualifies or not the naming of the loop by the 
corresponding symbol a. Second, the number of times that this loop 


passes through the circle 4, which is encoded as a power of the symbol 
a. Third, the orientation of the loop with respect to p, which is 
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encoded by a “+” sign if a passage through the circle takes place away 
from p andbya"-"sign if a passage takes place towards p. 


Ca s 
e 


The first figure from the left depicts a loop based at p , beginning at p, 
then passing through the circle A once directed away from p, then 
curving around the circle A, and finally returning to p. According to 


the above, this loop in relation to the circle 4 should be denoted by 
a`, which we write simply as a. Note that any other loop with the 
same behavior can be continuously deformed to the loop o. Thus, the 
algebraic symbol “a” actually denotes a partition block, ie. the 
equivalence class [o] of all loops of the kind c, passing through the 
circle A once with the prescribed orientation. Any loop in the block 
[o] can be continuously deformed to an equivalent one in the same 
class. Taking into account this remark, we still keep using the symbol a 
as above, where o is thought of as a representative of the equivalence 
class [o]. 

In the middle figure, we have a loop based at p, such that; it 


starts at p, then passes through the circle A twice directed away from 
D, then it curves around the circle 4, and finally returns to p. This 


loop, in relation to the circle 4, should be denoted by o? =aoca, 
which we write simply as. g’. 
In the last figure from the left, we find a third loop based at p, 


such that; it starts at p, then curves around the circle 4, then passes 
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through the circle 4 once directed towards p, and finally it returns to 
P. This loop, in relation to the circle 4, should be denoted by 
a'=l/a. 

Next, we need to consider the composition of based oriented 
loops of the generic type “7” in relation to circles of the generic type 
* X *. The composition of two loops is viable if both of the loops are 
based on the same point p. Then, the composed based oriented loop 


should also be a loop of the same generic type in relation to the two 
circles of the composing ones. 


A B 


p 

In more detail, let us consider two based oriented loops, which are both 
based at the same point 7. Taking into account the orientations, we 
denote the first loop by «o (in relation to the circle 4) and the second 
loop by f (in relation to the circle P). Then, we can define their 
composition denoted by aof respecting the order of tracing the loops, 
viz. we first trace a, and then we trace f. Thus, the rule of 
composition produces a based oriented loop œo% in relation to the 
circles A and P, which is interpreted as follows: It starts at p, then 
passes through the circle A once directed away from p, then it passes 
through the circle B once directed away from p, and finally returns to 
p. We note that it is allowed topologically to remove the end of a and 
the beginning of f from the base point p,and then join them together 
at a nearby point. We interpret the composition rule q@of as the 
multiplicative product of the oriented loops o and / based at the 
same point p, which we denote simply as of. This establishes the 
closure of the elements of the generic type “7” under multiplication as 
above. 

We note also that the above multiplicative product is not 
commutative, ie. œ} fig. This is due to the fact that the rule of 
composition of based oriented loops at a point is order dependent, such 
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that œo 8+ Boa. The underlying topological reason is that the based 
oriented loop go 8 cannot be continuously deformed to the based 
oriented loop foc, meaning that the order-dependence of the 
composition rule makes the corresponding multiplicative product 
non-commutative. Notwithstanding this fact, multiplication is an 
associative operation, ie. (ao P)oy=ao(Boy), so we skip the 
parentheses in multiple compositions of based oriented loops. 

Next we look for the existence of a neutral element, and inverses 
with respect to this product operation. Clearly, for each based oriented 


loop c, there exists the inverse loop a^, such that both compositions 
p p P 


aoo and a eg give as their multiplication product the loop 


based at the same point that does not pass through any circle at all. 


Thus, we call the latter loop the neutral element, or equivalently the 


1 


multiplicative identity |, such that aa@'=a'a=1. We verify 


immediately that la = o1 — o , where the equality sign is interpreted as 
an equivalence of based oriented loops under continuous deformation, 
according to the preceding. 


^ | 
TAN 7 
p P 

^ 

k isi 

p 


We conclude that the set of symbols of the generic type “7” 


representing based oriented loops in relation to topological circles X , 
endowed with the non-commutative multiplicative product expressing 
the ordered composition of loops based at the same point, bears the 


algebraic structure of a non-commutative group, denoted by ©. Since 
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this group is generated by two non-commuting elements, and there are 


no further relations imposed on its algebraic structure, © is identified 
with the non-abelian group in two generators. 


3.15 FROM TOPOLOGY TO ALGEBRA: ENCODING-DECODING THE TRIPODAL LINK 


Using the multiplication operation we may form any permissible string 


of symbols in the group ©, which can be shortened into an irreducible 
form by using only the standard group-theoretic relations 


aa'=a'a=1, la=al=a, aa=a’ and so on. Two arbitrary 
strings of symbols, i.e. words in the group ©, are equal if they can be 
brought into the same irreducible form in ©, meaning that the 
corresponding product loops, are equivalent under continuous 
deformation. 

The property of irreducibility of a string of symbols in the group 
©, which amounts to the irreducibility of a product loop in ©, is the 
leading idea for the algebraic encoding of the Tripodal link in terms of 
the group structure of ©. Note that any multiplicative concatenation 
of symbols in the group ©, when translated in product loop terms is 
always thought of in relation to corresponding circles, forming the 
collection of all circles that a product loop is associated with. 

We proceed by investigating what kind of topological 
information the property of irreducibility of a string of symbols in the 
group © encodes in algebraic terms. We will show that algebraic 
irreducibility encodes the topological property of non-splittability of a 
link. Bearing in mind that a link corresponds generally to a collection of 
loops. The topological connectivity of a link is expressed by the property 
of splittability. In particular, the Tripodal link is a non-splittable 3-link, 
such that every 2-sublink formed by erasing one of the three loops of 
this 3-link is completely splittable. 


DOU 


The idea is to encode the Tripodal link group-theoretically in terms of an 
appropriate product loop in the group ©, which is associated with two 


circles 4 and P. Note that erasing this hypothetical product loop 
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would leave the two circles unlinked, since that removal results in a 
completely splittable 2-sublink. In algebraic terms, this situation 
depicted by the above figure on the right is described by the neutral 
element, ie. the identity | of the group ©. Hence, complete 
splittability of this 2-sublink is encoded by the identity | of ©. For 
reasons of symmetry, the same behavior appears if we erase any of the 
circles A or PD, since the neutral element of © is unique. 
Nevertheless, in order to prove it algebraically we need the explicit 


formula describing the product loop in the terms of elements of ©. 
At the next step, since the product loop should be expressed in 
relation to the circles A and B, it is necessary to involve at least a 


string of symbols consisting of a, 2 and their group inverses o, 


E T i : : 
p in some specific order, which does not involve any consecutive 


appearance of ac, a'a, Bp, f B, since all of the latter are 
reduced to |. The reason for the appearance of both a, f, and their 


1 


; - Ed Seer : " 
group inverses a, p , lies in our expectation that erasing any of the 


circles 4 or B would collapse the product loop to the neutral |. This 
is the desired case referring to the Tripodal link because every 2-sublink 
is completely splittable. If the circle 4 is erased, for example, then in 
the sought after product loop formula both instances of œ and ac! 


should be deleted, since both œ and q have a meaning with respect 


to A. The same holds symmetrically for f and p` in relation to the 


circle B. Finally, since the fact that every 2-sublink of the Tripodal link 
is completely splittable is encoded algebraically by reducibility to the 
neutral element of ©, the requirement is that the non-splittability of 
the total 3-link should be encoded by the irreducibility of the product 
loop formula. 

We conclude that only one combination of symbols exists that 
fulfills our requirements, namely: 


y-af'a f. 


Thus, the irreducible formula afa f represents the loop y as a 
product loop composed by the ordered composition of the four based 


oriented loops acff oq of. We call the product loop y the 


"Tripodal loop" and the formula or multiplicative string afa ^ f the 
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"Tripodal loop formula". The algebraic irreducibility of afa » p inthe 
group © encodes the non-splittability of the Tripodal link. Deletion of 
both & and q@' (corresponding to removal of the circle A) reduces 


the formula to the identity | (and the same happens symmetrically for 


both # and f° in relation to the circle B). Thus, every 2-sublink of 
the Tripodal 3-link is completely splittable. 


p 


In the above figure, we imagine that we continuously pull apart the two 
upper topological circles of the Tripodal link displayed on the left. Then, 
we obtain the configuration on the right, which is interpreted in 
group-theoretic terms as a product loop, that is, the irreducible 
“Tripodal loop” associated with these two circles. Hence, we have a 
geometric representation of the “Tripodal loop formula”. The algebraic 


irreducibility of this formula af o f in the group O encodes the 
non-splittability of the 5-link in the Tripodal topological configuration. 


If we cut the "Tripodal loop", or remove any of the circles A or B, we 
obtain a completely splittable 2-sublink. The "Tripodal loop formula" 
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reads as follows: First, it passes away from p through 4 (represented 


by o); Second it passes towards p through B (represented by By 
Third it passes again towards p through A (represented by a‘); 


Fourth, it passes away from p through D (represented by £). 
Thus, the topological information of the Tripodal link has been 
completely encoded in terms of the algebraic structure of the 


non-commutative multiplicative group ©. In this way, we have 
obtained a bi-directional bridge between the topological connectivity 
model of the "Tripodal rings" expressed in terms of links and the 
algebraic algorithmic information model expressed in terms of the 


structure of the group ©. This is of fundamental significance because it 
allows the translation of a hard topological problem into algebraic terms, 
which becomes the encoding of the problem in group-theoretic terms, 
where it can be solved quite easily, and then inversely, the decoding of 
this solution into topological terms, which provides the solution of the 
topological problem posed initially. An illustration of this powerful 
method, which generalizes the case of the "Tripodal link" to higher 
non-splittable links whose all sublinks are completely splittable, in 
analogy to the Tripodal case, will be presented as we progress. 


3.16 HIGHER TEMPORAL BONDS FROM THE TRIPODAL LINK 


It is instructive to clarify that the algebraic structure of the group © is 
not only restricted to the typical Tripodal configuration, explained in 
the previous section, but it can encode the topological information of 
higher links since we are free to construct product loops composed of 
any number of factors according to the composition rule we have 
defined. This presents the challenge of using the group © in order to 
solve the harder topological problem of identifying a non-splittable 
4-link, all of whose 3-sublinks are completely splittable. Clearly, this 
problem constitutes the immediate higher generalization of the Tripodal 
link, which involves a non-splittable 3-link for which all 2-sublinks are 
completely splittable. The main interest in such a generalization lies in 
the intuition that the Tripodal link acts as a kind of a building block for 
the substantiation of higher order links of this type. 

The method we will follow in order to attack this topological 
problem is the use of the bi-directional bridge between topology and 
algebra we have established in this context. Namely, we will translate 
the problem in terms of the algebraic structure of the group ©, we will 
try to solve it in group-theoretic terms, and then decode the solution 
back into topological terms. Intuitively, the notion of a link involves the 
gluing conditions among its constituents. It is precisely these gluing 
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conditions that are expressed algebraically in terms of the group ©, as 
the fundamental case of the Tripodal link has revealed by means of the 
“Tripodal loop formula" y= afa p inrelation tothecircles 4 and B. 


The starting point is the analogous one to the standard Tripodal 
link case. Namely, since all 5-sublinks of the sought after non-splittable 


4-link are completely splittable we will consider three circles 4, B, C 
and look for a product loop composed of the products of o, f, / and 


3 " 2 -l aL g T : 
their group inverses a^, p , Y in some specific order, which does 
. : 2 £ d pg 
not involve any consecutive appearance of aa^, a'a, [D , P f, 


Ny. Y y, because all of them are reduced to the identity |. The 
crucial point again is that the product loop formula should reduce to | 


in the group © in case of removal of any of the circles 4, B, or C, 
which is encoded algebraically by the deletion of all instances of both a, 


a`”, or f, B`, or y, Y, which follows whenever 4, or B or C 
respectively are erased. This is again the algebraic encoding of the fact 
that every 3-sublink of the total non-splittable 4-link should be 
completely splittable. Clearly, the non-splittability of the 4-link is again 
encoded by means of irreducibility of the product formula describing 
this 4-link. 


A 8 


a 


Algebraically, this problem can be solved quite easily. The most elegant 
solution, which also trivializes the algebraic encoding of even higher 
links of this type, is to use the Tripodal link, viz. the algebraic “Tripodal 


loop formula” afa f in the group © as a building block and 
iterate it self-referentially. We will explain how this works for the case 


-1-1 
at issue. First, by inspecting the “Tripodal loop formula” ap a p we 


realize that it can be written as the commutator in the group ©, that is 
defined as follows 
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[a,b ]- af "a f. 


-l -1 
This means that the commutator la, P ] ofthe elements c and p 


in the group © producing the "Tripodal loop formula" encodes 
algebraically both the gluing condition of the non-splittable 3-link as 
well as of the completely splittability of all 2-sublinks, according to the 


preceding analysis. We may also re-define the element p as b, viz. 


La Roa : : 
P =b inthe group © inorder to obtain the commutator: 


[a,b]= abab" 


in the group O equivalently. Thus, the idea of using the Tripodal link 
as a building block for analogous links of a higher type means employing 
the group commutator iteratively as an encoding device for these higher 
links of the same type. Therefore, in the case of a total non-splittable 
4-link all 5-sublinks of which are completely splittable that involves the 
gluing of the three circles 4, B and C of the above figure by a “higher 
Tripodal loop” we proceed as follows: 

First, we glue the circles 4 and B by the standard “Tripodal 
loop” and then we glue this product analogically with C. Algebraically 
speaking, the first step is simply the commutator ¢ =[a@,b]= abo b. 
The first iteration of this procedure, which involves the gluing of the 
product é with / (in relation to the circle C), reads simply as the 
commutator of £ with y. We conclude that a "higher Tripodal loop” 


that solves the problem is given in the structural terms of the group © 
simply as follows: 


ô —[&.y]- [a.b]. 7]. 


If we expand this formula, by using the definition of the group 
commutator as well as the group theoretic relation 


-1 -1,1 
(Ww) =VX, 
where /, V may stand for arbitrary strings of elements of the group 


O , we obtain the following unfolded expression for the "higher Tripodal 
loop formula": 


ó-[E.y]- [a,b], y] " (aba b Yy(bab a y. 
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From the above expanded "higher Tripodal loop formula" it also becomes 
clear how the Tripodal link becomes a building block via terms of the 


form Au i -[A,u] for expressing higher order links of the Tripodal 


type. We can also see that deletion of all incidences of any of the symbols 
(which involves the simultaneous deletion of the inverse symbol as well, 


as we have seen) reduces the formula to the identity | inthegroup O. 

As a final step, we decode the obtained algebraic solution back 
into topological terms by using the inverse bridge, and the obtained 
topological solution of the problem of finding a non-splittable 4-link 
whose all 5-sublinks are completely splittable by means of "Tripodal 
building blocks" is illustrated as follows: 


We conclude with the observation that although the topological solution 
of the problem is quite hard to obtain in a straightforward manner, as 
evidenced by the above figure, the same problem can be solved quite 
easily by using the algebraic structure of the group ©, and in 
particular, the notion of the group commutator and its iterations. It is a 
remarkable fact that the Tripodal link is encoded in terms of the 
commutator of ©. In this way, the Tripodal link can be efficiently used 
as a building block for the encoding of higher-order links of the type 
described above, by iterating the formation of commutators for product 
loops. 
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3.17 DEPTH OF HIGHER TEMPORAL BONDS: NESTED STACKING 
OF TRIPODAL LINKS 


In the previous Section we proposed the idea of using the Tripodal link 
as a building block for analogous links of a higher type by making higher 
order iterations of the group © commutator. We have explained 
already how this method works in the case of a total non-splittable 
4-link all 3-sublinks of which are completely splittable. The crucial 
insight is that the group commutator acts as an encoding device for 
these higher links of the same type in two ways: First, the commutator 
provides the gluing scheme of link-formation by means of “Tripodal 
loops”. Second, due to fact that deletion of all incidences of any of the 
involved symbols reduces the commutator to the identity | in the group 
© , the commutator also encodes the information of complete 
splittability of any remaining sublink after removing any of the 
constituents of the total non-splittable link. 

In order to proceed more efficiently, we need to systematize our 
terminology as follows: The notion of the commutator of the simple 
oriented based loops a, b, that is [a,b], is used as synonymous to the 
algebraic “Tripodal loop formula" in the group © and it is decoded in 
topological terms as the concept of a Tripodal link, equivalently 
identified as a Borromean link. We denote the latter by (3,2) 
meaning that it is a total non-splittable 3-link all 2-sublinks of which are 
completely splittable. In this way, the symbol (4,3) denotes a total 
non-splittable 4-link all 5-sublinks of which are completely splittable. 

By induction, the symbol X(N,N-1), where N 23, denotes a 


total non-splittable N -link all (N-1)-sublinks of which are 
completely splittable. We have shown that a 2X(4,3) link can be 


constructed in terms of the "Tripodal link building block" simply by one 
iteration of the commutator formation. This means that starting with 
three symbols a, b, c, we first glue a with b together by means of the 
commutator [a,b], and then we glue their glued product [a,b] with c 
to obtain the stacked commutator [[a,5],c]. This final glued product 


gives the required fourth symbol in the group 9. which decodes 
topologically asa £(4,3) link. In an analogous manner, by iterating the 
commutator formation twice, starting with four symbols a, b, c, d, 
we obtain a 2(5,4) link. The same process can be clearly repeated 
inductively, so that we finally can construct any X(N,N-1) link by 
means of Tripodal building blocks, or more precisely, "Tripodal 


connectivity units", where N 23. We may summarize this process in 
the following table: 
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Borromean Link ¥(3,2) [a, b] Gluing of a with b 3-link 
1” Iteration X(43) [[a, b], c] Gluing of [a, b] with c 4-link 
2" Tteration X(54) [[[a, b], c], d] Gluing of [[a, b], c] with d 5-link 

By Induction N23 X(N,N-1) Repeat process with | Gluing via commutator stacking | N-link 

(N-I)-symbols. 


We note that the process of iterating the commutator formation 
in the group ©, so as to obtain any link of the form X(N,N —1), can be 
realized as an algorithmic procedure of commutator stacking in 
consecutive nested levels. Semantically, this procedure may be thought 
of as an operation of self-referential unfolding. The reason is that if we 
start iterating the commutator formation from level-0 (Tripodal link 
£(3,2)) which involves simple loops, then already at level-1 (link 
X(4,3)), the symbol [a,b] in the composite stacked commutator 
[[a,5],c] plays a dual role: First, it is the symbol of a loop, namely the 


product "Tripodal loop" of a and b, and second, it is the symbol of a 
gluing operator acting on a and b.Thus, the unfolding from level-0 to 
level-1 takes place self-referentially by identifying a loop as an argument 
of the stacked commutator at level-1 with the result of a gluing operator 
at the previous level-0. Clearly, the same phenomenon repeats at all 
higher levels. 

It is instructive to explain in more detail the algebraic operation 
of commutator stacking. Recall that a commutator of two symbols a 
and b produces a new symbol [a,b] in the group ©, where [a,b] 
denotes the gluing of a and b together to produce a new symbol, 
such that the triad of symbols a, b and [a,b] constitute a Tripodal 
link of the type 2(3,2). Thus,a 2(3,2) link involves a commutator in 
2 symbols standing for the gluing operator of these two symbols 
according to the Tripodal constraint. Similarly a (4,3) link involves 
a stacked commutator in 5 symbols. The commutator is stacked because 
first we have to glue a with b, and then we have to glue their product 
[a,b] with c in order to produce a new symbol [[a,5],c], such that 
the tetrad of symbols a, b, c and [[a,b],c] constitute a (4,3) 
link. 

We stress again that deletion of any of the symbols involved in 
the stacked commutator collapses it to the unity of the group ©, 
meaning that erasing any one of them causes the rest to come apart. 
Thus, by inductiona X(N,N-1) link involves a stacked commutator in 
(N —1) symbols, where N 23. For convenience, we call it a stacked 
commutator of order (N—1). Note that the order of the stacked 
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commutator in any link of the form X(N,N-1) coincides with the 
number of symbols that separate if we remove any symbol from the total 
non-splittable N -link. For example, a X(7,6) link is expressed via a 
stacked commutator of order 6, meaning that it should be a commutator 
in 6 symbols of the form ([[[[a,5],c], d ], e], f]. For reasons of simplicity, 
we define a stacked commutator of order (N —1) as a "Tripodal stack" 
oforder (N-1). 


5.18 TEMPORAL MULTIPLICATION: CHAINS OF TRIPODAL LINKS 


First, we introduce another definition to our series for terminological 
convenience. This refers to the characterization of a link of the general 


form X(N,K). A link of the form X(N,K) is defined as a link of NM 


loops in 3-d space, such that each K -sublink is completely splittable, 
but each (K+1)-sublink, (K+2)-sublink, ..., (N —1)-sublink up to 
the N -link itself, is non-splittable. For example, a X(7,3) link is a 
link of 7 loops, such that each 3-sublink is completely splittable, but 
each 4-sublink, 5-sublink, 6-sublink and the 7-link itself, is 
non-splittable. The natural question emerging in this context is if it is 
possible to express a general link X(N,K) in terms of “Tripodal 
building blocks", or equivalently "Tripodal functional units" encoded 
algebraically by the gluing operator of symbols, that is, by the 
commutator in the group O . We already know the answer in case that 
K -(N -1). Namely, we have shown that the algebraic operation of 
commutator stacking of order (N-—1) is enough to express any 
X(N,N-1) link. In other words, an arbitrary X(N,N-1) link is simply 
a "Tripodal stack" of order (N—1). So we need to consider what 
happens in the general case, where K z(N-1). 

We will show in the sequel that there exists another natural 
operation on "Tripodal building blocks", which is described by taking an 
appropriate product of commutators in the group ©. Intuitively 
speaking, this natural operation should express a procedure of Tripodal 
extension in length, or simply the formation of a “Tripodal chain” of 
some appropriate length. In order to motivate the notion of a "Tripodal 
chain" it is necessary to start with the simplest example of this type, 
namely the X(4,2) link. This is a link of 4 loops, such that each 
2-sublink is completely splittable, but each 3-sublink and the 4-link 
itself, is non-splittable. From this definition, we immediately deduce 
that if we remove any loop from a >(4,2) link we obtain a 3-sublink 
which is non-splittable. Moreover, since each 2-sublink is completely 
splittable, we deduce that if we remove any loop froma X(4,2) link we 
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actually obtain a (3,2) link, viz. a Tripodal link. Furthermore, if we 
remove any two loops from a X(4,2) link the remaining two fall 
completely apart because again each 2-sublink of a (4,2) link is 
completely splittable. Therefore, by encoding this information in the 
group ©, we attack the problem as follows: Consider three symbols a, 
b,and c. We seek a formula expressing the fourth symbol, such that 
deletion of all incidences of any of the symbols a or b or c causes 
the formula to reduce to the "Tripodal loop formula" (that is the 
commutator of the remaining two symbols), whereas deletion of all 
incidences of any two of the three symbols, viz. (a,b), or (a,c),or (b,c) 
causes the formula to reduce to the unity 1. 

It is instructive to emphasize that the algebraic encoding of the 
problem referring to a X(4,2) link paves the way to its solution. The 
problem is whether it is possible to express a (4,2) link in terms of 
"Tripodal building blocks", that is, in terms of suitable operations on 
commutators in the group ©. By the defining properties of a (4,2) 
link, if a formula in three symbols a, 5, c actually existed fulfilling 
the two requirements laid out in the previous paragraph, and also 
expressed exclusively in terms of commutators built from these three 
symbols, then it would be true that the £(4,2) link can be constructed 
in terms of “Tripodal building blocks”. Now, considering the symbols a, 
b, and c, we may construct the “Tripodal stack” of order 3, viz. the 
stacked commutator formula [[a,5],c]. Clearly, although this expresses 
a X(4,3) link as we have seen in the previous Section, it is not an 
appropriate formula to express a X(4,2) link because deletion of any 
of the three symbols causes the formula to reduce to 1. What we need is 
another operation, which hopefully can involve only commutators and 
have the desired properties. A simple observation is that given three 


symbols a, b, and c, we may construct out of them three distinct 
commutators, namely [a,b], [a,c] and [b,c]. Since each of these 
commutators gives a new symbol in the group ©, we may take their 
product which is also a new symbol in the group ©. 

Notice that each of the commutators [a,b], [a,c], [b,c], gives 
separately a Tripodal link. Thus, their product [a,b][a,c][b,c] is 


actually a composition of three separate “Tripodal links” in the group ©: 
p — [a.b] e[a, c] e[b, c]; 


which gives rise to a "Tripodal chain" of length 5. The formation of this 
"Tripodal chain" p provides the sought after operation on "Tripodal 
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building blocks" to express a (4,2) link, and therefore solve the 
posed problem. We can immediately see this as follows: First, we notice 
that deletion of any one of the symbols a, b, c, in the "Tripodal 
chain" p of length 3, [a,b]e[a,c]e[b.c], reduces this chain to a 
Tripodal link. For instance, if we delete the symbol a, what remains is 
the Tripodallink [b,c], and analogously for the other two cases. Second, 


we notice that deletion of any two of the symbols a, b, c, reduces 
this chain to unity. Hence, we conclude that the "Tripodal chain" of 
length 5, defined by the product of commutators [a,b][a,c][b,c] , 
provides the formula for the fourth symbol p in the group ©, such 
that the defining properties of a 2(4,2) link are satisfied, and 
moreover, this link is expressed in terms of "Tripodal building blocks". 
An interesting observation that we will put to use as we progress is that 
the length of the "Tripodal chain" solving the problem is given by the 
number of combinations of 2 symbols out of 5, where a combination is 
simply the formation of the commutator of 2 symbols in this case. 


5.19 PRIMAL ROLE OF THE TRIPODAL LINK IN ALL HIGHER TEMPORAL BONDS 


Regarding the possibility of expressing arbitrary links in 5-d space of the 
general form X(N,K) in terms of "Tripodal building blocks", or 
equivalently "Tripodal connectivity units" we have proved up to present 
the following: First, the algebraic operation of commutator stacking of 
order (N—1) is enough to express any X(N,N-1) link. In other 
words, an arbitrary X(N,N-1) link is simply a "Tripodal stack” of 
order (N —1). Forinstance, a (4,3) link is simply a “Tripodal stack” 
of order 3. Second, we have shown that the expression ofa £(4,2) link 
requires the consideration of another operation on "Tripodal building 
blocks", which is interpreted as the operation of extension of length 5, 
called the formation of a "Tripodal chain" of length 5. Based on these 
findings, the next question posing itself naturally in this context is if 
these two operations on “Tripodal building blocks", namely the 
formation of "Tripodal stacks" of some suitable order and the formation 
of "Tripodal chains" of some suitable length are adequate in order to 
express any arbitrary link in 3-d space of the general form X(N, K ). 

This would be certainly of significance in our understanding of 
the whole universe of links, because it would prove that any X(N,K) 
link can be constructed by means of "Tripodal connectivity units" via 
the combinatorial formation of "Tripodal stacks" and "Tripodal chains". 
Moreover, due to the algebraic modelling scheme instantiated 
structurally by the non-commutative group ©, the process of analysis 
and synthesis of arbitrary links in terms of prime elements, which is to 
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say in terms of "Tripodal connectivity units" would be implementable 
algorithmically, and thus at hand as a valuable tool for making 
evaluations and predictions. 

Before we consider the general case of a X(N,K) link, it will 
embellish our intuition to examine the case of a X(5,3) link. The 
reason is that a. £(5,3) link has enough complexity so as to pave the 
way for the treatment of the general case of a X(N,K) link. From the 
definition of a 2(5,3) link, the crucial observation is that if we remove 
any of the loops, what remains is a £(4,3) link, which we already 
know is expressed by means of a "Tripodal stack" of order 5, by the 
stacked commutator formula [[a,b],c] in 3 symbols. Thus, in order to 
express the formula of a £(5,3) link, if we consider 4 symbols a, b, 
c, d,we require a formula such that deletion of any of them causes it to 
reduce to one ofa (4,3) link, to a "Tripodal stack" of order 3. 

The important concept solving this problem is based on the 
observation that we can form "Tripodal chains" of arbitrary length using 
"Tripodal stacks". In the particular case of a £(5,3) link considered, 
since we require that deletion of any of the four involved symbols a, 5, 
c, ad, reduces the formula to a "Tripodal stack” of order 5, we just need 
to form a "Tripodal chain" of "Tripodal stacks" of order 5, where the 
length of the chain should be 4. This is explained easily by the fact that 
the length of the “Tripodal chain" is given by the number of 
combinations of 5 symbols (which is the number of symbols involved in a 
“Tripodal stack" of order 3) out of 4 symbols a, b, c, d. We 
immediately conclude that the sought after formula expressing a 
2(5,3) link is given by the "Tripodal chain" of length 4, composed by 
"Tripodal stacks" of order 5, and described explicitly by the following 
formula: 


X 7 [a.b]. c]e[[a. b], d] e[[a. c], d] e[[5. c]. d]. 


In more detail, we see that the above formula is given by the composition 
of 4 "Tripodal stacks" of order 5 (since they involve 5 symbols each), and 
thus produces a "Tripodal chain" of length 4, such that deletion of any of 
the four involved symbols a, b, c, d, reduces this chain to a 
“Tripodal stack" of order 3 as required. Thus, we have completely 
resolved the problem of a 2(5,3) link in terms of prime "Tripodal 
connectivity units". 

Now, having understood in detail the case of a. £(5,3) link, we 
are ready to state the following theorem: 
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An arbitrarily complex link of the general form X(N, K), where 


1< K € N,can be enunciated solely in terms of Tripodal links, by means 
of combining nested stacking and multiplicative chaining of Tripodal 
links of appropriate depth order and length respectively. 

We consider an arbitrarily complex link of the general form 


X(N,K), where 1< K <N , and prove that it can be constructed solely 
in terms of “Tripodal building blocks" within the group ©.Forany K, 
we already know that the link X(K--1,K) is expressed by means of a 
"Tripodal stack" of order K. Next, we consider (K +1) symbols in 
©, and we wish to construct a X(K-2,K) link. The crucial 
observation is that if we remove any topological circle from a 
X(K-2,K) link, what remains is a X(K -1,K) link. Thus, we treat 
this case in complete analogy to the case of a X(5,3) link, discussed 
previously. More precisely, we form a "Tripodal chain" out of "Tripodal 
stacks" of order K, where the length of this chain is given by the 
number of combinations of K symbols out of (K +1) symbols. The 
formula expressing this "Tripodal chain" provides the sought after 
(K +2) symbol. Now, we consider (K+2) symbols, and we wish to 
construct a E(K +3,K) link. We just have to form a "Tripodal chain” 
out of "Tripodal stacks" of order K , where the length of this chain is 
given by the number of combinations of K symbols out of (K +2) 
symbols. The formula expressing this new “Tripodal chain” provides the 
sought after (K+3) symbol in ©. We continue the same process of 
formation of new “Tripodal chains” of appropriate combinatorial length 
composed by “Tripodal stacks" of order K, stage by stage, until we 
reach N. This completes the proof of the theorem that an arbitrarily 
complex link of the general form X(N,K) can be constructed solely in 
terms of “Tripodal building blocks”, or equivalently, “Tripodal 
connectivity units”. 

We may consider as an application of this theorem the case of a 
=(7,4) link. The link X(5,4) is expressed by means of a "Tripodal 
stack" of order 4. Next, we consider 5 symbols, and we wish to construct 
a X(6,4) link. Let us call these symbols a, b, c, d, e. Next, we 
form a "Tripodal chain" of "Tripodal stacks" of order 4, where the length 
of this chain is given by the number of combinations of 4 symbols out of 
5 symbols, which is 5. Let us denote by f the new symbol provided by 
this "Tripodal chain" of length 5. Thus, we have constructed a £(6,4) 
link. Now, we consider these six symbols a, b, c, d, e, f,and we 
wish to construct a £(7,4) link. We just have to form a “Tripodal 
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chain" of "Tripodal stacks" of order 4, where the length of this chain is 
given by the number of combinations of 4 symbols out of 6 symbols, 
which is 15. The product formula expressing this new "Tripodal chain" 
of length 15, provides the sought after 7th symbol. Therefore, we have 
constructed a 2(7,4) link by means of prime “Tripodal connectivity 
units" using only the combinatorial formation of "Tripodal stacks" and 
"Tripodal chains". 


3.20 IMAGINARY SURFACE OF TEMPORAL COHESION AND ENTANGLEMENT 


The modeling of a prime temporal bond as a topological “Tripodal link” 
enables us to comprehend the process of “synergetic cycle change”, 
effected by the “modular gluing” of a seed from the “past” with an 
anticipated seed in the “future” with respect to the “present”, upon 
establishment of this temporal bond. This threefold metaphora provides 
the necessary topological means to elucidate how a holographic 
boundary of temporal cohesion can be adjoined to 3-d spatial space in 
the present that this bond is realized. The adjunction of this synectic 
boundary of temporal cohesion in 3-d space permit the holographic 
connectivity and entanglement of a seed from the “past” with an 
envisioned seed in the “future” topologically, independently of their 
proximal distance. This is achieved by demarcating an imaginary 
oriented compact and connected surface of temporal cohesion in the 
present. 

We consider the compact, connected and oriented surface with 
boundary to constitute the “Tripodal link”. This surface is visualized as 
follows: 
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Thus, the imaginary surface of temporal cohesion generated by a prime 
temporal bond is equivalent to a torus bearing three punctures 
(corresponding to the aphaeresis of three disks). The significance of this 
imaginary surface of temporal cohesion instantiated by a temporal bond 
is that it gives rise to a global curvature topological effect characterized 
as a minimal surface. In other words, it is the least-action connectivity 
solution, and thus, the most economical solution to the modular 
amalgamation instantiated by a prime temporal bond. 

A simple method to visualize this surface spatially is to consider 
the “minimal surface" formed by a soap film, when three wire rings 
linked together as the "Tripodal link" are immersed into a solution of 
soapy water and then taken out. This surface is a "least-action" solution 
to the shape that a soap film acquires in this case, since it minimizes the 
area. Interestingly enough, every point in this "surface of cohesion" is 
locally similar to a saddle, ie. its local curved geometry is of the 
hyperbolic type, whereas its global topology is of the toroidal type. 
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UNDECIDABILITY- 
UNCERTAINTY: 
INDIRECT LOGICAL 
CYCLES AND 
COMPUTATION 


4 


41 INDIRECT LOGICAL METAPHORA: GÓDEL'S FIRST INCOMPLETENESS 
THEOREM 


The conceptual essence of Kurt Gódel's first incompleteness theorem 
may be summarized in the assertion that if a formal system containing 
arithmetic, meaning any arithmetic structure endowed with the 
operations of addition and multiplication, is consistent, then it contains 
undecidable propositions, namely statements whose truth or falsity 
cannot be expressed within the language of this formal system. 
According to Gódel, the reason for the existence of undecidable 
propositions in a formal system containing arithmetic is that a complete 


epistemological description of a language A cannot be given in the 
same language A, because the concept of “truth” of sentences of 4 


cannot be defined within 4. Thus, the “truth” of the propositions of a 
language cannot be expressed in the same language, while provability, 
which is an arithmetic relation can. In a nutshell, true + provable. 

Gédel’s proof of the first incompleteness theorem is based on the 
explicit construction of an arithmetical formula that asserts its own 
non-provability, and thus, it is undecidable within the language of its 
formal system. From our viewpoint, the particular interest in Gódel's 
proof stems from three factors: 


1 According to a remark of Gödel himself, there exists an analogia 
between his undecidable proposition within a formal system 
containing arithmetic and classical semantic paradoxes, like the 
Liar paradox. The analogia is based on the existence of direct 
self-referentiality; 

2 The correct solution of these semantic paradoxes derives from 
the method of proof that Gódel devised in order to evade the 
logical obstacle of direct strong self-referentiality within the 
language of his formal system. Concisely put, this method of 
proof involved an argument requiring a stratification into two 
hypostatic levels, one of which is called the mathematical level 
and the other the metamathematical level. In other words, the 
circumvention of self-referentiality required a metaphora into 
another level of hypostasis, such that the direct obstruction is 
avoided by dint of ascending to another level and then 
descending back. In this way, indirect self-reference, leads to a 
well-defined legitimate statement and not to a paradox. 

3 The process of ascending from the mathematical to the 
metamathematical level and then descending back, or the other 
way round symmetrically, effecting indirect self-reference, and 
thus eventually, producing a legitimate statement asserting its 
own unprovability, required a metaphora, i.e. the instantiation of 
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encoding/decoding bridges for translating between these two 
levels. This is precisely the role of “Gödels numbering” or 
"Gódel's ordering" idea. 


From our viewpoint, "Gódel's numbering" is actually “Gédel’s gnomon”, 
utilized as a means to indicate or label propositions at both the 
mathematical and the metamathematical level, in such a way that a 
certain type of homeotic equivalence can be established between these 
two levels. In other words, the role of *"Gódel's gnomon” is to logically 
conjugate the intractable problem of direct, strong self-referentiality at 
one level of hypostasis by a definite tractable process at the other level 
of hypostasis, where the latter is qualified in terms of Cantor's 
diagonalization method, as we shall show below. 

Henceforth, the key to understanding Gódel's argument from our 
view, consists in delineating the stratification of the argument into 
levels and identifying the "gnomon" which induces an appropriate 
“homeotic criterion" permitting the “metaphora by logical conjugation", 
or else, descending and ascending between these levels. Gódel's 
argument requires a stratification into two levels: the mathematical 
level involves general propositions about numbers and the 
metamathematical level involves general propositions about general 
propositions about numbers. 

Gédel’s argument refers to a true proposition at the 
metamathematical level, whose truth is established by “logical 
conjugation" through the mathematical level. It is clear that this 
argument involves an indirect self-reference, which is legitimate since it 
is arrived at by descent to and re-ascent from the mathematical level, as 
we have stressed previously. Gódel's gnomon is a gnomon of numbering 
or ordering and it is utilized to establish encoding and decoding 
reciprocal translation bridges between these two levels. In terms of 
Gódel's theorem, the possibility of establishing a true proposition at the 
metamathematical level, is proved by descending to the mathematical 
level, such that a particular argument can be formulated by means of an 
infinite closure operator, qualified in terms of “Georg Cantor 
diagonalization", which is then transferred back to the metamathematical 
level by means of ascending the inverse bridge to prove the theorem. 
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Since the alphabet of arithmetic is countable, it is possible to instantiate 
a fixed schema of numbering or ordering, which assigns a unique positive 
integer to every legitimate arithmetic formula. The same schema can be 
extended to order finite strings of arithmetical formulas. Of course, 
many such appropriate schemas of ordering or numbering exist, but the 
essential idea is that by fixing any one of them the function of ordering 
or numbering can be carried out. For example, we may fix the ordering 
gnomon provided by the natural numbers' sequence, such that every 
arithmetic formula and every finite string of arithmetic formulas is 
assigned a unique number in this sequence, called its Gódel number. It 
follows directly that in the way described the ordering structure of the 
natural numbers may be adjoined to the structure of an arithmetic. In 


particular, the proof of an arithmetic formula K constitutes a finite 


string ending with K itself, and thus proofs are naturally assigned 
Gódel numbers in the ordering. 

Gódel starts his argument by considering the proposition 
p(x,y) at the metamathematical level stating the following: 


“ p(x,y): x is the Gödel number of an arithmetic formula 
whose proof has Gödel number y”. 


Then, still at the metamathematical level, he considers the 
associated proposition, 


YVy—=p(x, y), 


which reads as follows: 


" Vy-p(x, y): No number y is the Gödel number of a proof of 
the arithmetic formula whose Gödel number is x". 


The last proposition simply means that the x -th formula in our 
ordering schema is not provable. 
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The crucial idea in the last proposition boils down to the fact that 
thevariable x isa free variable. Then, the natural question to ask is the 
following: Is the proposition 


Vy-p(x, y) 


at the metamathematical level Gódel-numberable itself? Equivalently 
stated, does Gódel's gnomon apply to this proposition? This is the crux 
of the matter because, as we already know, a gnomon is effective if it 
induces a "homeotic criterion" to the structure it is adjoined to, that 
permits the descent and ascent between the metamathematical and the 
mathematical level. 

Clearly, such a criterion is feasible in the present case, only if 
Gódel's gnomon actually assigns a unique number to the proposition 
Vy—p(x, y), where x isa free variable. 

We realize from this reasoning why the major part of Gédel’s 
paper is devoted to showing that the aforementioned proposition is 
indeed Gódel-numberable. Let us denote the Gódel number of the 
metamathematical level proposition 


Vy—p(x, y), where x is free, 


by the number é at the mathematical level. The criterion can now be 
implemented using Gödeľs gnomon by applying  Cantor's 
diagonalization process at the mathematical level in order to achieve 
closure. This simply amounts to substituting the free variable x in the 
proposition Vy—p(x, y) by the definite number ¢ to obtain now at 
the mathematical level the proposition 


Vy-p(6. y); 


which means that the concrete &-th formula in our ordering schema is 


not provable. 
The role of Gódel's gnomon is enunciated as follows: If we apply 
this gnomon the metamathematical level proposition 


Vy—-p(x,y), Where x is free, 


is precisely mirrored at the number é at the mathematical level. This 


means that the above metamathematical level proposition is 
symmetrical, and thus equivalent, to a certain arithmetic formula at the 
mathematical level whose sequential number is é modulo the gnomon 


employed. 
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Henceforth, the metamathematical level proposition Vy—p(x, y), 
where x is free, is symmetrical modulo the gnomon, and thus 
homeotically identical, with the &-th arithmetic formula in the 
ordering induced by the gnomon at the mathematical level. 

It is important to notice that the process of Cantorian 
diagonalization at the mathematical level involves a reflexive action, 
since we feed this fixed ordering number Z4 as an argument in the place 
of the free variable x of Vy-p(x, y). 

In this manner, we obtain a legitimate proposition at the 
mathematical level 


Vyop(6. y); 


which states that the concrete é-th formula in our ordering schema is 
not provable, since no number y is the Gödel number of a proof of the 
arithmetic formula whose Gödel number is é. 

Finally, using the homeotic criterion established by Gédel’s 
gnomon in reverse, we ascend back to the metamathematical level, 
where we finally obtain a proposition that ascertains its own 
unprovability. It is precisely this proposition that expresses Gódel's 
incompleteness theorem itself, since this proposition is undecidable 
given the consistency of our arithmetic. 


Undecidable Formula| 


1 


[Gnomon] [Gnomon]~ 


Gödels gnomon and the previously described metaphora by means of 
logical conjugation between the metamathematical and mathematical 
levels is operative with respect to the whole structure of an arithmetical 
formal system, that is with respect to both the additive and 
multiplicative structure of an arithmetic system. In case that only the 
additive structure is considered, Gódel's gnomon does not induce a 
homeotic criterion between the metamathematical and mathematical 
levels, and it can be shown that the incompleteness theorem is not valid. 
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Epigrammatically, Gödeľs gnomon effects an indirect 
self-reference at the metamathematical level by means of the descent to 
and re-ascent from the mathematical level. The indirect self-reference is 
conducted through the mathematical level by utilizing the infinite 
closure operation of Cantor's diagonalization process. In other words, 
employing Gódel's gnomon renders indirect self-reference feasible by 
conjugating the initial intractable problem to an infinite closure 
operation, and thus circumventing it appropriately. 

The far-reaching consequence of the above is that Turing's 
argument, according to which, the halting problem inherent to a 
universal Turing machine is undecidable, should be viewed as the 
computational variant of Gódel's first incompleteness theorem. The 
reason is that Turing's argument can be also considered as a logical 
conjugation argument of the same form, meaning that indirect 
self-reference at the level of a universal Turing machine is feasible by 
conjugating it to the infinite closure operation of Cantor's 
diagonalization. "Turing's gnomon” is similarly a gnomon of ordering or 
numbering programs by means of the natural numbers' sequence. 


Undecidable Formula 


[Goedel Ordering 
Encoding Bridge] 


[Goedel Ordering 
Decoding Bridge] 


42 INDIRECT FORCING IN LOGIC: GENERIC FILTERS 
AND CONTEXTUALIZED TRUTH 


Since the formulation of Gódel's first incompleteness theorem, it is well 
known that for any comprehensible list of set theoretic axioms, there 
will be statements neither provable nor unprovable from those axioms. 
What is really interesting, however, is how many of the most natural 
questions about sets are not decidable by the standard axioms of 
Zermelo-Fraenkel-Choice (ZFC) set theory, and how many ways of 
deciding these questions there are available. 
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In this state of problematics, Paul Cohen managed to establish 
the independence of the Axiom of Choice (AC) from Zermelo-Fraenkel 
(ZF) and the independence of the Continuum Hypothesis (CH) from 
ZFC. This became possible by developing a novel technique, called 
forcing, that constitutes a far-reaching generalization of the logical 
notion of implication, which he used for extending a standard model of 
set theory. Cohen's extension method constitutes another significant 
case of the paradigmatic schema of analysis we developed in the 
previous Section in relation to Gédel’s first incompleteness theorem. 
This schema involves a process of indirect self-reference through 
extension to a new logical level of hypostasis by a metaphora providing 
bidirectional bridges for translating between the initial standard model 
of set theory and some novel model of set theory internally 
distinguishable from the former one. 

Epigramatically, Cohen discovered the precise means of 
operationally extending a standard model of set theory to some other 
admissible one bearing specific properties without altering the ordinals. 
The central technical innovation was based on the notion of a forcing 
condition, through which satisfaction for the extension could be 
approached in the ground standard model. 

In general terms the method of forcing consists in the 
instantiation of a novel model of set theory from a standard model by the 
adjunction of certain sets with particular properties via "forcing 
conditions" encoding information about those sets. Intuitively, some 
conditions are stronger than others, and this serves as a criterion for 
partially ordering them within the ground standard model. In this state 
of affairs, proving general results about how the elements of a partially 


ordered set P force certain conditions to hold allows one to prove 
statements referring to the novel constructed models, without looking 
closely at the forcing conditions themselves anew in each particular 
case. It is this generality that lends the method its efficiency and 
universality. 


Let us start with a ground model V of set theory (countable and 
transitive) and consider a specific partially ordered set (poset) P in V. 


The set P is to be interpreted as a partial order of forcing conditions, 
ordered by means of their strength. In this way, a nonempty poset 
(P,<) in induces a notion of forcing, whose elements will play the role 


of "forcing conditions". In general, if p, and p<gq, we say that p is 
stronger than qd. Thatis, p represents a stronger condition than q. It 
is customary for the poset to have a largest element, denoted |, such 
that all elements of P are stronger than |. The elements p and q 
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are compatible if there exists an element r in (P,<) stronger than 
both p and q, otherwise they are incompatible. 

It is important to note that the poset and its ordering must be 
elements of V. However, the idea is to utilize the poset (P,<) as a 
partial order of forcing conditions, so as to construct and eventually 
adjoin to V certain sets that are not already in V. In particular, by 
adjoining a "generic set" G to the ground model /, a new model 
V[G] can be consistently formed by extension. 

A dense subset of P is defined as a set D such that for all p 
e P,thereis q e D stronger than p. A filter on a poset P isa 
nonempty subset F of P such that: (a) if p e F and p<q, 
then q e F and (b)if p,q e F there is r e F extending 
both p and q. If this filter intersects every dense set D in the ground 
model 7, then it is called a “generic filter". 

Considering that the subset GaP is a “generic filter”, 
meaning that G contains members from every dense subset of P in 
V , one proceeds to build the forcing extension of the ground standard 
model V by G, denoted by V[G], such that V cV[G] by requiring 
closure under all elementary set-theoretic operations. 

Consequently, the forcing extension has adjoined the "ideal" 


object G to V, in much the same way that one might build an 
algebraic extension of a ring by means of an ideal. In particular, every 


object in /[G] has a name in V and is constructed algebraically from 
its name and the generic filter G . Remarkably, the forcing extension 
V[G] is always a model of ZFC. Nevertheless, the crucial point is that it 
can exhibit different set-theoretic properties in a way that can be 
precisely controlled by the choice of the poset of forcing conditions P. 
More precisely, one may proceed by defining the forcing relation 
on a proposition ø, denoted by pé ø, which holds whenever every 
generic filter G containing the forcing condition p implies 
V[G]é ø. For this purpose, it is important to consider the complete 
Boolean algebra B, which functions as the completion of the selected 
poset of forcing conditions P. We say that a condition p e P forces 
¢@ ifandonlyif p islessorequalto the “Boolean value" of ø in P. 
It is worth recalling that in a standard model of set theory, all 
propositions are evaluated as "true" or "false", meaning that they are 
strictly evaluated with respect to the two-valued Boolean algebra 
{0,1}. In comparison, referring to a non-standard model, propositions 
can take values on any element of the Boolean algebra under 
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consideration. The concrete meaning of this logical maneuver will be 
examined subsequently. Presently, if we take for granted the notion 
referring to the "Boolean value" of ¢ in B, the notion of forcing 
implicates that if the proposition ¢ is being forced by p, then it is 
going to be also forced by any condition that is stronger than p. 


The fundamentally significant elements of the method of forcing, 
pioneered by Cohen, are the following: 


1 The forcing extension of the ground standard model / by G, 
namely V[G], satisfies the axioms of ZFC set theory. 

2 Every proposition ø that holds in V[G], is forced by some 
condition p in P. 

3 The forcing relation pë ø is definable in the ground model for 
fixed ¢. 


Of course, the crux of the matter, is the delineation of an appropriate 
generic filter that actually accomplishes the required extension. In the 
case of a countable and transitive ground model V, for any chosen 
partial order P of elements from V, to be interpreted as forcing 
conditions, there exist only countably many dense subsets of P, which 


may be enumerated externally as D. D, i D,, and so on. Then, we may 


pick in order any condition P) e D,, then D, € D, below Po, 
and so on. With this procedure, and using the method of diagonalization, 


we can construct a descending sequence Po 2 Pi 2 D 2..., such that D, 


€ D. Then, the filter G generated by this sequence is generic, and 
therefore, suitable for the construction of the forcing extension )[G]. 

The restriction that / stands for a countable and transitive 
model ground model of set theory can be effectively lifted. In this case, it 
is not possible to delineate a generic filter as described above, and 
consequently, the method of "Boolean values" seems to provide the most 
general approach, to the semantics to which we now turn our attention. 

Cohen's main innovation lies in the distillation of the notion of 
forcing by means of a chosen partial order in the ground model, and the 
positing of a generic filter in this partial order containing elements not 
already grasped in the ground model. This innovation made it possible to 
secure suitable properties of a novel set, which emerged through the 
extension of a standard model by a generic filter, without having 
distinguished all of the members ab initio. According to this conception, 
the generic set G will not be determined completely, but in spite of 
this, properties of G will be completely determined on the basis of 


very incomplete information about G . This is phenomenally 
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contradictory, because how could one decide whether a statement about 


G is true, before we have determined G itself? The seeming 
contradiction stems from the standard conception of truth in terms of 
evaluations of a priori distinguishable elements with respect to the 
two-valued Boolean algebra {0,1}. The method of forcing requires a 
re-conceptualization of the notion of truth in a novel way. Actually this 
novelty re-enforces the ancient conception of truth as "aletheia". In this 
manner, truth emerges temporally, in the precise sense of being 
unveiled, through a process of percolation through the generic filter. 


The main idea is that in the ground model V, the devised set of 
forcing conditions P, where each condition is the carrier of partial 


information toward an eventual generic filter G , is precisely ordered 
according to the potential amount of information. In the case of a 


countable ground model V, a complete sequence of stronger and 


stronger conditions Dy, Pj, P, ... is applied, so that every 
proposition, or its negation, is forced by some member of this sequence. 
Therefore, it is owing to this sequence that a generic object G is 
eventually manifested bearing the appropriate properties. 

In the general case, a new meaning is elucidated in relation to the 
notion of truth, which may be described as follows: Working inside the 
ground model /, we consider the set of elementary conditions P 
which forces a given set either to lie in the generic set G ,or notin G. 
Because of the fact that forcing is defined in the ground model V, we 
can examine all the possibilities of assigning sets of elementary 


conditions P, which force the members of A to lie in an arbitrary B. 
This set of elementary conditions is the "truth value" of the statement. 
As we mentioned above, the notion of truth in this context bears the 
meaning of "aletheia", in the sense that the "truth value" is identified 
with the set of conditions that unveil the statement. Conclusively, in a 
standard model of set theory a subset of X is determined by a 
two-valued function on {0,1} applied to the members of X. In a 
non-standard model, a subset is determined by a function taking its 
values in the subset of the elementary conditions. Since these values are 
all in the ground model V, quantification is possible over all possible 
truth values. 

The precise connection with the idea of evaluating propositions 
in the complete Boolean algebra B obtained by the completion of the 
poset of forcing conditions P emerges in the following manner: The 


subsets of the set of elementary conditions P, which determine the 
truth or falsity of each statement, are thought of as elements of a 
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Boolean algebra. Then, a Boolean-valued model of set theory arises, in 
the sense that the truth values are identified with the elements of the 
concomitant Boolean algebra, which is different from the bivalent 
{0,1}. The notion of forcing is expressed by saying that the set P 


forces a statement S,ifnoextension of P forces the negation of S”. 

In the above setting, the essential idea is that the conceptual 
maneuver of evaluating statements by means of the Boolean algebraic 
completion B of the chosen set of forcing conditions P in the ground 
model V, provides the means to embrace the obstacle; namely, that the 
elements of the generic set G are not specified ab initio. This gives 
rise to a non-standard Boolean-valued model of set theory, denoted by 
V?. In other words, a Boolean-valued model, besides the crystallized 
elements, contains elements that are “partially or locally 
distinguishable”, where the extent of their distinguishability in the 
percolation process of unveiling is provided by the “truth value” they are 
assigned in D, thought of as a domain of truth values, and not in the 
bivalent domain {0,1}. This logical maneuver in the specification of the 
Boolean-valued set V” allows us to think of it as a set of fluid potential 
members in the process of eventual crystallization. 

In this state of affairs the role of the generic set G is precisely 
to determine which elements of V’ will eventually be crystallized 
giving rise to a novel standard model of set theory satisfying the axioms 
of ZFC. Henceforth, the generic set G plays the role of Cohen's 
gnomon for extending a standard ground model of set theory to a novel 
standard model obeying ZFC, which is nonetheless internally 
distinguishable from the former one. This is accomplished by means of 
indirect self-reference through the level of Boolean-valued models of set 
theory as follows: 


1 The encoding bridge is from the level of standard ZFC models of 
set theory to the level of non-standard Boolean-valued models 
obtained by completion of any chosen partial order of forcing 
conditions in the ground standard model we are starting with; 


2 At the level of a Boolean-valued model V”, an appropriate 
equivalence relation is formulated by utilizing Cohen’s gnomon, 


i.e. a generic set G in B. This establishes a homeotic criterion 
of symmetry for the members of the Boolean-valued set j^ in 
the sense of a common logical measure provided by G giving 
rise to a partition spectrum. In particular, the generic set G is 


qualified as a generic ultrafilter in B . The ultrafilter 
characterization means that: 
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le G, 

0 not € G, 

if x, 2 € G,then Kad € G, 

if x € Grand xXA,then å € G, 

Forall £ € D,either € € G or ~é € G. 


ono cm 


Then, the common logical measure implied by a generic 
ultrafilter G, ie. the symmetry, or homeotic criterion, for 
elements of the Boolean-valued model y^ with respect to the 


gnomon G,, is formulated in terms of the following equivalence 


relation: 
Foral x, Y e V?, 
z ee |e 
xng) iff [xz y|| 78 e G, 
B 
where, | X=y | denotes the "Boolean value" characterizing the 


extent to which X7 y forall x, y e y’. 
Since, the generic set G (not required to be in V) is an 
ultrafilter in B, the equivalence classes of elements of ^, i.e. 


the blocks of the corresponding partition spectrum, with respect 
to the above symmetry criterion provided simply by means of 


membership in G or not, that is, in a bivalent manner, are the 
candidates for forming the elements of the new standard model 
of set theory, constituted or crystallized by the forcing extension 
of the ground standard model V by G,ie. V[G]. 

5 The decoding bridge is from the level of Boolean-valued models 
of set-theory back to the level of standard ZFC models of set 
theory. The standard ZFC model obtained by imposition of the 


above equivalence relation on elements of V” with respect to 
Cohen's gnomon G is the quotient set of equivalence classes 
V? / G, which is bivalent. The ingenuity of Cohen's proof rests 
on the requirement of generic status for his gnomon, in the sense 
that the quotient set V” /G is actually a standard ZFC model, 
if the utilized ultrafilter G is a generic one. Actually, if G is 


a generic ultrafilter then VIG= V[G] is the smallest standard 
ZFC model containing both V and G. 
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Standard Bivalent V[G] 
ZFC Model 


[Encoding Bridge] (Decoding Bridge] 


Forcing Conditions w.r.t. Quotient w.rt. G- 
Partial Order in V. ) oole Equivalence Relation 


Non-Standard 
Boolean-Valued Model 
B ys 
Generic Ultrafilter G-Equivalence 


G not in V 


Finally, it is noteworthy that Cohen's method of forcing has been 
adapted in category-theoretic language. The relevant context is 
the topos of sheaves over a partially ordered set bearing the 
semantics of Cohen's forcing conditions. In this manner, it turns 
out that a non-standard Boolean-valued model of set theory can 
be equivalently represented as a sheaf over the considered 
"complete Boolean algebra" completion. Consequently, the 
internal logic of this topos of sheaves can be adequately depicted 
by means of the above diagram of metaphora between the 
indicated levels, from the viewpoint of natural communication. 


43 ALGORITHMIC COMPLEXITY AND THE HALTING PROBABILITY 


In the context of algorithmic or program-size complexity theory, 
Gregory Chaitin came to focus on the implications of Gódel's first 
incompleteness theorem, which finally lead to a refinement of the 
former in a computational context. The algorithmic complexity of a 
string is essentially defined by the length of the shortest program that 
generates this string and then halts. In this way, a finite string is 
characterized as random if its complexity is equal approximately to its 
length. There are strings with arbitrarily large algorithmic complexity 
and the problem of program-size complexity is undecidable. In this 
context, Chaitin's incompleteness theorem states that given a consistent 
arithmetic, there exists a number C depending upon that arithmetic, 
such that any proposition of the form "the program-size complexity of 
the string s is greater than C" is not provable. Thus, since there are 
true instances of such propositions, it follows that there are propositions 
of the above form which remain undecidable within the context of the 
given arithmetic. 
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Chaitin's argument constitutes a refinement of Gódel's first 
incompleteness theorem because it involves a metaphora extension in 
depth. First, Chaitin's gnomon is based on counting the number of bits in 
a program, whence the homeotic criterion is applied for self-delimiting 
programs, defined as strings having the property that one can tell where 
they end. Second, Chaitin's program-size counting gnomon is modified 
probabilistically, by a deeper stage logical conjugation at the 
measure-theoretic level involving the probability P(x) that a program 
will give a number x at the higher level, while preserving the same 
homeotic criterion as applied to self-delimiting programs. 

This is called the algorithmic probability of x, and a summation 
of probabilities over all possible outputs x yields the halting 


probability Q-» P(x) , where © is interpreted as a random 


infinite sequence of bits. In particular, the halting probability Q is a 
random real number. The most intuitive conception of randomness is 
tied to the notion of absence of predictability. In other words, if one 
knows the first n -bits of a random sequence it is not possible to predict 


the next n+1-bit. Here, the central objects of our attention are 


elements of the continuum {0,1 y ad 


Elements of 2" may be viewed either as infinite sequences of 
bits (infinite strings) or as sets of natural numbers, which can be 
identified with their characteristic functions. We denote the set of finite 


binary strings as 2'"!. The set 2"! can be canonically identified with 
N „so that subsets of M may be thought of as sets of strings. We also 
denote the length of a finite string c by |o |. Using finite binary 


strings, we may define a topology on 2” as follows: First, we define the 
extension of a finite string co by the  clopen set 
E(c)- (xe2":o -[x],  , where [x] denotes the operation of 
restriction. Second, we consider clopen sets of the form E(o), where 


c isa finite binary string, as the base of a topology on 2", where each 
E(c) is a basic clopen set, to be thought of as an interval in the 


continuum. In particular, we may identify 2" with the interval of real 
numbers [0,1] by associating each real number with its usual binary 
representation. If we regard // as the Lebesgue measure on [0,1], then 


we have that u(E(o)) 22". Now, we expect that non-random 


sequences form a set of measure zero. Intuitively, using the above 
defined topology, we require that the extensions of longer and longer 


initial segments o ofa string x &2" become arbitrarily small. In this 
manner, random sequences are defined from a complementary viewpoint 
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measure-theoretically on the basis of the fact that non-random 
sequences should form sets of measure zero. 

Next, if we recall the intuitive conception of randomness as 
related with the absence of predictability, we may require that there is 
no algorithm a which can ever compute, and thus uniformly measure, 


[x],, from any sorter string. Here an algorithm is considered as a 


function @:2'"! > {0,1}. 

The above idea constitutes, in effect, a complexity measure based 
on program-size. The notion of program-size complexity introduced by 
Chaitin to this effect, regards o as a self-delimiting program, i.e. as a 
program delimited by an end-marker. Clearly, no extension Ó of a 


self-delimiting program can be a self-delimiting program, since the 


end-marker will not be in the right place. If y: 2012 isa partial 
recursive function with prefix-free domain, which means computable by 
a self-delimiting reference universal Alan Turing machine, the Chaitin 
complexity of c, or the algorithmic information content of o is 
defined by (o) = min(| v w(7) =o}. This is the length of the shortest 
program r of the self-delimiting universal Turing machine that 


outputs c. Then, we define an infinite sequence x <2” to be random 
if all its extensions have high Chaitin complexity, capturing in this way 
the above intuitive conception of randomness. 

More precisely, an infinite sequence x is random if and only if 


there exists a constant k, such that (Vn) ([x],) 2 (n -k)]. The infinite 


sequences that satisfy this condition form a set of measure one, and thus 
random sequences form a set of measure one. This result is in good 
compatibility with the measure theoretic characterization of 
non-random sequences as sets of measure zero derived in the previous 
paragraph. In this sense, the characterization of random sequences 
according to Chaitin or program-size complexity is in agreement with 
the measure-theoretic characterization completing the logical 
conjugation. 

Chaitin’s incompleteness theorem constitutes not only a 
refinement of Gódel's first incompleteness theorem due to the deeper 
stage logical conjugation at the measure-theoretic level, or equivalently 
via the program-size complexity level, but it also contains the seeds of 
two powerful generalizations: The first comes from an even deeper level 
conjugation via the level of generic sets and Cohen’s forcing conditions, 
based on an effective analogical relation between the notions of random 
sets and generic sets. The second comes from an interpretation of the 
constant involved in the definition of random sequences in terms of an 
uncertainty relation between two logically conjugate domains in the 
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spirit of Werner Heisenberg's uncertainty principle in quantum 
mechanics. 


44 BOOLEAN-VALUED SETS: FROM RANDOMNESS TO GENERICITY 


Regarding the first of the previously stated issues, the deeper stage 
metaphora takes place through the hypostatic level of Boolean-valued 
sets. The concomitant logical conjugation utilizes the effective 
analogical relation between random sets and generic sets. Both of them 
can be formulated as Boolean-valued models of set theory, or 
equivalently as variable sets, called sheaves, over a Boolean algebra. In 
the first case, the Boolean algebra is identified with the Borel algebra of 
clopen sets, which comprehends both closed and open sets, defined 
above, modulo the sets of measure zero (non-random sequences). In the 
second case, it is identified with the Boolean algebra of Cohen forcing 
conditions. In this manner, the proposed deeper level logical conjugation 
is based on the consideration of random sequences as Cohen forcing 
conditions with respect to a Boolean measure algebra, in the context of a 
Boolean-valued model of set theory containing a consistent arithmetic. 
Intuitively stated, the sets in this Boolean-valued model, or equivalently 
the sheaves over the Boolean measure algebra, are to be thought of as 
sets, whose elements are not evaluated to the two-valued Boolean 


algebra 2 , but are evaluated on the clopen sets of the Boolean measure 
algebra. 

The basic idea can be put as follows: Let us think that we start 
from a standard model of set theory, which we agree to call constant 
sets. The elements of constant sets are characterized by valuations in 


the two-valued Boolean algebra 2. Then we adjoin a multiplicative 
encoding bridge from the level of constant sets to the level of variable 
sets, which in this case are the sets varying over a Boolean algebra. From 
Marshall Harvey Stone's representation theorem for Boolean algebras, 
the spectral representation of a Boolean algebra is a totally disconnected 
and compact Hausdorff space, called the Stone space. Then, we are able 
to think of the pertinent variation in terms of measurable functions over 
this space. 

If we arrest the variation at a point of this space, i.e. at a principal 
ultrafilter of the associated Boolean algebra, then we force a homeotic 
criterion of identity, by the stipulation that two functions are equivalent 
if their measurable values agree at this point. Thus, after having 
identified the partition spectrum, representing the equivalence classes 
induced by this criterion, we can ascend back to the level of constant 
sets. In other words, the quotient set obtained is a standard set at the 
initial level. If we arrest the variation at an ideal point of the Stone space 
instead, i.e. at a non-principal ultrafilter of the Boolean algebra, then a 
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new possibility arises. More concretely, if we apply the same homeotic 
criterion for ideal points, we obtain a new quotient set at the level of 
constant sets, which is an extension of the constant set we started with, 
called a Boolean ultrapower of this set. The Boolean ultrapower is a new 
constant set, which is internally indistinguishable from the initial set we 
started with. 

In this light, Cohen's forcing employing the gnomon of generic 
filters is a refinement of the method of evaluation at ideal points aiming 
toward the construction of new constant sets internally distinguishable 
from the set we started with. Instead of ideal points, one considers a 


partially ordered set P of forcing conditions. Arresting the variation 
with respect to these forcing conditions, one obtains a generic 
distinguishable extension of the initial set at the level of constant sets, 
such that a proposition is true in the generic extension if and only if it is 


forced by some generic forcing condition in P. Note that the generic set 
of forcing conditions is not contained in the initial constant set, and thus 
Cohen's forcing requires logical conjugation through the deeper level of 
variable sets. Moreover, Cohen's method of forcing via some generic set 
is equivalent to forcing with respect to a Boolean algebra, which in the 
present case is identified with a Boolean measure algebra. This is why, 
the notion of random sets involved in applying Chaitin's gnomon may be 
interpreted by logical conjugation via the notion of generic sets 
underpinning Cohen's gnomon. 


45 QUANTUM UNCERTAINTY AND COMPLEMENTARITY 


In quantum mechanics, Heisenberg's uncertainty relation involves a 
limit or bound, which is defined in terms of Max Planck's constant, 
pertaining to the simultaneous determination of two conjugate 
observables, for example, the position and momentum of a quantum 
system. 

We note that observables in quantum mechanics are defined as 
self-adjoint operators, bearing thus a spectral resolution in terms of 
projection operators. In this way, each observable is associated with a 
complete Boolean algebra of projection operators obtained by its 
spectral decomposition. If two observables commute, then they can be 
resolved by means of a common Boolean algebra of projectors. In other 
words, a commutative algebra of observables is logically characterized by 
means of the Boolean algebra of projectors (idempotent elements of the 
commutative algebra), which simultaneously resolve all the observables 
belonging in this algebra. The non-commutativity of observables like the 
position and the momentum of a quantum system, quantified by means 
of Heisenberg's uncertainty principle, signifies the fact that there does 
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not exist a universal Boolean algebras of projectors resolving all the 
observables in quantum mechanics. 

Thus, the internal logic of a quantum system is not a Boolean 
logic of projection operators, but a globally non-Boolean amalgam of 
local Boolean patches, where each patch covers the extent of a maximal 
commutative algebra of simultaneously measurable observables. 
Non-commutative observables like position and momentum belong to 
two different Boolean patches, which cannot be amalgamated together 
simultaneously under a bigger Boolean patch. Notwithstanding this fact, 
a position observable can be transformed to a momentum observable by 
means of a unitary transformation and conversely; these are the 
well-known Joseph Fourier’s transform and its inverse. Hence, the 
position and momentum Boolean patches constitute two conjugate 
logical domains, which cannot be subsumed under a universal Boolean 
domain, and thus are complementary in the standard terminology. 

These conjugate Boolean domains correspond to conjugate 
Boolean projection-valued measure algebras. Note that each Boolean 
algebra of projectors gives rise, using Cohen’s gnomon in this context, 
meaning logical conjugation through the level of variable sets as above, 
to a generic set of forcing conditions. Then, a proposition is true in the 
generic extension, obtained as we have seen, if and only if it is forced by 
some generic forcing condition. This is suited to understanding the 
measurement process of an observable in quantum mechanics, where a 
proposition refers to the result of a measurement on this observable and 
the generic forcing condition corresponds to the projection operator of a 
measurement device which clicks upon registration of this result. 

The difference in comparison to the previous case, appearing for 
the first time in quantum mechanics, is that distinct local generic sets of 
forcing conditions corresponding to conjugate observables exist, which 
cannot be subsumed under a universal global generic set. Hence, in a 
well-defined sense, which can be made precise using the theory of 
sheaves, the logical treatment of quantum mechanics requires a 
localization of Cohen’s gnomon of forcing, with respect to local Boolean 
domains, thereby giving rise to generalized local models of set theory 
called topoi. In turn, this logical localization with respect to conjugate 
Boolean valued sets gives rise to the phenomena of contextuality in 
quantum theory. We interpret Heisenberg’s uncertainty principle as 
setting the bound (in terms of Planck’s constant) of the simultaneous 
determination of two conjugate observables with respect to the same 
Boolean domain of measurement. This is expressed in terms of the 
standard deviations in the expectation values of conjugate observables 


in the form óx.ópz h/2, where f:=h/27 in the case of position and 
momentum observables. Each of these observables is considered as a 
Boolean homomorphism from the Emile Borel measure algebra of the 
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real line (where the results of measurements are recorded) to the 
corresponding Boolean patch containing the respective projections in 
the spectral resolution of these observables. 


46 UNCERTAINTY IN A SELF-DELIMITING UNIVERSAL TURING MACHINE 


Let us now examine if Chaitin’s gnomon can be presented in a form 
giving rise to an uncertainty relation between two conjugate Boolean 
domains. The first Boolean domain we consider is the domain of random 
real numbers in the continuum [0,1]. Bearing in mind that we identify 
2” with the interval of real numbers [0,1] by associating each real 
number with its binary representation. Moreover, if we regard // asthe 


Lebesgue measure on [0,1], we have that u(E(y)) -2" ,Where / isa 
finite binary string, to be thought of as a program of a self-delimiting 
universal Turing machine Ų.For an output / of this machine, we have 


immediately that the probability of / is given by: 


P= x 2" 


ry 


Chaitins Q= 2 7) isa random infinite sequence of bits, and thus a 


random real in [0,1] of Lebesgue measure one. It is interpreted as the 
halting probability of V , defined as the probability that V halts when 
its binary input is chosen randomly bit by bit, such as by flipping a coin. 
In practice, we may only compute finitely many digits of Q. 

The second Boolean domain we consider is the domain of 
program-size complexity. If W: 2 > 2" is a partial recursive 
function with prefix-free domain, that is, computable by a 
self-delimiting universal Turing machine, the Chaitin or program-size 


complexity of 7, or even the algorithmic information content of 7 is 
defined by: 


I(y) 7 mini yiyo) = xi 


The complexity measure /(y) is the length of the shortest program / 
of the self-delimiting universal Turing machine that outputs /. 
Moreover, an infinite sequence x is random if and only if there exists a 
constant k, such that: 


(Vn)U(x],) 2 (-4)] 
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The infinite random sequences that satisfy this condition form a set of 


measure one, and thus for Chaitin's Q we obtain: 


(Vn)LI(O],) 2 (-K)] 


The above inequality is interpreted clearly as an uncertainty relation 
pertaining to the conjugate Boolean domains of random real numbers in 
[0,1] and program-size complexity length measures. Since it is an 
uncertainty relation between two conjugate Boolean domains, these 
domains cannot be embedded in a universal Boolean domain 


simultaneously subsuming both of them. Thus, the constant Kk is 
interpreted as setting the bound of the simultaneous determination of 


two conjugate observables, viz. the random real Q in [0,1] and the 


program-size complexity length measure /. 
47 LOGICAL CONJUGATION CYCLES 


We have shown previously that both Heisenberg's and Chaitin's logical 
conjugation methods give rise to uncertainty relations between two 
conjugate or complementary Boolean domains which cannot be 
subsumed under a common universal Boolean domain simultaneously 
with absolute precision. Moreover, if we consider each Boolean domain 
separately we may interpret it as a Boolean algebra of generic forcing 
conditions, descend to the level of Boolean valued sets, then apply a 
Cohen-type criterion of homeotic identity with respect to these forcing 
conditions, and finally ascend back to the initial level of constant sets, 
obtaining in this manner a generalized model internally distinguishable 
from the one we started with. The latter reflects the intervention of a 
suitable measurement procedure for obtaining information with respect 
to an observable logically classified by this Boolean domain. The logical 
classification takes place via the procedure of spectral resolution in 
terms of a Boolean algebra of projectors in the context of operator 
functional analysis, or more generally according to, the procedure of 
measurability in terms of a Borel measure algebra, which can even be 
projection-valued. The important point to be emphasized is that the 
Cohen-type strategy of logical conjugation cannot be implemented 
simultaneously with respect to two complementary Boolean domains. 

A natural question arising in this context is if it possible to 
implement the strategy of logical conjugation in such a way that 
circumvents the above obstacle. We may think of each logical Boolean 
domain as giving rise to a separate gnomon of conjugation. If we consider 
two complementary Boolean domains, we cannot apply the method of 
logical conjugation with respect to both of them simultaneously, but the 
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possibility remains of composing these two gnomons in an appropriate 
way. Since we consider these two gnomons as complementary in a 
precise sense, justified by the existence of an uncertainty relation as 
above, then the most economical hypothesis is to assume that each 
gnomon may conjugate the complementary one. In other words, the 
hypostatic levels between which each gnomon operates should function 
as the encoding/decoding bridges of the complementary gnomon. 

We may explicate this idea in more detail as follows: We recall 
that the method of logical conjugation expressing a metaphora requires, 
first, a certain stratification into different levels and, second, the 
delineation of encoding/decoding bridges between these levels in order 
to be able to descend and re-ascent. Each Boolean domain of discourse 
provides a natural stratification as well as a natural 
descending/ascending bridging between the strata, which can be 
conceptualized in accordance with Cohen's gnomon. But, what if there is 
no intrinsic way of distinguishing between strata and bridges? 
Reciprocaly put, the distinction between strata and bridges is 
meaningful only under the specification of a Boolean domain. If two 
complementary gnomons pertaining to two complementary Boolean 
domains are utilized simultaneously the only way that logical 
conjugation can function is by reversing the role of strata and bridges 
with respect to these two gnomons, such that a closure is achieved. 
Algebraically, the only way that these two complementary gnomons may 
be amalgamated together simultaneously is by temporarily suspending 
the rigid distinctions between strata and bridges, and just iterating the 
process of logical conjugation with respect to the composition of these 
two gnomons until we reach a closure. The closure corresponds to a 
non-trivial logical cycle of compositions. It turns out that the formation 
of this cycle is equivalent to composite logical conjugation where the 
levels of one gnomon correspond to the bridges of its complementary 
gnomon. We present this simple algebraic argument as follows: 

A logical conjugation is generally expressed in the symbolic form 


X-SoA4oS! 


which defines X to be conjugate to A under S, where .S'' is 
considered to be the conceptual inverse of $. Now we consider the first 
two symbols of the conjugation SoA4oS'',thatis, SoA,asa string, and 
extend this string by adding new symbols at the end, such that every 
three consecutive symbols pertain to a logical conjugation, or 
equivalently, establish a metaphora. We iterate this operational 
procedure until we generate a cycle, which means until the last two 
symbols are SoA again that we started with. In more detail we obtain 
successively: 
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So A --+ So Ao S7! --+ So Ao 871o A7 --+ 
--+ SoAoS oA oS--SoAoS oA 'oSoA 


Since the iteration has produced the string So 4oS o A`" oS oA, where 
the last two symbols are SoA again, our initial terms, we have 
generated a closure, viz. a non trivial conjugation cycle that in linear 
sequential unfolding reads as follows: 


SoAoS" o 4 :-[S, 4]:720(8,4):2 SOA 


By a slight abuse of notation we may identify the complementary 


gnomons by the symbols S, A correspondingly, whence their 
composition or gluing is denoted by the conjugation cycle S © A. Note 
that the order of composition cannot be reverted, viz. SO A#AOS, 
hence the operation of composition of complementary gnomons is 
non-commutative. Thus, it is significant to impose an orientation on the 
conjugation cycle, which reflects the specified cyclic order of 
composition. 


In the case that $, A are elements of a non-commutative 


group, the composition [S,4] is referred as the commutator of 5, A. 


In this case the symbols S~' and A” stand for the group-theoretic 


inverses of 5, A respectively. This observation leads to the conjecture 
that the complementarity of conjugate Boolean domains pertains to 
their Boole group theoretic structures, or else it is of a group-theoretic 
origin. A Boole group is a group-structure on the topological spectrum of 
a Boolean algebraic domain. Thinking of two complementary Boolean 
group domains as local patches of a non-abelian global structure the 
notion of a conjugation cycle provides a natural method of logically 
gluing them together simultaneously. 


48 SOLVABILITY VIA NILPOTENCY: CIRCUMVENTING NON-COMMUTATIVITY 


Before we examine the aspects of this logical gluing by conjugation 
cycles of complementary gnomons it is instructive to start from a 
reciprocal viewpoint and leverage the existing knowledge about the 
structure of groups. This will provide the method to locate the existence 
of complementary gnomons from a group-theoretic perspective. The 
central notion of significance for our problem has to do with the 
Galoisian notion of solvability of a group. In particular, the 
understanding of Évariste Galois' theory of groups by the strategy of 
logical conjugation uses the gnomon of solvability. This will be discussed 
in more detail as we go on, but for the time being it is enough to convey 
the basic idea. 
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The triumph of Galois theory is based on the theorem that a 
polynomial equation is solvable by radicals if and only if the 
corresponding Galois group of the equation is solvable. Now a general 
group is solvable if it can be derived by the method of group extensions 
of Abelian (commutative) groups. Reciprocally, a solvable group is a 
group whose derived series terminates in the trivial subgroup. 
Intuitively, the derived series is a stratification into group levels 
together with a descending staircase among these strata formed by 
identifying each subgroup in the descending series with the commutator 
subgroup of the previous one. In turn, the commutator subgroup of a 
group is the group generated by all the commutators of this group. The 
importance of the commutator subgroup of a group rests on the fact that 
it provides the most economical way, ie. it is the smallest normal 
subgroup, such that the quotient of the initial group by the commutator 
subgroup is an abelian group. Thus, a group is solvable if by descending 
into lower and lower subgroup strata by division with the commutator 
subgroup we end up with the trivial subgroup that completely 
annihilates the complexity of the group we started with. 

It is well-known that all Abelian groups are solvable, as well as 
that all nilpotent groups are solvable. The first is trivial, but the second is 
very important, for example, in quantum mechanics. It is worth 
explaining the latter in more detail. A nilpotent group is one that may be 
thought of as an almost-Abelian group, in the sense that the commutator 
subgroup is almost trivial. For instance, we know that in quantum 
mechanics we have complementary Boolean algebraic domains, like 
those pertaining to position and momentum. The bounded form of these 
conjugate observables, called the Hermann Weyl form, are constrained 
to obey the canonical commutation relations expressed by means of the 
infinitesimal Planck’s constant, and hence almost commute. These give 
rise to a nilpotent group, called the Heisenberg group. The Heisenberg 
group is of fundamental importance in quantum mechanics and 
essentially constitutes the solvability of the theory in group-theoretic 
terms. In other words, the non-commutativity induced by any two 
conjugate or complementary Boolean domains in quantum mechanics is 
circumvented in an almost-commutative manner by the nilpotency of 
the Heisenberg group, and its attendant solvability. This circumvention 
is technically possible in all cases where we have at our disposal the 
structure of a vector space equipped with a symplectic form. In other 
words, the structure of a nilpotent group, induced symplectically, 
transforms the intrinsic insolvability of two conjugate domains into a 
solvable case. From the perspective of logical conjugation this amounts 
to considering conjugation cycles as infinitesimally small, and thus, 
behaving like covariant differential operators in a precise differential 
geometric sense. 


176 NATURAL COMMUNICATION 


The above analysis requires the investigation of the source of 
intrinsic insolvability in groups. It is enough to consider the case of 
finitely generated linear groups, i.e. matrix groups, which are used as a 
concrete representation of abstract groups. In this case, according to a 
well-known theorem of Jacques Tits, called the Tits alternative, a 
finitely generated linear group is either virtually solvable, meaning that 
it contains a solvable subgroup involving a finite descending staircase, or 
it contains a non-Abelian (non-commutative) free subgroup in two 
generators. Thus, we are able to locate the free group in two 


non-commuting generators, denoted by O,, as the actual source of 


intrinsic insolvability. From the view of logical conjugation, O, should 


be associated with non-trivial and non-reducible logical conjugation 
cycles between two complementary Boolean domains. The only way that 
non-solvability can be leveraged or circumvented is through nilpotency, 
as in the case of the Heisenberg group in quantum mechanics. We bear in 
mind that uncertainty relations will always pertain between the 
observables of two complementary Boolean domains. If the associated 
constant of interrelation can be made either infinitesimally small or 
reciprocally very big, then the resultant logical conjugation cycles vanish 
in higher order iterations and the complexity is reducible. It is not an 
accident that both of our fundamental physical theories, to wit the 
theory of relativity and quantum mechanics involve this type of 
constants between conjugate Boolean domains. Thus, from the 
perspective of logical conjugation, the free group in two generators is the 
source of logical conjugation cycles and the group-theoretic property of 
nilpotency is the "golden mean" between non-commutativity and 
commutativity. 


49 CANONICS FROM THE LOGICAL TO THE TEMPORAL DOMAIN 


Therefore, it is of high priority to focus our attention on the fundamental 


significance of the non-Abelian free group @,. The surprising and 


counterintuitive result is that the non-Abelian free group in two 
generators contains copies of all other non-Abelian free groups in any 
finite number of generators as finite index subgroups! Thus, the 
complexity of non-reducible logical conjugation cycles and their 
iterations generated by two complementary (in some appropriate sense) 
gnomons subsumes the whole complexity we may get from any number 
of obstacles! A way to qualify this proposition, whose reference is 
algebraic and derives from logical considerations, is to consider the 


representation of 0 2 in three dimensions. 


From this representation, we obtain a valuable and novel 
connection between logic and time, thereby providing the canonics from 
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the logical domain to the temporal domain. More specifically, the notion 
of a logical conjugation cycle is mirrored on the notion of a tripodal link 
that expresses the quality of a prime temporal bond between two 
temporal diastases. In the same way that a logical conjugation cycle 
amalgamates two complementary Boolean domains simultaneously, a 
temporal bond amalgamates two unlinked temporal diastases in the 
present. Moreover, and most importantly, the nilpotency condition of 
solvability transferred to the temporal domain through bonds, provides 
the origin of geometric differential calculus under the algebraic 
commutation rule of two infinitesimal flows at a fulcrum point, being 
bounded at this point. We will examine this path later on in detail, 
together with its ramifications, starting from Hermann Grassmann's 
theory of extension and its relation with Gottfried Wilhelm Leibnitz's 
infinitesimal analysis, and culminating with sheaf cohomology. 

The canonics from the logical to the temporal spectral domain, 


through the group ©,, is particularly important in relation to 


algorithmic information theory, and more generally, the concept of 
programs and computability. There are two reasons on which we base 


our claim. The first is the fact that elements of O, can be assigned 


complexity lengths. Since every element of O, can be uniquely 


expressed as a freely reduced word in the generators and their inverses, 
we may simply define the length of an element as the number of terms in 
this freely reduced expression. This notion of length has the property 
that the length of an element equals that of its inverse element in this 


group. The second is related to the fact that, although the group 9 , has 


exponential growth rate, a deep theorem of Mikhail Gromov shows that 
a nilpotency circumvention, in agreement with the preceding, reduces 
the growth rate to a polynomial one, and thus proves economical for 
computational purposes. 


4.10 QUBIT COMPUTABILITY: SELF-DELIMITING PROGRAMS AS CYCLES 
ON THE SPHERE 


The initial motivation of this investigation is based on the profound idea 
conceived by Chaitin, according to which, a key technical point that 


must be stipulated in order for Q. to make sense is that an input 
program must be self-delimiting. Its total length in bits must be given 
within the program itself. Chaitin points out essentially that this 
seemingly minor point, which paralyzed progress in the field for nearly a 
decade, is what entailed the redefinition of algorithmic randomness. 
Real programming languages are self-delimiting, because they provide 
constructs for beginning and ending a program. Such constructs allow a 
program to contain well-defined subprograms, which may also have 
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other subprograms nested in them. Because a self-delimiting program is 
built up by concatenating and nesting self-delimiting subprograms, a 
program is syntactically complete only when the last open subprogram is 
closed. In essence the beginning and ending constructs for programs and 
subprograms function respectively like left and right parentheses in 
mathematical expressions. 

If programs were not self-delimiting, they could not be 
constructed from subprograms, and summing the halting probabilities 
for all programs would yield an infinite number. If one considers only 


self-delimiting programs, not only is Q limited to the range between 


0 to | butalso it can be explicitly calculated in the limit from below. 
Our main interest in this section focusses on the metaphora 
considering the beginning and ending constructs of self-delimiting 
programs and subprograms in analogy to the left and right parentheses 
in mathematical expressions. It is true that our linear representation of 
strings or words implicates the self-delimiting property by means of left 
and right parentheses. A natural generalization would be to complete 
each such pair of parentheses in the 1-dim line to a circle in the 2-dim 
plane, or equivalently the 1-dim complex line. This extremely simple 
generalization generates two conjugate domains immediately, where 
each one of them corresponds to the choice of orientation on the circle. 
If we do not impose any orientation on a circle, it is as though we are 


working in the modular arithmetic Z, that is, we recover the bit 


representation of linear strings. Even better, we may complete each pair 
of parentheses in the l-dim line to a circle in the one-point 
compactification of the 1-dim complex line, i.e. on the 1-dim complex 


projective space, or equivalently the Bernhard Riemann sphere S°. Can 
we imagine representing self-delimiting programs by means of circular 


strings on the sphere S°? 
The choice of the sphere S° is not accidental. Without loss of 


generality we may consider the unit sphere S°, that is imply the 
normalization according to which all points lying on the sphere are of 


unit distance from the origin. The unit 2-sphere S° constitutes the 
space of pure states, or equivalently rays, of a 2-level quantum 
mechanical system, called currently a qubit. The unit 2-sphere may be 


thought of as embedded in the usual 3-dimensional space R°. The 
David Hilbert space of normalized unit state vectors of a qubit is the 
3-sphere S^, and thus the unit 2-sphere is considered as the base space 
of the topological Heinz Hopf fibration: 


Sg s 
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We note that each pair of antipodal points of S? corresponds to 
mutually orthogonal state vectors. The north and south poles are chosen 
to correspond to the standard orthonormal basis vectors |O) and |1) 


correspondingly. In the case of a spin- > system, these simply 


correspond to the spin-up and spin-down states of this system. 
We consider the unit sphere S? as the set of points of 


5-dimensionalspace R° that lie at distance 1 from the origin. Then, the 
non-commutative group SO(3) denotes the group of rotation operators 


on R? with center at the origin, viz. linear transformations from R? 


to R° represented as 3x3 matrices with determinant one. These are 
called orthogonal matrices, characterized by the fact that their columns 


form an orthonormal basis of R°. Rotations around an axis going 
through the origin are the isometries of 5-dimensional Euclidean space 


R? leaving the origin fixed. Note that a 3x3 orthogonal 
transformation preserves the inner product for any pair of vectors in 


R?, and moreover it is an isometry of R? that takes the unit sphere S? 
to itself. 
In this context, we ask the following question: Does there exist a 


representation of the non-Abelian free group in two generators 0, on 


the unit sphere S°, which lifts to a unitary representation on S°? We 
recall that the existence of such a representation would imply the action 
of non-trivial logical conjugation cycles on ,S? and S? respectively. 
Moreover, these logical conjugation cycles would be representable by 
means of the Tripodal link topology. Such a representation definitely 
exists if we are able to locate a subgroup of the non-commutative group 
SO(3), which is isomorphic to 9. 

We will show further on that this is indeed the case. The proof is 
based on the observation that there actually exist rotation operators 4 


and B about two independent axes through the origin in IR? 
generating a non-commutative subgroup of SO(3), which is isomorphic 


to the free group 9.. In other words, there exists an isomorphic copy of 
0, in SO(3) generated by two independent rotations 4 and PD. The 
term independent refers to the requirement that all rotations performed 


by sequences of A and B and their inverses are distinct strings in 9.. 


Actually, we realize that most pairs of rotations in SO(3) are 


independent in the above sense, so that even picking 4 and P 
randomly would do. For instance, one could consider two 
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counterclockwise rotations A and PD about the z -axis and the 
x-axis respectively of the same angle arccos(3/5). The proof is based 


on showing that no reduced string in the symbols 4 and 8 and their 
inverses collapses to the identity transformation (3x3 identity 
matrix). Intuitively, if we choose two counterclockwise rotations 4 


and B about the z-axis and the x-axis of the same angle, then this 
specific angle needs to be an irrational number of degrees. More 
precisely, given an initial orientation, if the specified angle is an 
irrational number of degrees, then none of the distinct strings of 
rotations in 0, performed by sequences of A and B and their 


inverses can give back the initial orientation. Thus, no reduced word in 
9 , collapses to the identity transformation. 

The existence of an isomorphic copy of 0, in SO(3) has the 
following consequence: Each rotation belonging to the 


non-commutative free subgroup ©, of SOG) fixes two points in the 


unit sphere S?, namely the intersection of S? with the axis of 
rotation passing through the origin. If we take the union of all these 
points, they form a countable set of points. This reveals not only that an 


action of 9, on the unit sphere S? (as a subgroup of SO(3) 


generated by 4 and B) must exist, but that this action is actually free 
on S? modulo the countable set of fixed points K. 
Thus, we can partition SX K into a disjoint union of orbits for 


the action of ü If we choose a base point for an orbit we may identify 


this orbit with 0, due to the freeness of the action. Moreover, if a 


countable collection K of points as above is removed from S? they 
can be restored by rotations around an axis through the origin which has 
zero overlap with K. In this way, the action of the group 0, via 
strings of rotation operators allows us to resolve the whole unit sphere 
S?. The crucial point again is that the algebraic irreducibility of the 


commutator [A,B] of the rotations A and B generating an 


isomorphic copy of 0, in SO(3) expresses a non-trivial logical 


conjugation cycle. In turn, such a logical conjugation cycles express the 
fundamental property of topological Tripodal non-splittability, or 
non-separability, of these three rotations belonging to the subgroup of 


SO(3) that is isomorphic with 9,. 
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Most important, this interpretation provides a topological 
justification of the fact that one cannot specify a finitely additive 
rotation-invariant probability measure on all subsets of the unit sphere 
S? simultaneously. In the same vein of ideas, if we consider S? 
embedded in 3-dim space IR), we deduce that it is not possible to 
specify a finitely additive measure on IR? that is both translation and 


rotation invariant, which can measure every subset of R’, and which 
gives the unit ball a non-zero measure. This explains why the Lebesgue 
measure, which is countably additive and both translation and rotation 
invariant, and gives the unit ball a non-zero measure, cannot measure 


every subset of R°. Thus, it has to be carefully restricted to only 
measuring subsets that can be Lebesgue measurable. 

According to the preceding analysis, since the group of rotation 
operators  SO(3) contains an isomorphic copy of the free 


non-commutative group 0, is unsolvable. 
An immediate consequence of the above is that the group of 


2x2 complex unitary matrices with unit determinant SU(2) is also 


unsolvable, that is it also contains an isomorphic copy of 9. The reason 
is that topologically, the simply-connected special unitary group 
SU(2) is a covering space of the non-simply connected group of 
rotations SO(3), and in particular it is a double cover. More concretely, 
there exists a two-to-one surjective homomorphism of groups: 


A:SU(2) > SOQ) 
whose kernel is given by KerA= Z, = {+1, -]). 


Hence, it follows that there must be an isomorphic copy of 0, 
in SU(2). More precisely, if 4 and B are rotations generating an 
isomorphic copy of 9, in SO(3), and A:SU(2)-» SO(3) is the 
covering projection, then 4 and B generate a free subgroup of the 
forn 0, in SU(2), for any A and B with AA=A and AB- A. 
Since SU(2) isadouble coverof SO(3) there can only be exactly two 
elements of the form 4 , namely U and -U such that 
AU = A(-U)=A (the same holds for B respectively). 

We conclude that there exists a representation of the group 0, 


on the unit sphere S°, which lifts to a unitary representation on S°. 
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The representation of the group 0, on the unit sphere S? is given by 
the free subgroup of rotations of SO(3) generated by A and B 
according to the above. Concomitantly, this representation lifts to a 
unitary representation on S? by the free subgroup of unitary operators 
of SU(2) generatedby 4 and B. 

Thus, the Hilbert space of normalized unit state vectors of a qubit 


zd ; , . 
or of a Bpui- system carries a unitary representation of the group e. 


This means that the algebraic irreducibility of the commutator [A,B] 
of the unitary operators 4 and B generating an isomorphic copy of 


0, in SU(2) expresses non-trivial conjugation cycles. Moreover, 


since the action of the group 0, by strings of rotations in two 


generators allows |.S?to resolve, such that the same lifted action resolves 


S? as well, by strings of corresponding unitary operators, we can make 
a conclusion. It is the Tripodal link topological connectivity - by means 
of conjugation cycles — that is transferred through these actions to the 


space of rays S? and the space of unit state vectors S? of a qubit. 
This is the crux of the non-classical behavior of a qubit and the problem 
arising here is whether the existence of non-trivial conjugation cycles 
can be turned to a novel computational possibility. 

We will outline the first steps towards implementing such a 
computational paradigm. For this purpose, our guiding principle will be 
the implementation of Chaitin's uncertainty relation. We recall that the 
form of Chaitin's uncertainty relation reads: 


(vi) Qo],) 2 (»-&)] 


where the constant k is interpreted as setting the bound of the 
simultaneous determination of two conjugate observables, viz. the 


random real © and the program-size complexity length measure /. 
We have shown that isomorphic copies of the group 0, exist 
within the group of rotation operators SO(3) and the group of unitary 
operators SU(2) leading to the realization of logical conjugation 
cycles, or equivalently Tripodal loops, on S? and S? respectively. 
Since the group SU(2) is a subgroup of the group GL(2, C), the 
matrix group of 2x2 matrices with complex coefficients, and of the 


group SL(2,C), viz. the group of 2x2 matrices with complex 
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coefficients and unit determinant, they also contain a copy of the group 


0.. So we are going to identify two complex matrices acting as the 


generators of this copy of 0, using Chaitin's uncertainty relation in 
the present setting. For this purpose, we assume the existence of a 
positive integer playing the role of string length measure, such that 
for all m2 N, the powers G” and H”, where G, H are 


complex matrices, generate a copy of @,. This is possible using the 


method of dominant eigenvalues and dominant eigenvectors of matrices. 
We observe that for this purpose we have to diagonalize these 
matrices, a technique which is also based on logical conjugation. In 


particular, we look for two matrices G and H, such that: G has 
the dominant eigenvalue // corresponding to a dominant eigenvector 


u. This means that the eigenspace of G-— uI is |-dimensional and all 


other eigenvalues of G have modulus less that | x |. Similarly, let H 
take the dominant eigenvalue v corresponding to a dominant 
eigenvector v. Finally, we denote the dominant eigenvalues and 


corresponding dominant eigenvectors of G^! and H ! by f, w,and 
v, z, respectively. Next, we consider the dominant eigenvectors as 


points on the 1-dim complex projective space, viz. equivalently on S’. 
Then, the dominant  eigenvalues/eigenvectors implement the 
requirement that there exist disjoint open sets containing the points u, 


v, w, z, denoted by U, V, W, Z, respectively, such that: There is 
some 7:2 N with the property that, G” sends each of these open 
sets to U , and correspondingly for the others, viz. H” to V, G™ to 
W and H™ to Z.Now, we think of a finite state computer, with four 
states labelled by U, V, W, Z and an alphabet G” :=a, H"=b, 
G":aq!, H™:=b" and transitions rules as described above. It is 
clear that the matrices a and b now generate a copy of the free group 


9. and thus we obtain logical conjugation cycles for the formation of 


strings using our alphabet with the prescribed transition rules. 


I 84 NATURAL COMMUNICATION 


UNDECIDABILITY-UNCERTAINTY 


CIRCUMVENTING 
COMPLEXITY: 
MOTIF OF 
INFORMATION 

AS ANADYOMENE 


5 


5.1 APHROGENEIA: MYTHS AND THEOREMS 


If the history of humankind is viewed from the standpoint of the 
“obstacle-oriented approach” to complexity, pertaining to localizing and 
embracing obstructions of any particular type, a naturally arising 
problematics complicates the border-lines of the most persistent and 
covariant forms of this stance. The character of temporal persistence 
and covariance is meant to serve as a criterion for the Platonic “ousia 
ontos ousa” of history, or “being that truly is”. Surprisingly enough, this 
criterion filters out only two kinds of entities, namely myths and 
theorems. At a first encounter with this provocative claim, there seems 
to be a contradiction, but this is only apparent, stemming mainly from a 
certain type of pre-occupation with “target-oriented” methods instead 
of "obstacle-oriented ones". Indeed, both myths and theorems become 
noematic if they are obstacle-embracing, they are just different types of 
metaphora in relation to communication. Myths and narratives 
constitute an embodied symbolic process of metaphora around a 
localized obstacle. Mathematical theorems constitute an abstract 
symbolic process of metaphora around a localized obstacle. Although 
"myth" and “math” deceptively seem to occupy opposite sides of the 
linear spectrum forced by “analytic reason”, they are, in fact, antipodally 
inter-related and topologically may be glued together in the projective 
geometric rooting of this linear spectrum, centered around the notion of 
an obstacle. 

In order to articulate this claim, we will consider the dual pair of 
concepts consisting of ambiguity and information in relation to 
communication. On the side of the myth, we will scrutinize the narrative 
referring to the genesis of Goddess Aphrodite according to Hesiod’s 
Theogony. On the side of the mathematical logos, we will scrutinize the 
theorem referring to the genesis of the roots of a polynomial equation by 
radicals according to Galois’ Theory and its far-reaching articulations. 
The remarkable conclusion is that in both cases information emerges as 
"anadyomene" from another level of hypostasis, being in communication 
with the level where the initial obstruction is localized by means of 
bidirectional bridges. 

Following the narrative of Hesiod's Theogony, the genesis of 
Goddess Aphrodite took place in an extraordinary manner. She emerged 
in the form of a fully grown female figure rising out of the sea foam 
(aphros). Her name Aphrodite, or Aphrogeneia, according to Hesiod, 
originates from the fact that she grew and formed amid the sea foam. 
The epithet anadyomene uncovers the metaphora of Aphrodite's 
genesis. This is a process of circulation between the Heavenly level 
(Uranus), and the Earthly level (Gaia), which is meant to embrace the 
obstacle of heterogeneous, chimerical and intrinsically incongruent 
constituency of these two levels. The initiator of this obstacle-embracing 
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communicative process is the Titan Chronos, who stands for the 
personification of Time as a unitary circular flow reciprocally bridging 
these two levels into a germinal syzygy. 

According to the myth, Chronos forced the transposition of the 
sperm of Uranus into the sea water, and out of this syzygy a white foam 
spread around the locus of germination in the sea from the immortal 
flesh. In this foam there grew the maiden Aphrodite virtualized, to 
emerge as a fully grown in-formed spectral figure by inverse 
transposition to the level of Gods, thereby completing the temporally 
circulating metaphorical process of anadyomene initiated by Chronos. It 
is important to highlight that the two levels of the myth are not 
hierarchically ordered, meaning that there is no relation of hppotaxis or 
subordination of one level to the other. 

On the contrary, the two levels exist autonomously in parataxis 
and only the unitary circular flow of Chronos binds them through 
reciprocal bridges. The bridge from the Heavenly to the Earthly level is 
the germination bridge, whereas the reciprocal or conceptually inverse 
one is the virtual growth bridge. The latter is characterized as virtual 
because the growth of the figure to emerge as Aphrodite is always 
surrounded by the sea foam, and thus, the growing figure is 
indistinguishable and inseparable from the foam. 

This is crucial for conceiving, both the symmetry implicated by 
the circular unitary flow-action of Chronos, and the emergence of 
Aphrodite as a fully grown in-formed figure only after breaking the 
symmetry of this inter-level communicative flow. Thus she becomes 
separated from the sea foam and distinguished or discerned spectrally 
from it at the level of Gods. 
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Chronos Germination Chronos Virtual 
Bridge Growth Bridge 


Foam 


5.2 AMBIGUITY: FROM GALOIS GROUPS TO RESOLVING SPLITTING FIELDS 


Galois’ monumental work focus on the resolution of the problem of 
algebraic solvability of polynomial equations, i.e. equations of the form 
p(x) =0. Of most interest is Galois’ paper entitled “Memoir On the 
Conditions for the Solvability of Equations by Radicals”. In this 
algebraic treatise, he proves that no general formula for the roots of a 
fifth, or any higher degree polynomial equation can possibly be found if 
we employ the usual algebraic operations of addition, subtraction, 
multiplication, division, and applying radicals, ie. taking roots of the 
n-th degree. 

The first novelty of Galois’ method consists in the introduction of 
the group concept, which he devised as a structure G that encodes the 
permutations of the roots of a polynomial p(x) e F[x], which map each 


root onto a conjugate of it, where F isa field, called the ground field of 
coefficients. 

The second novelty of Galois’ method consists in employing the 
structure of the above group G together and in relation to the 
structure of its invariant subgroups under conjugation, in other words, 
its self-conjugate or normal subgroups. The underlying reason is that the 
notion of structural divisibility of a Galois group becomes possible only 
with respect to its normal subgroups. 

The third novelty of Galois’ method consists in the notion of 
group solvability. The triumph of Galois theory is based on the theorem 
that a polynomial equation is solvable by radicals if and only if the 
corresponding Galois group of the equation is solvable. A solvable group 
is a group whose derived series terminates in the trivial subgroup. 
Intuitively, the derived series is a stratification into group levels 
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together with a descending staircase among these strata formed by 
identifying each subgroup in the descending series with a normal 
subgroup of the previous one. Thus, a group is solvable if by descending 
into lower and lower subgroup strata by division with normal subgroups 
we end up with the trivial subgroup. 

In this state of affairs, the Galois group G corresponding to a 
polynomial p(x)eF[x] where F is the ground field, can be though of 
as a non-numerical, but structural measure of complexity of this 
polynomial. In turn, the repeated process of division involved in setting 
up the derived series of G, by means of normal subgroups, can be 
thought of as a process of complexity reduction until the trivial subgroup 
of G is eventually reached. It is important in this frame of thinking to 
clarify what we mean by a structural measure of complexity as this is 
encoded in the Galois group of a polynomial p(x)eF[x]. The general 
notion of a group is associated with a criterion of symmetry under its 
action. What is the implicated notion of symmetry in this case, and how 
can it be associated with a measure of complexity? 

The answer lies in the observation that the Galois group G, 
being the group of permutations of the roots of a polynomial 
p(x) € F[x], which maps each root onto a conjugate of it, where F is 
the ground field, actually encodes these F -transformations of the roots 
of p(x) that cannot be distinguished from the resolution capacity 
afforded by the ground field F. In other words, the Galois group G of 
p(x) is an ambiguity group with respect to F, and this ambiguity 
structure amounts to a measure of complexity of p(x) in relation to 
the resolving means afforded by F. Henceforth, the symmetry 
encapsulated by the Galois group G of p(x) inrelationto F can be 


reduced only by possible successive symmetry reductions, by the process 
of divisibility with normal subgroups in a descending fashion, until the 


total symmetry constituting the structural measure of F-complexity is 
completely reduced. 
Reciprocally, the same effect can be achieved by successive 


extensions of the ground field F to larger fields that increase the 
resolution capacity afforded by the ground field itself, until eventually 
all roots can become distinguishable. More precisely, given a polynomial 
p(x) €eF[x] of degree n, it can be shown that a minimal extension of 


F, exists, called the splitting field F’ of p(x),in which all n roots of 
p(x) can be distinguished (counted with multiplicity). The splitting 
field F” of p(x) constitutes in this way the smallest field extension of 


F over which the polynomial p(x) splits or decomposes into linear 
factors. 
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For instance, let us consider the classical case of the polynomial 


p(x) = x +1, ie. poo em[x], where R is the ground field of 
coefficients of p(x). We know that this polynomial does not have any 
roots in the field of real numbers R . In particular, the two roots of the 
polynomial equation p(x)=0, namely i and -i, do not belong into 
the ground field of coefficients of p(x), but can be located in the 


minimal field extension of R into R@R=EC. In any case, we also 


know that the field C is algebraically closed. In other words, if D is an 
algebraic extension of C, then D=C. Conceptually, the roots i and 
-i are not distinguishable from the resolution capacity afforded by the 
ground field IR, so that the minimal field extension from the ground 
field R to the algebraically closed field C, ie. R — C, is required to 
make these two roots distinguishable. 

Let us explore now, how the Galois group of the minimal field 
extension IR C emerges. There are two equivalent ways to describe 
it. The first one is the original method devised by Galois, to describe the 
Galois group of the field extension R — C as a group of permutations 


of the roots of the polynomial equation (X) X «El =(), which map 


each root onto a conjugate of it. The second one is the method devised 
by Richard Dedekind, i.e. to consider the group of automorphisms of the 


splitting field C, obtained by the minimal field extension RC, 
which leaves the ground field R fixed. We note that an automorphism 
of this form is a one-to-one and onto homomorphism from C to itself 


that leaves R fixed, or equivalently, invariant. The connection 
between these two equivalent viewpoints, comes into force if we 
interpret the Galois group of permutations of roots as a subgroup of a 
symmetric group. In general, thinking about the Galois group of a 


polynomial with degree n as a subgroup of the symmetric group S, 
captures the original viewpoint of Galois, and provides the connection 
with Dedekind's reformulation of Galois theory. 

The symmetric group on n letters is realized as a group of 
permutations of these n letters, so may identify a symmetric group 
element c with the corresponding permutation. In general, associating 
to each element of the Galois group its permutation on the roots of the 
polynomial, viewed as a permutation of the subscripts of the roots of the 


polynomial when we list them in a particular order as @, 05, ... @, 


is an injective homomorphism from the Galois group to the symmetric 


group S,,. Two different choices for indexing or ordering the roots of 
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the polynomial can lead to different subgroups of the symmetric group 


S, , but they will always be conjugate subgroups. 


In general let @, 05, ... @, be the n distinct roots of 
p(x)=0 in the minimal field extension of F, i.e. in the splitting field 
F^ of p(x), in which all distinct n roots of p(x)=0 can be 
distinguished. Then the Galois group G permutes these roots. Now, 
any polynomial expression in these roots, which is left invariant under 
any permutation of the roots, and thus is a symmetric polynomial 
expression thereof, is located in the ground field F. The basic examples 
of such expressions are the elementary symmetric functions in the roots. 
It is precisely in this sense that the n roots of p(x)=0 are 
indistinguishable from the resolution capacity afforded by the ground 
field of coefficients F, that is, in terms of all polynomial expressions 
symmetric with respect to F in the roots of p(x) =0. In other words, 
and considering the simple case of two roots, the existence of at least 
one non-symmetric polynomial expression with respect to F, meaning a 
polynomial expression not preserved by the permutation of these roots, 
would provide the means to distinguish between them. 

We are ready now to come back to our initial problem; how to 
describe the emergence of the Galois group of the minimal field 
extension RC . From  Dedekind's perspective, only two 
automorphisms of the splitting field C exist, obtained by the minimal 
field extension R C, which leaves the ground field R invariant, 
namely the identity automorphism z+ z, and the complex conjugation 
automorphism z — Z. In particular, if o is such an automorphism of 


C, then it is completely determined by the action of o on i, o(i);ie. 
if c(i) » i, then o(z)=z for all zeC, whereas if o(i)=-i, then 
o(z)-z for all ze C. Thus, the Galois group of C over R is a 
group consisting of two elements, namely complex conjugation and the 
identity map. From Galois' perspective, the Galois group of the field 
extension RC is the group of permutations of the roots of the 


polynomial equation p()y- x 41-0, which map each root onto a 
conjugate of it. There are only two permutations, namely the identity 
permutation and the complex conjugation permutation, and clearly any 
polynomial expression in the roots i and —i, which is left invariant 
under any permutation of these two roots, and thus provides a 
symmetric polynomial expression in these roots, is located in the ground 
field IR. Thus, the ground field R remains invariant under the action 
of the Galois group G consisting of the identity and the complex 
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conjugation permutation, and therefore, the two roots i and —i are 


indistinguishable from the resolution capacity afforded by R. 


We conclude that the Galois group Ge Z, of the polynomial 


equation P(x) ex +1=0 is an ambiguity group with respect to R, 
and this ambiguity structure, induced by the two possible permutations 
of the roots in the present case, defines a measure of complexity of p(x) 
in relation to the resolving means afforded by R . This 
group-theoretical measure of complexity expresses that the two roots i 
and -i are indistinguishable from the resolution capacity afforded by 
IR. They eventually become distinguishable only by a process of field 
extension, which terminates in the minimal field extension R9 C, 


where C is identified as the splitting field of p(x). In turn, the 


ambiguity group Z 2 is identified as the group of automorphisms of the 


splitting field C, which leaves the ground field of coefficients R 
invariant, and thus fixes it. 

Let us now consider a general polynomial equation of the form 
p(x) ^ 0. The proper starting-level to settle the question referring to 
the idea of algebraic solvability of p(x)=0 by radicals is the theory of 
algebraic fields. More precisely, if we start with the ground field of 


coefficients F =F, we may produce an unfolding sequence of 
successive field extensions Ñ, P... F, by the adjunction of surds, 


so that eventually F, emerges as the splitting field for p(x). The 
theory of algebraic groups, on the other side, due to their multiplication 
and division properties, set the proper level to examine the structure of 


such extensions by surds, as follows: When the field F 4j arises from F 


by the adjunction of the surd "^, then the corresponding group G, 4l 


is a normal subgroup of the group Ge, with an Abelian factor group. 


Eventually, one obtains the principal theorem of Galois theory, 
formulated as follows: 
The polynomial equation p(x)=0 is solvable by radicals if and 


only if its Galois group G is solvable, that is if a descending series of 


groups exists, such that G, 4, is a normal subgroup of the group G, 


with an Abelian factor group, and G, is G , while Gy consists of 
the identity alone. 


194 NATURAL COMMUNICATION 


We stress that the Galois group G, — OG is identified with the 
group of those automorphisms of the splitting field Fy for p(x) that 


preserve the ground field of coefficients F =F, and thus they fix it. 


According to our interpretative scheme, the descending series of groups 


starting from the Galois group G, =G until the trivial group Gy is 
eventually reached, represents all the successive stages of symmetry 
reduction. That is to say all the successive stages of complexity or 
ambiguity reduction with respect to the ground field F =F until all 
the roots of p(x)=0 become distinguishable in the inverse ascending 


series of field extensions from the ground field F =F tothe splitting 


field F,. 


We conclude that an inverse correspondence obtains between 


the descending series of groups starting from the Galois group Gy =G 
and terminating at the trivial group Gy with the ascending series of 
fields starting from the ground field F =F and terminating at the 


splitting field Fy with respect to any polynomial equation of the form 
p(x)=0 solvable by radicals. The crucial points to notice are the 
following: 


i As the Galois group is the group of all those automorphisms of 
the splitting field for p(x) that preserve the ground field of 
coefficients, in the same way a subgroup of the Galois group is a 
group of automorphisms of the splitting field for p(x) that 
preserve an intermediate extension of the ground field of 
coefficients; 

ii The internal symmetry or structural complexity reduction of the 
Galois group takes place by division with a normal subgroup. 
Intermediate extensions of the ground field corresponding to a 
normal subgroup of the Galois group are called Galois field 


extensions; 

iii There is a one-to-one correspondence between Galois field 
extensions and normal subgroups of the Galois group; 

iv The Galois group -with normal subgroups structure- corresponds 


bijectively in an inverse manner to the ground field -with Galois 
extensions- structure. 
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Ground Field F' Galois Extension 


[Encoding Bridge] [Decoding Bridge] 


5.3 EQUIVALENCE: FROM TRANSFORMATION GROUPS TO GEOMETRIC KINDS 


The central conceptual aspect of the so called Erlangen program, 
conceived by Felix Klein, is expressed by the thesis that the objective 
content of a geometric theory is captured by the group of 
transformations of a space. The crucial insight of Klein’s program is that 
transformation groups constitute an algebraic encoding of a criterion of 
equivalence for geometric objects. Moreover, a transformation group 
determines the notion of what it is to be a meaningful property of a 
concrete geometric figure. Therefore, from the Erlangen perspective, a 
geometric figure may be conceived from an abstract algebraic viewpoint 
as a manifold acted upon transitively by a group of transformations. The 
decisive aspect of the criterion of equivalence that a transformation 
group furnishes is its use in characterizing kinds or types of geometric 
figures and not particular instances of these figures. 

The above leads to the idea that geometry, in an abstract sense, 
refers to kinds of figures, which are specified by the transformation 
group of the space. Each kind can have infinitely many instantiations, 
thus the same geometric form may be manifested in many different 
ways, or else assume multiple concrete realizations. This reveals an 
important ontological dimension of Klein’s program, since a 
transformation group of a space provides an efficient criterion to 
abstract a geometric kind from particular geometric instantiations, 
whereas the specific details of these instantiations, irrespective of their 
features as instances of a geometric kind, is irrelevant. In the light of 
this, a geometry is specified by a group and its transitive action on a 
space, which remarkably can be presented in a purely algebraic way as a 
group homomorphism from the transformation group to the group of 
automorphisms of the underlying space. Conceptually speaking, the 
form of a geometric theory is encoded in the transitive action of a 
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respective transformation group. Different particular geometric 
configurations are the same in form if and only if they share the same 
transformation group. In other words, the transitive group action 
provides a precise characterization regarding matters of geometric 
equivalence. 

Mathematically, the above thesis is expressed as the principle of 
transference, or principle of isomorphism, induced by a transitive group 
action on a space. A transfer of structure is taking place by means of an 
isomorphism providing different equivalent models of the same 
geometric theory. Philosophically, an Aristotelian conception of space 
underpins this thought, according to which space is conceived as being 
matter without form. The form is brought about by the action of a 
concrete transformation group. Still, more important, the space itself 
may be considered as the quotient of the transformation group over a 
closed subgroup of the former. A change in algebraic form, or else, a 
change of transformation group signifies a change in geometry, in the 
sense that the equivalence criterion encoded in the group action is altered. 

Thus, moving from a group to a larger one amounts to a change in 
the resolution unit of figures, expressed as a relaxation of the geometric 
equivalence criterion involved in the procedure. In effect, the criterion 
of equivalence serves as a powerful classification principle for 
geometries in relation to group hierarchies. A crucial aspect of the 
Erlangen program is that it does not specify which underlying manifolds 
exist as spectra of corresponding observable algebras, but deals with the 
possible existence of geometric structures on these manifolds in relation 
to the action of form-inducing transformation groups upon them. This 
leads naturally to a bidirectional relation of dependent-variation 
between transformation groups and geometric structures on manifolds. 
This bidirectional relation conveys the information that two spaces 
cannot have different transformation groups without differing as 
geometric structures, whereas the converse is clearly false. 


54 MULTI-CONNECTIVITY: FROM OBSTACLES TO THE FUNDAMENTAL 
GROUP OF LOOPS 


In the early 19th century, Jules Henri Poincaré attempted to probe the 
connectivity problem of a topological space by using paths, and in 
particular, loops based at a point of this space. This approach gave rise to 
homotopy theory, and in particular, led to the notion of the fundamental 
group of a topological space. The fundamental group at a point of a space 
is defined in terms of the set of based loops at this point modulo 
homotopies. The notion of homotopy is based on a homeotic criterion of 
identity of based loops, which is expressed in terms of invariance under 
continuous distortion and shrinking. 
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The most basic example is the example of the unit circle S'. If we 
consider homotopy classes of based loops winding around the circle, then 
they are classified by the number of times winding around the circle. 
Thus, the fundamental group of the circle is the additive group of the 


integers L. If we think of the real line R as a helix in 3-d space 
covering the unit circle S' depicted in 2-d space below, then the 
continuous surjective group homomorphism p:R— S' is the covering 


projection, which is given by the exponential map. In other words, the 
exponential map wraps the real line anticlockwise around the unit circle. 


We notice that the real line R is simply connected, thus it is a universal 
covering space of S'. Moreover, the symmetries of R leaving the circle 
S' invariant is given by trot+k, where k in Z is the winding 


Mur ee i ; R 
number, obtaining in this manner the group isomorphism 5'z 7 
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In general, the set of equivalence classes of based loops with respect to 
continuous distortion and shrinking can be always endowed with a 
multiplicative group structure under the operation of composition of 
paths. If the topological space is path-connected, meaning that any two 
points may be joined by a path, then the isomorphic class of the 
fundamental group does not depend on the selection of the base point, 
since the respective fundamental groups at two different base points can 
be made isomorphic. A path-connected space is always connected. The 
crucial thing is that it is simply-connected, and thus a geometric space, if 
it has a trivial fundamental group. 


5.5 DISCRETE FIBRATION: FROM COVERINGS TO THE MONODROMY ACTION 


A covering space of a base topological space is a local homeomorphism, 
such that for each point on the base space, the inverse image of an open 
set containing this point is a disjoint union of open sets in the covering 
space lying over the base, each of which is mapped homeomorphically on 
this open set, as it is displayed schematically below. In particular, if the 
base space X is connected, then the fibers of the covering space 
projection p:Y — X are all homeomorphic to the same discrete space 


I,suchthatlocally, Y isisomorphic with X x7. 
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open 


The most important examples of covering spaces arise from group 
actions on topological spaces. Let G be a group acting continuously 
from the left on a topological space Y.The action of G is even if each 
point yeY has some open neighborhood U such that the open sets 
gU are pairwise disjoint forall g eG. 

We recall that if a group G acts from the left on a topological 
space Y, one may form the quotient space Y/G whose underlying set 
is the set of orbits under the action of the group G and the topology is 
the finest one that makes the projection Y —Y/G continuous. If Y 
is connected, then the qualification of the action of G on Y as even, 
according to the above, makes the surjective projection Y —^^Y/G a 
covering one, or equivalently, Y becomes a covering space of Y/G. 
For example, let the group Z act on the space of the reals R by 
translations x x+n. In this case, we obtain R as a covering space 
of the space of orbits R/Z, where the latter is homeomorphic to the 
circle S'. 

Given a covering projection p:Y — X, where the base X is 
locally connected, we may consider the group of automorphisms of the 
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covering space Y compatible with the projection p, denoted as 


Aut(Y | X). We note that for each x e X , the fiber p (X) is mapped 
onto itself under the (left) action of the group Aur(Y|X). The 


important thing is that if the covering space Y is connected, then the 
action of the group Aur(Y| X) on Y is an even action. Not only this, 
but inversely, if G is a group whose action is even on a connected 


space Y, the group of automorphisms of the covering space Y 
compatible with the projection y »y/G,ie. Aut(Y| X) is identical 


with G. 

The objective posed by Alexander Grothendieck was to explore 
how Galois's theory can admit a natural instantiation in this context. 
The initial simple observation is that in the Galois theory of field 
extensions if we think of the base field as a base point, then a finite 
separable extension of this field should be thought of as a discrete set of 
points mapping to this base point. Galois theory then furnishes this 
discrete set of points with a continuous action of the Galois group which 
leaves the base point fixed. In this state of affairs, it is a naturally 
emerging idea to consider as a base not just a point but a more general 
topological space. The role of field extensions would then be played by 
certain continuous surjections of the type discussed above, called 
covering space projections, whose fibers are discrete spaces. 

The main thing to highlight in Grothendieck's perspective on 
Galois theory is that he follows the original Galois conception of the 
Galois group of a field extension as a group of permutations of the roots 
of a corresponding polynomial equation, which map each root onto a 
conjugate of it. Thus, there exists an action of the Galois group of the 
considered field extension via permutation of the roots of the 
corresponding polynomial equation. Grothendieck observed that this 
action is characterized by two important properties. First, it is a 
transitive action, and second, it is a continuous action if the Galois group 
is viewed as a topological group. Based on these two properties of the 
action of the Galois group on the finite set of roots of the polynomial 
equation, he proved the following correspondence, setting up the ground 
for generalizing the initial context of application of Galois theory: 

There is a one-to-one correspondence between isomorphism 
classes of finite (separable) extensions of a base field and finite sets 
equipped with a continuous and transitive action of the Galois group by 
permutations. 

The generalization amounts to introducing the notion of a Galois 
covering space p:Y — X as analogous to the notion of a Galois 
extension of a base field, which is enforced by considering the even 
action of the group of topological automorphisms  Aur(Y|.X) as 
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analogous to the action of the corresponding Galois group in the field 
case. In this manner, a connected covering space p:Y — X is qualified 
as a Galois covering space if and only if the group Aut(Y |X) acts 
transitively and continuously on each fiber of p:Y — X playing the 
role of a topological Galois group in this setting. Equivalently, we have a 
Galois covering space if and only if each orbit of the quotient 
Y/Aut(Y| X) is identical to a whole fiber of p:Y >X. 

Then, the fundamental theorem of Galois theory in the case of 
(finite) field extensions, according to which, the Galois group-with 
normal subgroups structure- corresponds bijectively and inversely to the 
ground field-with Galois extensions structure, can be transcribed in the 
topological setting as follows: 

The topological Galois group -with normal subgroups structure- 
corresponds bijectively in an inverse manner to the base topological 
space -with Galois covering spaces structure. 

The next step is to examine how the covering principle, fits and 
gets naturally unified with the Galois metaphora in the context of the 
topological generalization of Galois theory by Grothendieck, according 
to the above. Ultimately, the covering principle targets the eventuation 
of the universal covering space, characterized uniquely by the property 
of simple-connectivity. This is the key notion in the present case if it can 
be qualified appropriately through some group theoretic structure that 
can assume the role of a topological Galois group. Recalling from 
Poincaré’s metaphora that a path-connected topological space is 
simply-connected if it has a trivial fundamental group, the eventuation 
of the universal covering space can be transcribed group-theoretically 
thanks to the notion of the fundamental group of the base space, as 
targeting the annihilation of the fundamental group of the base. 

The annihilation of the fundamental group of the base space can 
be interpreted as a process of complexity contraction, or symmetry 
reduction, in the Galois theoretic sense, if and only if there exists an 
even, transitive and continuous action of the fundamental group on each 
fiber of the universal covering space p:Z — X . If this is the case then 
the fundamental group of the base space actually plays the role of a 
topological Galois group, whose symmetry is reduced in successive 
stages by division with normal subgroups corresponding to Galois 
covering spaces; Ultimately the whole symmetry is completely reduced 
by unfolding to the universal covering space characterized by 
simple-connectivity, which thus bears a trivial fundamental group. 

In other words, the maximal ambiguity engulfed in the 
fundamental group of the base space at a marked point, interpreted as a 
structural measure of  multiple-connectivity characterizing the 
homotopic complexity of the base at this point due to its prospective 
qualification as a topological Galois group, can be entirely eliminated by 
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unfolding to the simply-connected universal covering space of the base 
topological space. 

It remains to examine if there actually exists an even, transitive 
and continuous action of the fundamental group on each fiber of the 
universal covering space p:Z — X , qualifying it as a topological Galois 
group. The fact that such an action actually exists is due to the two most 
important properties of a covering space, namely the path-lifting 
property and the homotopy-lifting property from the base to the fibers of 
a covering space. 

The main idea is that both paths and loops (belonging to a 
homotopy class of the fundamental group) on the base space can be lifted 
uniquely from the base to the fibers of a covering space. In particular, if 
we consider a based loop at a marked point of the base space, then its 
unique lift on a covering space is not necessarily a loop, but it is always 
going to be a path whose starting and ending point belong to the same 
fiber of the covering space that projects to the marked point of the base, 
where the loop is based. Since such a based loop is an element of a 
homotopy class in the fundamental group at the marked point, the 
transition from the starting to the ending point of the fiber over the 
marked point induced by the lift of this based loop, amounts to an even, 
transitive, and continuous action of the fundamental group at the 
marked point on the fiber of the covering space over this point. This 
action is called the monodromy action of the fundamental group (at the 
marked point) on the fiber of the covering space over this point. 

Grothendieck proved that the monodromy action actually gives 
rise to a functor from the category of covering spaces over the base space 


X , where a marked point has been depicted, towards the category of 
sets equipped with a left action of the fundamental group at this point. 
This takes place by sending a covering space p:Y — X to the fiber 


p (x) over this marked point, called the fiber functor at the marked 
point. Essentially the fiber over a marked point encapsulates the global 
connectivity depth of this point in the presence of topological obstacles. 

There is a subtle indirect self-referential metaphora regarding 
the notion of a point in a topological space that is worth explicating. 
More precisely, the notion of a point in a topological space is only 
implicitly assumed, and thus it needs to be articulated through the basic 
topological characteristic, which is connectivity in the presence of 
obstacles. The metaphora from the topological domain of connectivity to 
the algebraic domain of the fundamental group, culminating in the 
notion of a covering space, pertains to the level of points by means of the 
monodromy action that eventually indirectly articulates a point through 
its fiber. 

The fiber functor at a marked point of the base space, induces the 
following categorical equivalence: 
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There exists an equivalence between the category of covering 


spaces over the base space X and the category of sets equipped with a 
left action of the fundamental group at the marked point, such that 
connected covering spaces correspond to sets with a transitive left 
action of the fundamental group at the marked point, and Galois 
covering spaces correspond to coset spaces of normal subgroups of the 
fundamental group at the marked point. 

In this way, we obtain the following unification of the covering 
principle with Galois theory in the current topological setting: 

The fundamental group of a base topological space (where a 
marked point has been depicted) -with normal subgroups structure- 
corresponds bijectively in an inverse manner to the base topological 
space -with Galois connected covering spaces structure-. 

The only condition for the validity of Grothendieck's theorem, 
establishing the role of the fundamental group as a Galois group in the 
setting of connected covering spaces, is that the base space is connected 
and each point of this space has a basis of simply connected open 
neighbourhoods. 

Now, if the Galois covering space is a universal simply-connected 


covering space of the base space X where a marked point x has been 


depicted, denoted by means of the covering projection p: X, — X, 
then it corresponds to a set equipped with a left transitive action of the 


whole fundamental group at this point 7, (X, x) ,orelsea 7, (X, x) -set. 
This action is of the Galois-type since it induces permutations of all the 
elements of the universal covering space fiber projecting to the marked 
point x inthe base. Thus, conceptually, it is naturally isomorphic with 


~ 


the group of automorphisms of the universal covering space X. 
compatible with the projection p, denoted as Aut(X, | X) .In this way, 


the Galois action of Aut(X, |.X) of the universal covering space fiber 


projecting to the marked point x in the base is identified with the 
monodromy action of the fundamental group (at the marked point) on 
the fiber of the universal covering space over this point. 
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5.6 LOCALIZATION: SHEAVES AND THE CIRCULATION FROM THE LOCAL 
TO THE GLOBAL 


The concept of a sheaf is based on two fundamental pillars. The first 
refers to the notion of a locally defined element of an algebraic structure, 
whence the second refers to the gluing or pasting conditions of these 
locally defined elements together. The concept of locality is introduced 
by means of an appropriate topology, or more generally, in terms of an 
appropriate covering system. The sheaf is understood as ubiquitious to 
address the precise manner in which locally defined elements, organized 
in terms of the structure of groups, or modules, or algebras, or even sets, 
can be topologically extended from the local to the global. They are thus 
collated compatibly into global elements over a partially ordered covering 
system, like the one defined by the open covers of a topological space. 

In this sense, a sheaf may be thought of as a continuously variable 
algebraic structure, whose continuous variation is expressed in terms of 
its sections over the local covers of a global topological space. The 
existence of the latter is only implicitly assumed, since the actual 
objective of a sheaf is the topological articulation of the points of this 
space through the compatible amalgamation and extendibility of the 
sections from the local to the global. Thus, essentially the notion of a 
sheaf targets the nature of points in a topological space in the presence 
of obstacles to connectivity. 

The amalgamation, this process of gluing, is conducted by the 
formation of appropriate equivalence classes, called germs of sections of 
a sheaf, which are defined over a partially ordered family of covers of the 
implicitly assumed global topological space. A section of a sheaf, which is 
defined over a local cover may be thought of as a partially defined, 
continuously variable functional relation, whose degree of specificity 
depends on the spectral resolution afforded by the corresponding cover. 


CIRCUMVENTING COMPLEXITY 205 


One of the most interesting aspects of the sheaf concept in 
comparison to the former set-theoretically articulated notion of a 
topological space is that a sheaf actually captures the model of a 
topological space in its spectral becoming. Given that a topological 
space, for instance a manifold, is physically utilized to represent the 
event or state structure of a physical theory corresponding to the 
evaluation of observables, its associated sheaf model pertains to its 
actual taking place, ie. to its actual constitution by amalgamating 
compatibly local observables into global ones. This is because the 
underlying notion of a global topological space, referring to its structure 
of points, both standard and singular, is initially only implicitly assumed, 
and then, step-by-step induced indirectly by completion via the germs of 
the sheaf. This culminates in extracting the invariant information 
pertaining to these germs after their integration. 

In this sense, we should emphasize that a sheaf model of a space 
does not have a local structure defined by its points, which are assumed 
to be absolute and pre-existing according to former set-theoretic lines of 
reasoning. In contrast, the local structure is considered as being 
intrinsically continuous with respect to the partially ordered covers of 
this space. A closed partially ordered family of intersecting local covers, 
capable of gradually unraveling the invariant information that germs 
bear at a point, acquires the meaning of a temporal order. The algebraic 
structure of germs at a point subsumes in this way all the contextual 
information in relation to this point. 

The sheaf completion property at a point is tantamount to the 
integration of these germs, though of as expressing differentially the 
local or infinitesimal variations around this point. Eventually, this is 
precisely the spectral resolution process that characterizes not only the 
underlying point itself sheaf-theoretically, but also its genetic 
constitution and variation in relation to the considered temporal order. 
This is because the global characterization of a point, for example of a 
physical state or an event, is the final result, the ichnography, or 
technically the trace of a continuous unfolding process of genetic 
constitution in terms of granular elements. These granules are precisely 
the germs of sections around that point, each one of which bears the 
resolution capacity of their cover-horizon. Therefore, germs incorporate 
all their compatible subcovers within the pertinent temporal order. 

Since Jean Leray’s initial conception of the notion of a sheaf, and 
Grothendieck's articulation of the same concept, the various examples 
and applications of sheaves have come to play a major role in such 
diverse fields of mathematics as several complex variables, algebraic 
geometry, algebraic topology, and differential geometry. This is 
especially true for Grothendieck's contribution, which generalized the 
notion of sheaves beyond the realm of topological spaces, making it 
applicable over general category-theoretic sites. In sum, categories 
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equipped with covering systems, called Grothendieck topologies, has 
created a wealth of new models enriched with the power of the methods 
of homological algebra. 

The algebraic topological ubiquity of the sheaf concept is based 
on the realization that, since it is possible to localize standard algebraic 
notions, such as homomorphism, kernel, image, subobject and quotient 
object sheaf-theoretically, in such a way that these concepts have 
essentially the same meaning as in abstract algebra, one can interpret 
them from a categorical standpoint, and infiltrate all the constructions 
of homological algebra through sheaf theory. The resulting category of 
sheaves has the same classical properties as the category of Abelian 
groups, or the category of modules. More precisely, one can define for 
sheaves direct sums, direct products, tensor products, inductive limits, 
and all other related concepts. 

For this reason, the apparatus of sheaf theory is able to penetrate 
into various fields of mathematics providing an effective algebraic tool 
especially in those areas which ask for global solutions to problems 
whose hypotheses are local. This is due to the fact that there is a natural 
definition of the cohomology of a site, that is, in the simplest case of a 
topological space with coefficients in a sheaf. In particular, 
Grothendieck’s insights and formulations led to the crystallization of the 
idea that the natural argument of a cohomology theory is a pair 
consisting of a global topological space, or more generally a 
category-theoretic site, together with a sheaf of coefficients defined over 
it, rather than just the space itself. In point of fact, and since the 
topological space is only implicitly assumed, the major role is played by 
the means of measuring and spectrally resolving this space over its local 
covers, i.e. by the pertinent sheaf of coefficients. This realization has 
been transferred to the field of complex analysis, and more recently to 
the field of differential geometry by the development of the geometric 
theory of vector sheaves, which are equipped with a connection, 
according to the framework of Anastasios Mallios, called Abstract 
Differential Geometry (ADG). Since then, it is a common topos that the 
sheaf gauge of algebraic-topological localization and extendibility 
sought-after is always provided by sheaf cohomology. 

Cohomology has been invented as an efficient algebraic 
technique of assigning global invariants to a topological space, or more 
generally, to a categorical site, for the purpose of capturing 
group-theoretically its most important shape-related characteristics in a 
homotopy-invariant way. In particular, the cohomology groups encode 
the global obstructions for extending sheaf sections from the local to the 
global level, for example, extending local solutions of a differential 
equation to a global solution. 

For instance, Georges de Rham cohomology theory measures the 
extent that closed differential forms fail to be exact, and thus, it qualifies 
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the obstruction to integrability group-theoretically, since according to 
the lemma of Poincaré, every closed differential form is locally exact. 
The de Rham theorem asserts that the homomorphism from the de 
Rham cohomology ring to the differentiable singular cohomology ring, 
which is given by the integration of closed forms over differentiable 
singular cycles, is a ring isomorphism. The sheaf-theoretic understanding 
of this deep result came after the realization that both the de Rham 
cohomology and the differentiable singular cohomology are actually 
special isomorphic cases of sheaf cohomology with values in the constant 
sheaf of the reals. In particular, it has been also clarified that the de 
Rham cohomology of a differential manifold depends only on the 
property of paracompactness of the underlying topological space. 

Aside from the cohomological machinery associated with the 
algebraic theory of sheaves, the general process of transition from the 
constant to the variable takes place by substituting global rigid 
set-theoretic algebraic structures with localized continuous 
sheaf-theoretic algebraic structures. It is in this precise sense that a 
sheaf may be thought of as a continuously variable set, whose 
continuous variation is enacted over the employed local covers of a 
topological site, such that local sections bear the capacity to interlock 
together in their extendibility from the local to the global. These local 
covers are required to obey certain topological closure conditions, which 
in fact, generalize the definition of a topology formulated in terms of 
open sets covering a classical topological space. 

From a physical standpoint, we are forced to consider the 
conditions of localization of physical observability, to elevate 
observables from the topos of sets to an appropriate topos of sheaves 
with respect to a covering system of a global site. The idea is that the 
global is not directly accessible, and thus, information can only be 
qualified and quantified sheaf theoretically, ie. in terms of pasting 
conditions, from local measurements taking place over the covers of this 
site. Intuitively speaking, this amounts to a new type of relativization 
pertaining to the local behavior of observables as opposed to their 
classical point behavior due to the obstacle erected by objective 
indistinguishability, or intrinsic randomness, or non-subjective 
uncertainty. 

It is useful here to recall that in the guiding case of a topological 
space, the notion of a topology provides the means to talk about what a 
continuous function is between topological spaces. A function is said to 
be continuous if and only if the inverse image of every open cover of the 
range is an open cover of the domain topological space. This formulation 
is an attempt to capture the intuition that there are no breaks or 
separations in a continuous function. This being so, it is instructive to 
highlight the following: 
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i The definition of a topology on a space is solely used for the 
formalization of what a continuous function is on that space, 

ii the continuity of a function is a property which is determined 
locally, that is only by reference to the open covers of a space. 


This means that due to the variability of open covers in the topology the 
property of continuity of a function should respect the inverse algebraic 
operations of restriction and unique extension with respect to the open 
covers of a covering system. Thus, a continuous function can be 
restricted consistently to open subcovers of any open cover in the 
topology and inversely extended by gluing uniquely together all its local 
restrictions. This is the crucial conceptual insight in relation to the notion 
of continuity that is incorporated in the technical definition of a sheaf. 

The above insight referring to the precise formulation of the 
property of continuity may be generalized in two directions: Firstly, 
instead of open covers of a topological space we may consider 
generalized covers under the constraint that they collectively obey 
topological closure conditions analogous to the ones used for open 
covers. Secondly, instead of functions varying continuously over local 
covers, we may consider generalized functional relations, which are 
precisely the sections of a sheaf. We note that local sections of a sheaf 
depict functional relations relatively to a local cover. From this 
viewpoint, a sheaf is essentially the totality of its sections, 
comprehending both the local and the global in case that the latter 
actually exist. 

Thus, in terms of sections, what actually matters is their 
consistent interrelation as well as their respective pairwise interlocking 
properties with respect to the local-global distinctions subsumed by the 
underlying covers. In particular, the operation of restriction of sections 
is meaningful with respect to nesting local covers under intersection, 
whereas the operation of extension or gluing of sections is meaningful 
with respect to compatible pairwise intersections of sections over their 
respective local covers, followed by extendibility of a section by another 
section over the union of their covers. We note that if only the 
compatibility property of sections under restriction for nested local 
covers is satisfied, then we obtain a weaker structure called a presheaf. 
In cases where the compatibility property of sections under extension is 
also satisfied, then we obtain a separated presheaf. Only in case that the 
operation of extension results in a unique gluing of sections, that is local 
sections can be uniquely glued together, a separated presheaf becomes a 
sheaf. 

As a result, in general, there will be more locally defined or partial 
sections than globally defined ones, since not all partial sections need be 
extendible to global ones. Nevertheless, a compatible family of partial 
sections uniquely extends to a global one, or in other words, any 
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presheaf uniquely defines a sheaf. More precisely, for the leading 
example of localization with respect to the open covers of a topological 
space we have the following basic notions: 

A presheaf F ofsetsonatopologicalspace X ,is constituted as 
an information structure in relation to this space, as follows: 


i For every open set U of X, there is defined a set of elements 
denoted by F(U); and 


ii For every inclusion V ° U ofopensetsof X , there is defined 
a restriction morphism of sets in the opposite direction: 


r(U|V):F(U)—I(V) (1) 


such that: 
a r(U|U) -identityat FU) forallopensets U of X;and 
b r(V |Wyer(U|V) - r(UlW) forallopensets Woe V œU. 


Usually, the following simplifying notation jis used: 
r(U |Vy(s):- s|,. 

A presheaf F of sets on a topological space X , is defined to be 
a sheaf if it satisfies the following two conditions, for every family Vs 


ael, of local open covers of V, where V open set in X , such that 


V -UV 


i Local identity axiom of a sheaf: Given s,;eF(V) with 
S|, =t|, forall aeJ,then s=+;and 


ii Gluing axiom of a sheaf: Given s, €E E), SE F(V,), a,bel, 
such that: 


Sa le, Sp MA (2) 


for all a,b e7, then there exists a unique seIF(V), such that: 
sl, 7s, EEV) and sl, 7s, eF(V,). 

If we consider the partial order of open covers of a topological 
space X as a category denoted by O(X), where all arrows are 


inclusions, then F denotes the contravariant presheaf/sheaf functor 
that assigns to each open set U c X a set in the category Sets. We 
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note that the above definitions hold if instead of presheaves/sheaves of 
sets we consider presheaves/sheaves of algebraic structures, for example 
groups, algebras over a field, vector spaces over a field or modules over 
an algebra. 


As the most basic example, if F denotes the contravariant 
presheaf functor that assigns to each open set U c X , the commutative 
and unital algebra of all real-valued continuous functions on U , then 
F is actually a sheaf. This is clear since the specification of a topology 
on X, and hence, of a topological localization system on ©(X)), is 
solely used for the definition of the continuous functions on X , to be 


thought of physically as observableson X. 

Thus, the continuity of each function can be determined locally. 
This means that continuity respects the operation of restriction to open 
sets, and moreover that continuous functions can be collated in a unique 
manner, as is required for the satisfaction of the sheaf condition. More 
precisely, the sheaf condition in this case means that the following 
sequence of commutative algebras is left exact; 


03 FU)^ [LFU [L EUV». © 


Let us further assume implicitly that x is a point of a 
topological space .X . Moreover, let T be a set consisting of open 
covers of X, containing x, such that the following condition holds: 
For any two open covers U, V, containing x, there exists an open 


cover W eT, contained in the intersection U| (Y. We may say that T 


constitutes a basis for the system of open covers around x. We form the 
disjoint union of all F(U), denoted by; 


Da) =|] FU). (4) 


Then we can define an equivalence relation in D(x), by requiring that 
f~g for feF(U), gcF(V), provided that they have the same 


restriction to a smaller open cover contained in T. Then we define; 
colim,[F(U)]:- D(xy e». . (5) 


It is clear that the above definition is independent of the chosen basis of 


open covers 7’, and thus corresponds to an inductive limit construction. 


The inductive limit obtained is denoted by F., and referred to as the 
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stalk of F at the point xe X. We identify an element of F of sort 


U withalocalsection of F over the open cover U. 


Then the equivalence relation, used in the definition of the stalk F, at 
the point xeX is interpreted as follows: Two local sections 
f €F(U), g € F(V), induce the same contextual information at x in 


X , provided that they have the same restriction to a smaller open cover 


contained in the basis T. Then, the stalk F, is the structure 


containing all contextual information at x, that is the structure of all 
equivalence classes. 


Moreover, the image of a local section f e F(U) at the stalk F,, 


denoted by f. , that is the equivalence class of this local section f, is 
precisely the germ of f at the point x. We deduce that the fibration 


corresponding to a sheaf of sets F is a topological bundle, called an 
étale bundle, defined by the continuous mapping p: F — X , where; 


F=|] 2E ©) 
9 Q)-F. (7) 


The mapping 9 is locally a homeomorphism of topological spaces. The 


topology in F is defined as follows: for each local section f e F(U), 


the cover ( fax eU ] is open, and moreover, an arbitrary open cover is 
a union of covers of this form. Obviously, the same arguments hold in the 
case of a sheaf of sets F endowed with some algebraic structure, for 


example F -algebras (where F is a field). Finally, the sheaf F can 
be canonically identified as the sheaf of cross-sections of the 


corresponding étale bundle F. 

We stress that the notion of a sheaf depends on the fact that we 
require the gluing condition with respect to all covers of any local cover. 
In principle, one could select some covers of a local cover and require the 
gluing condition only with respect to the selected covers. In this way, 
the notion of sheaf would be meant with respect to the selected family of 
covers. On the other hand, there is no restriction in considering only 
hereditary or genetically descending covers, that is covers containing all 
their subcovers. More precisely, any cover can be made hereditary (by 
adding to each cover all its considered subcovers), and compatible 
(uniquely glued) families of sections on the original cover are in bijective 
correspondence with compatible families of sections on the new one. 
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This fact provides an important insight on the nature of the 
topological localization process of observables implicated by the sheaf 
concept. First, let us think of a local cover as a partial information 
carrier. Then, the idea of considering hereditary covers can be 
implemented according to a procedure of refining the resolution grain of 
information via localization through sieving. More concretely, a sieve on 
a local cover can be thought of as consisting of spectral horizons 
distributed across different nested layers, such that, every partial 
information which is compatible with respect to one of these horizons 
passes through it but not otherwise. 

The conception of covering sieves as hereditary covers used for 
localizing, and thus sharpening, information with respect to intersecting 
local covers at deeper ordered depths, gives rise to localization systems 
of global observable algebras which induce a semantic transition of 
events from the set-theoretic to the sheaf-theoretic level In this 
manner, events are just the traces of the process of sharpening 
observable resolution by the way of sheaf-theoretic localization. The 
operation which assigns to each local cover a collection of covering 
sieves satisfying the appropriate transitivity and stability properties 
under localization into deeper ordered depths, defines a topology, which 
is technically called a Grothendieck topology. 

The notion of a Grothendieck topology formulated in terms of 
covering sieves is significant for the following reasons: First, it 
elucidates precisely the topological concept of locality in relational 
order-theoretic terms, such that this concept becomes distinguished 
from its usual spacetime connotation. Second, it permits the 
amalgamation of local information into global by utilization of the 
notion of sheaf with respect to the defined topology. 

In more detail, the extension of observable information from the 
local to the global takes place through a compatibly glued family of 
sections over a covering sieve constituted of local covers of sharper and 
sharper resolution, giving rise to an inductive localization system upon 
its closure that ia tantamount to the completion of the localization 
process. A sheaf assigns a set of sections to each local cover of a 
localization system. A selection of sections from these sets, one for each 
local cover, forms a compatibly glued family with respect to a 
localization system, if the selection respects the operation of restriction, 
and additionally, if the sections selected agree whenever two local cover 
of the localization system overlap. If such a locally compatible selection 
of sections extends uniquely to a global one, then the sheaf conditions 
are satisfied. We note that in general, there will be more local sections 
than global ones (if they exist), since not all local information need be 
extendible to global ones, but a compatible family of local information 
uniquely extends to a global one with respect to a localization system. It 
is crucial that sheaf-theoretic localization takes place in terms of 
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continuous granular elements, ie. the sections of a sheaf, which 
gradually, and in terms of the temporal order they are associated with, 
expressed by a closed sieve of covers, genetically unfold the becoming of 
point-events. 

It is essential to clarify that the sheaf model of a space takes place 
in three steps, after the specification of a covering sieve: The first step 
organizes compatibly the local cover-infiltrated information of sections, 
such that the latter can be compatibly restricted from the global to the 
local. This process produces a structure that is only a presheaf. Note that 
conceptually the implicitly assumed global, from the presheaf-theoretic 
viewpoint, refers to the global in its potentiality to germinate in the 
context of some temporal order, and eventually produce facts. The 
second step involves the process of functional localization of the 
sections of the presheaf. This is necessary because the sections of the 
presheaf are not a priori functional elements. It is accomplished by 
means of the topological realization of the presheaf of sections as a 
display space constituted by disjoint stalks of germs over each point of 
the underlying base space. The third step involves the completion of the 
presheaf, or equivalently the completion of its associated display space, 
such that the germs belonging to each stalk can be evaluated and 
produce a fact, temporalizing in this way the pertinent point of the stalk, 
by disclosing genetically the temporal order they descent from. In this 
way, it is realized a sheaf, incorporating all the necessary and sufficient 
conditions for the bidirectional compatibility of information under 
restriction or reduction from the global to the local, and inversely under 
unique extension or induction from the local to the global. The latter 
sheaf-theoretic conceptualization of the global refers now to this term in 
its actual propensity to explicate points globally in terms of events 
following the germination of sections with respect to the temporal order 
they participate and descend from. 

Clearly, both of these connotations depend on the role of the 
covers of a covering sieve, since it is true both, that the production of 
facts is pre-conditioned by their existence, and their interconnection is 
possible only via the sheaf-theoretic gluing procedure conducted over 
these covers. Hence, the local covers can be thought of as both, localities 
of contextualized potentiality (under restriction from the global to the 
local), and as localities of relativized facticity (under extension from the 
local to the global), with respect to which point-events are localized, 
actualized, and eventually, interconnected consistently. 

Due to the dual articulating role of the term global, in relation to 
both potentiality and actuality, pertaining to the conception of the sheaf 
model of a topological space as a complete presheaf, according to Leray, a 
logical scheme of indirect self-referentiality is induced, whence locally 
all the information is sieved through an appropriate family of local 
covers. The uniquely defined sheaf-theoretic extension from the local to 
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the global takes place thanks to the formation of germs, i.e. equivalence 
classes of locally or partially defined section compatible by our criteria. 
Due to the process of extensive connection and the formation of 
continuous histories in terms of germs in purely topological terms 
(without assuming any pre-existing metrical linear sequence of an 
external time line), the notion of a sheaf resolves the self-referentiality 
induced by the dual role of the topological global in a spiral-like form. 
The two possible ways of orientation on this spiral-like form represent 
the inverse processes of ascending (extending from the local to the 
global) and descending (restricting from the global to the local). Ascent 
corresponds to indirect self-referential constitution of the global in 
terms of events, from the local, via the extensive connection of their 
corresponding germs. This means that the global (in actuality) can be 
genetically and connectively, that is, historically, accessed only through 
the germs of observables over the corresponding point-events. Descent 
corresponds to indirect self-referential resolution of the global (in 
potential) with respect to a multiplicity of local covers, such that the 
inversely constituted global (in actuality) achieved by evaluating germs, 
is compatible with the former. The basic idea pertaining to the above 
may be simply put as follows: Since the evaluation of a section over a 
cover gives rise to an observed event, this event is simultaneously 
implicitly correlated with a germ, i.e. with the whole family of sections, 
which are compatible with the considered one under restriction, or more 
generally, under pulling back. Thus, we can access the historicity of an 
event from a topological perspective through the connective extension 
of a continuous germ, which indirectly correlates this event to all 
antecedent events. 


5.7 ANALYTIC CONTINUATION: RAMIFICATION OF MULTI-VALUED FUNCTIONS 


Geometric function theory on a Riemann surface, culminating in the 
thriving field of complex analysis, traces its germ of conception and 
initial development back to Bernhard Riemann’s principles for dealing 
with the notion of a multiply-extended or multi-fold magnitude. This 
notion, called simply today a multi-valued function, takes hold because 
the analytic continuation of a given holomorphic function element along 
different paths on the complex plane, due to the presence of an obstacle, 
leads to different branches of that function. 

The basic idea of Riemann, giving rise to the covering principle, 
consists in the replacement of the initial domain of definition of the 
function with a multiple-sheeted covering of the complex plane, or more 
generally, of the Riemann sphere, so that this function becomes 
eventually single-valued on the universal covering space of the initial 
domain. In this manner, a multiply-extended variable magnitude on the 
complex plane is unfolded into a simply or uniformly-extended variable 
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magnitude on the universal covering space. Thus, the covering principle 
is essentially based on the idea of metaphora from an obstacle-laden 
domain to the universal covering of this domain. The latter is qualified as 
the maximal, simply-connected and obstacle-free unfolding space, where 
uniform extendibility of an equivalence class, a locally-defined germ of a 
holomorphic function element, becomes feasible. 

Uniform extendibility in the universal covering or unfolding 
space is thought of in terms of the process of analytic continuation of a 
multi-valued function along loops surrounding obstacles. Riemann 
conceived of an infinitely thin sheet propagating along a loop of this kind 
such that, when one returns to the starting point, one arrives on a 
different sheet whenever the value of the function obtained by analytic 
continuation is different from its initial value. 

In this way, by performing the analytic continuation along all the 
possible loops, one may associate a many sheeted smooth compact 
surface which covers the Riemann sphere with the given multi-valued 
function, where the former functions become uniform and single-valued. 
If the covering surface is constructed so that it has as many points lying 
over any given point in the complex plane (or the Riemann sphere) as 
there are function elements at that point, then on the universal covering 
Riemann surface, the analytic function unfolds completely and becomes 
single-valued. This process of unfolding a multi-valued function by 
means of spreading out into a multiplicity of branches constituting the 
universal covering is called the ramification of a multi-valued function. 

Consequently, according to Riemann’s covering principle, when a 
multi-valued function unfolds, the covering surface will also unfold with 
it. In a region where two or more unfoldings of the function occur, the 
covering surface will be double or multiple. It will consist of two or 
several sheets, each one of them corresponding to a branch of this 
function. Around a ramification point of the function, a sheet of the 
covering surface will unfold to another sheet, and in such a way that, in 
the neighborhood of this point, the surface may be thought of as a 
helicoid whose axis is perpendicular to the complex plane at that point. 
But when, after several windings around the ramification value, the 
function takes back its initial value, one must assume that the superior 
sheet of the surface connects to the inferior one by traversing the rest of 
the sheets. At each point of a surface which represents the way it 
ramifies, the multi-valued function admits a single determined value, 
and may therefore be looked upon as a perfectly determined function of 
the place (of a point) on this surface. It is important to highlight that the 
different covering branches can be joined together only at points, not 
along lines. 

In modern terminology, a covering Riemann surface gives rise to 
a holomorphic map with codomain the complex plane, or the Riemann 
sphere, which is characterized topologically as a ramified covering 


216 NATURAL COMMUNICATION 


projection or, equivalently, as a branched covering space of the latter. In 
other words, it is a local homeomorphism, such that for each point on the 
plane or the sphere, the inverse image of an open set containing this 
point is a disjoint union of open sets in the covering Riemann surface, 
each of which is mapped homeomorphically on this open set. This holds 
universally with the exception of the ramification points, which are 
inverse images of branch points on the plane or the sphere. At these 
points, the various branches of the covering Riemann surface, thought of 
as a helicoid winding around the various corresponding branch points, 
are alternated or interchanged in winding cycles. 

We note that if we forget the fact that these concrete surfaces are 
spread out over the complex plane (or the Riemann sphere) as branched 
covering spaces referring to the process of unfolding of a many-valued 
function, we obtain the notion of an abstract Riemann surface, defined 
as a two-dimensional real analytic manifold equipped with a 
holomorphic structural atlas, which is considered as the natural domain 
of definition of analytic functions in one complex variable. In this 
manner, the notion of a concrete covering Riemann surface is used only 
with reference to a many-valued function. Recalling Weyl’s suggestive 
formulation, a concrete Riemann surface is not merely a visual 
representation of a many-valued function. Quite the opposite, it must 
throughout be thought of as the prius, as the mother earth in which 
functions, like plants, can first of all grow and flourish. 


If we recall the complex exponential covering projection from C 


to C2 C-(0). 


exp(z):C>C 


then, a determination of its inverse many-valued function log(z) is 


only locally feasible, it can take place only in terms of local sections of 
the exponential covering exp(z). More precisely, each section defined 
on C-íray) constitutes an inversion of exp(z) only locally, and thus 
contributes, to a local determination of the logarithm. Each section bears 
the form log(z)-2xiz, where x is an integer. The compatible gluing 


of all these local determinations over their non-trivial overlaps gives rise 
to the Riemann surface of the many-valued function log(z), as follows: 
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The multiply-extended aspect of a many-valued function of one complex 
variable lead naturally to the first topological considerations regarding 
the connectivity of surfaces. In particular, a piece of a surface is 
connected when any two points in it can be joined by a path. Riemann's 
method of probing the connectivity of surfaces is based on the notion of 
boundary cuts, which are simple paths joining two points on the 
boundary. A surface is simply connected if any boundary cut dissects it 
into two simply connected pieces rendering it disconnected. 

In general, the type of connectivity of a surface involves the 
counting of the number of boundary cuts and the number of simply 
connected pieces obtained after performing these cuts. The basic idea is 
that if a surface is cut into m simply connected pieces by n 
boundary cuts, then the number (m-n), for m and n variable, 
remains constant. According to Riemann, this constant captures the 
order of connectivity of the surface. 

With this stipulation, a connected surface is judged to be ” -fold 
connected if a system of (n—1) boundary cuts are required to make it 
simply connected. Of course, these considerations pertain to a surface 
with boundary. In order that they become applicable to a closed surface 
it is necessary the metamorphosis of this surface to another one with a 
boundary. In particular, if we make a puncture at any point of a closed 
surface, then the analysis takes place by considering a cross section 
starting from this point and returning to it, giving rise to a loop, or closed 
curve. 


Thus, whenever it is possible to draw n closed curves 0, 05, 


.., QU, on a surface T, which, either taken separately, or taken 
together, do not form the complete boundary of part of the surface, but 
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which, joined to any other closed curve, do form the boundary of part of 
the surface, then the surface is. (n +1) -ply connected. 

The next fundamental notion refers to the topological genus of a 
closed surface, especially concerning its relation with the connectivity 
order of a closed surface. If 2p is the maximum number of closed 
curves (being allowed to intersect) which may be drawn on a closed 
surface 7 without rendering it disconnected, then 7 is the genus of 
this surface. 

The genus is characterized as a complete homeomorphism 
invariant, meaning that two (compact and orientable) surfaces without 
boundary are homeomorphic, if and only if they have the same genus. 
Moreover, 2p is identified as the rank of the first homology group of 


T , ie. its first Betti number. Finally, it is straightforward to obtain the 


relation of the connectivity order c of a closed surface T with the 
genus p ofthis surface, namely c=2p+1. 

According to William Kingdon Clifford, a closed curve on a 
surface should be thought of as a circuit. If it is possible to move a circuit 
continuously on the surface until it shrinks up into a point, the circuit is 
called reducible; otherwise it is irreducible. In general, there is a finite 
number of irreducible circuits on a closed surface which are 
independent. An independent circuit is characterized as one that by 
continuous motion cannot be made to coincide with a curve made out of 
the others. 

In particular, for a surface bearing p holes there are 2p 
independent irreducible circuits; one around each hole, and one through 
each hole. 

Conclusively, Riemann's metaphora addressing the ramification 
of a many-valued function, may be summarized as follows: 


a eventuation of obstacles until each closed curve that embraces 

them plays the role of a boundary for a portion of the universal 

covering surface; 

application of boundary cuts; 

spreading out into all possible distinct covering branches; and, 

d amalgamation of all the covering branches to obtain the 
simply-connected universal covering surface. 


o 


In the context of this metaphora, the relation between two different 
simply connected regions is expressed through Riemann's mapping 
theorem. More specifically, any two simply connected regions can be 
mapped conformally, that is, in an oriented angle-preserving way, onto 
one another. In particular, any such simply connected plane region can 


be mapped conformally onto the unit disc D. 
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The generalization of the Riemann mapping theorem to what is 
called the uniformization theorem for Riemann surfaces, proved by 
Henri Poincaré and Paul Koebe, states that any simply connected 
Riemann surface is isomorphic, meaning conformally equivalent in this 
context, to the Riemann sphere, to the complex plane, or to the unit 
disk. The term uniformization accords to the process of unfolding a 
multiply-extended variable magnitude to the universal covering, 
simply-connected, Riemann surface of this function, where it becomes 
uniformly valued. The type of uniformization applicable to a surface 
with holes depends on the genus of this surface. More precisely, those of 
genus 0 are their own universal covering Riemann surfaces, 
isomorphic to the Riemann sphere; those of genus | are universally 


covered by the complex plane; and all those of genus at least 2 are 
universally covered by the unit disk. 

The basic idea here is the following: If we think of a hole on a 
surface as an obstacle, then the emergent simply-connected geometric 
unfolding of the great majority of these surfaces, involving all cases 
where we have two or more obstacles, conforms to the norms of neither 
the spherical, nor the flat geometry, but to those of the hyperbolic 
geometry. 


Universal Riemann Surface 


Covering Principle 


TV Hoomotopic and Homological T 


Classification 


5.8 HYPERBOLICITY: LOGARITHMIC CROSS RATIO ON THE CONFORMAL DISK 


The hyperbolic plane bears four different models by means of which it 
can be explicated. The first is the upper half complex plane model, the 
second is the Beltrami-Klein projective disk model, the third is the 
Lorentz hyperboloid model, and the fourth is the Poincaré conformal 
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unit disk model in the complex plane. We are going to focus on the 
conformal disk, and the upper half plane model, in what follows. 

The points of the Poincaré disk model of the hyperbolic plane are 
the points which are interior to the unit disk in the complex plane, and 
the lines are the diameters and the arcs of circles which are orthogonal 
to the boundary of the disk. The definition of the distance between two 


points Z, and Z, inthe interior of the disk is secured by constructing 
the hpperbolic line joining them. We also take into account that C, and 
Č, are the endpoints of the diameter or arc of circle determining the 


hyperbolic line. Then the distance between the points 2, and Z, is: 
8(z,2,) -d0g(252,,6,6.)] 


where pem ma " denotes the cross-ratio of these four points, which 
is real and positive, so that the logarithm is definable. The geodesics in 
the unit disk are the circles and the lines in the plane that are orthogonal 
to the unit circle at two points. 


Poincaré assumes the existence of a world enclosed in a large boundary 
circle and subject to the following law: The temperature in this world is 
not uniform; it is largest at the center, and it diminishes as one moves 
away from the center, so that it reduces to absolute zero when one 
reaches the boundary circle where this world is enclosed. He considers 


the non-uniform variation of the temperature as follows: Let R be the 


CIRCUMVENTING COMPLEXITY 22I 


radius of the limit boundary circle, and let r be the distance from the 
point under consideration to the centre of this circle. The absolute 


temperature will be proportional to &? —7?. He additionally assumes 
that, in this world, all bodies have the same coefficient of dilatation, in 
such a way that the length of any ruler shall be proportional to its 
absolute temperature. Finally, he assumes that an object transported 
from one point to another, whose temperature is different, shall 
immediately reach thermal equilibrium with its new location. A moving 
object will then become smaller and smaller as it approaches the 
boundary circle. If this world is finite from the point of view of our 
customary geometry, it will appear infinite to its inhabitants. In fact, 
when they intend to approach the boundary circle, they will get colder 
and become smaller and smaller. The steps they take are therefore also 
smaller and smaller, so that they can never actually reach this boundary. 

In the same geometric context, Harold Scott Coxeter remarks 
that the conformal disk model is an inversive model of the infinite 
hyperbolic plane geometrically, using a circular “nutshell” figure to stand 
for the Absolute. When Hamlet exclaims (in Act II, Scene II) “I could be 
bounded in a nutshell and count myself a king of infinite space” he is 
providing a poetic anticipation of Poincaré’s disk model. 

Note that angles in the unit disk model of the hyperbolic plane 
are measured in the Euclidean way, so that the measure of the angle 
between two hyperbolic lines is the Euclidean measure of the angle 
between their tangents. Moreover, it is not adequate to consider only 
the hyperbolic plane disregarding its boundary. In the disk model, the 
boundary is realized by the unit circle. 

Let us consider now the upper half plane model of the hyperbolic 
space. Here the points of the geometry are the points in the upper half 
plane, and the lines are either vertical rays from points on the real axis or 


semicircles with diameter on the real axis. Given two points 2, and Z, 


in the upper half plane, the Euclidean perpendicular bisector of the 
Euclidean segment joining them meets the real axis at the center of a 
semicircle through the two points. 


If we consider that bi and Es are the endpoints of the 


semicircle, we can define the notion of distance in this model as in the 


Poincaré disk model, i.e. dz) aono oes). Since an August 
Mobius transformation exists, which maps the unit disk model to the 
upper half plane model of the hyperbolic plane, there is a one-to-one 
mapping of one model to the other, which preserves all the hyperbolic 
distances and constitutes these two models of the hyperbolic plane as 
isometric images of one to the other. 
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59 GENUS AND CURVATURE: THE INTRINSIC GEOMETRY OF RIEMANN SURFACES 


The Uniformization theorem encapsulates, via the notion of conformal 
equivalence, the geometry of the universal covering space, where the the 
complete unfolding of a multi-valued function takes place. In particular, 
since the universal covering is a simply-connected geometric space, the 
function becomes uniformly-valued on this space. From the 
algebraic-topological view of the first homotopy or, equivalently, 
fundamental group, Riemann's metaphora to the universal covering 
space of a base topological surface bearing holes targets the annihilation 
of the fundamental group of the base by continuous unfolding until 
trivialization. 

Concomitantly, from an information-theoretic perspective, the 
same metahora may be thought of as a temporal process of complexity 
contraction, or symmetry reduction, in the Galois theoretic sense. More 
specifically, the monodromy action of the fundamental group on the 
fiber of the universal covering space over a marked point amounts to the 
Galois group-theoretic encoding of Riemann's covering principle 
utilizing Poincaré's first homotopy group as a Galois group. 

According to the Uniformization theorem, the type of 
uniformization applicable to a topological surface bearing holes depends 
on the genus of this surface. Precisely, those of genus 0 constitute 
their own universal covering Riemann surfaces, which due to 
simple-connectivity, are all isomorphic to the Riemann sphere; those of 


genus | are universally covered by the complex plane; and those of 


genusatleast 2 areuniversally covered by the unit disk. 

Poincaré's conception of uniformization is enacted in terms of a 
metaphora from the topological and complex analytic domain to the 
geometric domain. In the latter domain only three types of geometric 
spaces exist distinguishable by their curvature; the three classical 
geometries of constant curvature. Namely, the Riemann sphere bearing 
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positive curvature, the Euclidean (or complex) plane bearing zero 
curvature, and the hyperbolic plane bearing negative curvature. 
Analogously to the case of elliptic functions, ie. doubly-periodic 
functions, becoming uniformly valued on the complex plane, another 
type of functions, becoming uniformly valued on the hyperbolic plane, 
exist. These functions are called Fuchsian functions, since they have 
been first introduced by Lazarus Immanuel Fuchs in relation to the 
solution of differential equations with singular points. In this manner, 
the Fuchsian functions are to the geometry of the hyperbolic plane what 
the doubly-periodic functions are to the geometry of the Euclidean plane. 

The metaphora from the geometric to the complex-analytic and 
topological domain emerges through the action of a certain group of 
symmetries or, automorphisms, on one of these three classical geometries 
of constant curvature. Geometrically, the group of symmetries is an 
isometry group of transformations that induces a tessellation on the 
simply-connected universal covering space, identified with one of the 
three types. In particular, tessellation implies the existence of a 
fundamental polygon that periodically tiles the universal covering space. 
In the case of doubly-periodic functions, the fundamental polygon is a 
parallelogram that tiles the complex plane, thus analogously, in the case of 
Fuchsian functions the fundamental polygon always possesses more than 
four sides tiling the hyperbolic plane. 

The metaphora from geometry to analysis emerges by the 
consideration of this group as a group of conformal symmetries. In the 
case of the hyperbolic plane, this group is called a Fuchsian group. 
Finally, the metaphora from geometry to topology emerges by the 
consideration of this group in terms of the fundamental group of the 
underlying topological surface bearing holes, and which is universally 
covered by the corresponding  tessellated geometric space. 
Concomitantly, a metaphora also emerges from geometry to algebra by 
identifying the same group of symmetries as the Galois group of covering 
automorphisms of the universal covering space. In this way, every 
Riemann surface can be realized as the topological quotient with respect 
to the action of a certain group of conformal symmetries on the three 
types of geometric spaces. 

Concerning all of these three types, the conformal symmetries 
are Mobius transformations, i.e. fractional linear transformations, or 
else, homographies. In more detail, the only group acting on the sphere is 
the trivial group, so the only Riemann surface that we obtain is the 
sphere itself with the conformal structure. For the complex plane, the 
group of conformal symmetries is either cyclic, or a group generated by 
two independent translations on the complex plane, which captures the 
elliptic functions. Therefore, the only surfaces that can emerge by taking 
the quotient are the complex plane itself, considered as equivalent to the 
sphere bearing one puncture, the sphere bearing two punctures, and the 
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torus. Every other Riemann surface is actually the quotient of the 
hyperbolic plane by a group of conformal symmetries of the hyperbolic 
plane. Such a group, a Fuchsian group, must be discrete and should act 
properly discontinuously. 

The important idea is that, since a Fuchsian group is also a group 
of isometries of the hyperbolic geometric plane, the geometric structure 
descends under the quotient morphism to the Riemann surface. Due to 
this property, every Riemann surface comes equipped with a natural 
intrinsic geometry, completing the metaphora from geometry to complex 
analysis. Note that in the generic case, this geometry is non-Euclidean, 
namely it is of the hyperbolic type. Moreover, since the action of a 
Fuchsian group, as a discrete group of conformal isometries, does not 
have any fixed points, the Fuchsian group is isomorphic with the 
fundamental group of the Riemann surface, so completing the 
metaphora from geometry to topology as well. 

We conclude that, essentially every Riemann surface, with the 
exception of the sphere, the plane, the punctured plane, and the torus, 
arise as quotients of the hyperbolic plane by a discrete and properly 
discontinuous group of conformal isometries, inheriting its oun 
characteristic hyperbolic geometry by projection in this way. 
Conversely, the hyperbolic plane, instantiates the universal covering 
space of all those Riemann surfaces arising in the above manner, whose 
Galois group of covering automorphisms is identical with the 
fundamental group of the Riemann surface it covers universally, being in 
turn, identical with the pertinent Fuchsian group of conformal 
isometries. 

Let us consider the subgroup of Móbius transformations, defined 
on the Riemann sphere, that map the unit disk into itself. The 
composition of any Mobius transformation in this subgroup with 
complex conjugation also maps the unit disk onto itself. Thus, we may 
consider the subgroup I of the group of extended Mobius 
transformations (including antihomographies) mapping the unit disk 
onto itself. Since automorphisms in the unit disk belonging to this 
subgroup map lines and circles to lines and circles and are also 
conformal, the hyperbolic line between any two points in the interior of 
the unit disk will be mapped to a hyperbolic line between their 
respective images. Moreover, since transformations in / preserve the 
cross-ratio of four points on the same line or on the same circle, they 
preserve the hyperbolic distance between two points in the unit disk. 
Therefore, the conformal automorphisms of the unit disk are isometries 
of the Poincaré disk model of the hyperbolic plane, and thus, / is the 
isometry group of the Poincaré disk model of the hyperbolic plane. 


Notice that the action of the isometry group / on the open unit disk is 
a transitive group action. 
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Restricting our focus only on Móbius transformations, that is, on 
homographies, these symmetries of the extended real line preserving the 
upper half plane are characterized as linear fractional transformations 
with real parameters a, b, c,and d,where ab-cd » 0. This group 
is isomorphic to the projective group PSL(2,IR), the group of 2x2 
matrices with real coefficients, whose determinant is equal to |, and 


each matrix M is considered as equivalent to -M. Additionally, it 
follows that, each of these Móbius transformations is an isometry of the 
upper half plane with its hyperbolic metric that preserves the 
orientation as well. In this model of the hyperbolic plane, the geodesics 
are the semicircles orthogonal to the real line including the vertical 
semilines. 

Coming back to the Poincaré disk model of the hyperbolic plane, 


a group of conformalisometries / ofthe disk is a Fuchsian group if it is 
equipped with the discrete topology. Let us consider the action of a 
Fuchsian group on the hyperbolic disk. We say that a subset of the disk 
is a fundamental set for the Fuchsian group, if this subset contains 
exactly one point from every orbit or fiber of the Fuchsian group. The 
idea is to obtain a fundamental domain, an open subset of the disk 
contained in the closure of a fundamental set, which under the action of 
the Fuchsian group is able to tessellate the hyperbolic plane. It is easy to 
see that a connected convex hyperbolic polygon plays the role of a 
fundamental domain for the action of a Fuchsian group on the disk. 
Hence, for any given Fuchsian group there is a corresponding convex 
hyperbolic polygon that tessellates the disk. The Poincaré polygon 
theorem tackles the inverse issue, i.e. given a convex hyperbolic polygon, 
what are the conditions ensuring the existence of a Fuchsian group for 
which this polygon functions as a fundamental domain of its action? 


For a hyperbolic polygon P a side pairing of P is an injective 
morphism from the set of sides of P to the group of all isometries of the 


hyperbolic disk, such that for sides s, s', 8, is an isometry with 


g.(s) zi g,=g,', and g.(P) has an empty intersection with P 
for all sides s. Then the Poincaré polygon theorem states that 
considering P a compact and connected hyperbolic polygon of the disk 
with a side pairing that generates a Fuchsian group of isometries, if 
every angle of P is equal to 2z/n, for some n e N, then P isa 
fundamental polygon for this Fuchsian group. 

The process of relating the symmetries of tessellations of the 
hyperbolic disk to the annihilation of the fundamental group of the 
underlying Riemann surface is based on the conception of the hyperbolic 
disk that is being tessellated as the simply connected universal covering 
surface of this Riemann surface. The latter emerges by taking a quotient 
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topology of the hyperbolic disk based on a specific fundamental domain 
hyperbolic polygon together with the procedure of side pairing. Thereby, 
the tessellated hyperbolic disk is the universal covering space of that 
particular quotient surface and the set of all covering transformations 
becomes isomorphic to the Fuchsian group that induces this tessellation. 
It is thus, also isomorphic to the fundamental group of the quotient 
space, the underlying Riemann surface. 

In sum, a Fuchsian group represents a single Riemann surface, 
and inversely, every Riemann surface (modulo the exception of the cases 
mentioned in the beginning) is uniformizable by a concrete Fuchsian 
group acting on the hyperbolic disk up to conformal equivalence. 
Henceforth, all Riemann surfaces of topological genus greater than or 
equal to two can be identified with a quotient of the hyperbolic disk by a 
discrete group of conformal isometries. The precise connection between 
the conformal and the hyperbolic metric structure is expressed by the 
Schwarz-Pick theorem, asserting that every conformal automorphism of 
the hyperbolic disk is contracting for the hyperbolic metric. 

The important notion characterizing Poincaré's metaphora in 
this setting is that a Fuchsian group used to set up a certain tessellation 
of the hyperbolic disk by hyperbolic polygons is isomorphic to the 
fundamental group of the quotient Riemann surface made with that 
same polygon by isometric side pairings. 

This culminates in the threefold isomorphic manifestation of the 
same uniformizing group, comprehending simultaneously, the isometry 
group inducing a tessellation on the hyperbolic disk, the group of 
covering transformations of the universal covering space identified with 
the tessellated hyperbolic disk, and the fundamental group of the 
underlying quotient Riemann surface. The unifying power of this 
threefold isomorphic manifestation of the group concept in relation to 
unveiling the nature of a Riemann surface is illuminated by the 
realization that the first of these manifestations is of geometric type (in 
particular, it pertains to the tessellation of the hyperbolic disk by 
isometries), the second is of the Galois type in a topological setting, and 
the third is of a homotopic type. 

For example, we consider a regular hyperbolic octagon O, which 
is centered in the hyperbolic disk H. We notice that a regular octagon 
in the Euclidean space has each angle equal to 67/8, thus its hyperbolic 
analogue must be less than that. In particular, since O has eight sides, 
the Poincaré polygon theorem dictates that considering O to be a 
compact and connected hyperbolic polygon of the disk with a side 
pairing that generates a Fuchsian group of isometries, every angle of O 
must be equal to 27/8, where O is a fundamental polygon for this 
Fuchsian group, denoted by F . Since the action of F must be free 
and properly discontinuous, after fixing one vertex of O there can be 
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exactly 8 distinct elements of F that map each vertex of O to the 
fixed vertex. 

Equivalently, this means that a Fuchsian group F that has O 
as its fundamental domain polygon, can be identified as a group of 
covering automorphisms of the universal covering space identified with 
the tessellated hyperbolic disk by hyperbolic octagons. Such a Fuchsian 
group F is realized by isometric side pairings of O, and is cast 
isomorphic to the fundamental group of the underlying Riemann 
surface, obtained by the quotient H— H/F. The latter is being 
covered universally by the octagonally tessellated hyperbolic disk, and is 


identified as a genus two surface Xo» isomorphic with the double torus. 
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LN, 


Since F is realized by isometric side pairings of O, we have a 


generator for each pair of sides, i.e. we have 4 generators, denoted by 


a, b, c, d. Accordingly, the underlying Riemann surface Y, is 


manifested in terms of the hyperbolic octagon O with sides identified 
in pairs according to the boundary relation [a,b].[c,d] - 1 under the 


action of F . Thus, in turn, the Fuchsian group F that has O as its 
fundamental domain, is cast isomorphic with the fundamental group of 
à» ie. the group generated freely by the 4 generators a, b, c, d 
subject to the boundary relation [a,b]-[c,d]=1. 


5.10 CONSTELLATORY RAMIFICATION: THE UNIVERSAL COVERING TREE 
OF A BOUQUET 


The abstract algebraic notion of a group is amenable to an elucidating 
metaphora that crosses from algebra to geometry by the encoding bridge 
constituted by the action of a group. In the simplest case of a group 


action on a set, if Sy denotes the symmetric group of a set X , i.e. the 


group of permutations of the set X , then the action of a group G on 


X is equivalent to a group homomorphism from G to Sy, denoted by 


G9S,. 


From this correlation, each element of G gives rise to a 
permutation of X by acting upon it, in such a way that the 
composition and the identities are preserved in both groups. The 


permutation group ny y should be thought of geometrically as the group 


of symmetries of X , thus a group action of G on X provides the 
means of realization of X in terms of the group of symmetries of X. 


If no fixed point emerges under the action of G on X, we say that 
this action is free. Additionally, if we consider the orbit or fiber of the 


action of G on X at x, ie. the set G-x, and this set reproduces 


the whole set under the action of G, then this action is 
characterized as transitive. 
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Most important is the fact that a group may act on itself, and this 
can happen in two ways. First, a group may act on itself by left 
multiplication, defined by g-h= gh. Second, a group may act on itself by 


conjugation, defined by gQh= ghg”. We recall that the second action 


distinguishes the normal subgroups of a group as well, as those that 
remain invariant under conjugation. Only the first action is free and 
transitive, in general. Since, the self-action by left multiplication is 


realized as a group homomorphism G> S;, every group is realized 


isomorphically as a subgroup of some symmetric group. 

The above metaphora from algebra to geometry is based on the 
idea of realization of a group in terms of its action on a set, including the 
cases of self-action. The issue is whether or not we can identify another 
geometric realization of a group that is more intrinsic, in the sense that it 
is capable of geometrizing the notion of a group itself. For this purpose, 
we have to consider a group not in terms of its action on a set, but in 
terms of its action on a graph, called the Arthur Cayley graph of this 
group. This task is enunciated by adopting the combinatorial perspective 
on group theory, which refers to the characterization of a group in terms 
of generators and relations, or equivalently, in terms of a presentation of 
the group. In the combinatorial setting, there appears first of all, the 
fundamental notion of a free group. 

A free group is characterized by a certain number of generators 
without any additional defining relations beyond the existence of an 
inverse for each generator, according to the general requirements of the 
notion of a group. Therefore, every morphism of a set of free generators 
onto a set of elements of any group, is tantamount to a homomorphism 
of the free group into this group. Consequently, a presentation of a 
finitely generated group can be expressed as a quotient group of a certain 
free group of finite rank with respect to the congruence relations defined 
among the generators. 

We consider that S isa generating set of a group G . Then the 
Cayley graph of G with respect to the generating set S is a directed, 
labelled, or even colored, graph T'(G,S) whose set of vertices is the set 


of elements of G , such that there exists a directed edge from g to gs 
for every g in G and s in S,labelled by s.Hence,if 5, 5$, ..., 
5, is an ordered sequence of labels on an edge path in [(G,S) from 


the identity | to g, then g=S,S,...5,. Conversely, if £=S,S,...5,, 


then an edge path on T(G,S) from the identity | to g exists, whose 


labels or colors are 5j, 5,, ..., 5, in this order. Thus, we obtain a 


correspondence between edge paths in the Cayley graph from the 
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identity | to g and words in the generators representing g in this 
manner. 

Each element of a group G induces a symmetry, ie. an 
automorphism of the Cayley graph T'(G,S) of G with respect to the 
generating set S in the following way: The automorphism Y, 
associated with the element g in G is defined on the vertices of the 
Cayley graph by Y,(v)= gv, identified with the left action of G on 


itself. Since there exists at most one directed edge connecting any two 
vertices, and since no edges connect a vertex to itself, there can be one 
and only one way to extend this action to an automorphism of the entire 


directed, labelled (colored) graph, i.e. Y, sends the edge v — vs to 
the edge gv — gvs. Further, considering that the word length of an 
element g in G with respect to the generating set S is the length 


of the shortest word in sUs" that is equal to g, we derive that the 


group morphism G — Autr(G,S) is an isomorphism. In this 
combinatorial setting, the notion of word length bears a geometric 
signification, in that the word length of g is the minimum number of 


edges in an edge path from the identity | to g. 
The notion of the free group on two non-commutative generators 
bears a fundamental role. The simplest way to describe a free group is 


the following: We consider the set of elements S= ovis X \ ina 


ndr 


group G.A word or ordered string WE (Sus VF is said to be freely 


reduced if it does not contain a substring consisting of an element 
adjacent to its formal inverse. For instance, the ordered string 


w-xx y. =[x,y] is freely reduced, while z-xy yy is not. The 
group G is a non-Abelian or, equivalently, a non-commutative free 
group with basis S if S is a set of generators for G and no freely 
reduced string in the J; nor their inverses represents the identity of 
the group. The rank of a free group with basis S is the number of 


elements of $. We denote a free group of rank 2 by 9, . It can be easily 


shown that all free groups of the same rank are isomorphic replicas of 
each other. So we may identify all of them and talk universally of the 


non-Abelian free group on two generators o. 


The objective is to characterize the non-Abelian free group on 


two generators 9, as a group of symmetries, expressed as 


automorphisms of its Cayley graph with respect to any generating set. 


CIRCUMVENTING COMPLEXITY 231 


For this, we may consider a and b as the standard non-commuting 


generators of 9. If we start with the vertex corresponding to the 


identity | in n. the empty word, then we have to consider four 
directed edges containing |, namely the edges connecting | with the 
vertices a, b, a`, and b`, exhausting in this way all four different 


elements of ©, with word length |. For each one of these four acquired 


vertices, there are going to be three new vertices connected to it, or 
equivalently, three new edges incident to it, according to the following: 


bb 


Notice that each new vertex is a reduced word on the generators a and 
b , and moreover, since distinct reduced words provide distinct elements 


of 9, , there is no vertex that emerges as new more than once in this 


procedure. Hence, the Cayley graph of the free group 9, with respect 
to any generating set is actually a tree. This is precisely the qualification 
of a Cayley graph characteristic of freeness in two non-commuting 
generators. 

In more detail, the Cayley graph of the free group 0, is a tree 
whose vertices have valence four. From the perspective of this 
metaphora from algebra to geometry, the free group on two 
non-commuting generators 9, is characterized as the symmetry group 


of a 4-valent tree. A 4-valent tree is simply connected topologically, 
since there are no cycles, and can be also endowed with a metric making 
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it into a geometric space. The considered metric is the path metric, i.e. 
the metric imposed on the set of its vertices such that the distance 
between two vertices is the length of the shortest path made through 
edges connecting these two vertices. Thus, we conclude that a group, 
together with a generating set, gives rise to a metric space, in such a way 
that its actions take place through isometries. 


The action of the free group 9, on its Cayley graph, on the 


corresponding 4-valent tree, is an action without any fixed points, 
meaning that it is a free group action. It turns out that this property 
characterizes a group uniquely as a free group. Equivalently, if a group 
acts freely on a tree, then this group is a free group. Therefore, the 
qualification that a group is free amounts to the condition that this 
group acts freely on a tree, and in sum can completely characterized by 
its free action as a group on a tree. The consequence of this equivalence 
is called the Nielsen-Schreier theorem, stating that any subgroup of a 
free group is also free. 

We recall now that the free group in two non-commuting 
generators has been utilized for the articulation of a temporal bond in 
terms of a Tripodal link, where the generators of this group are 
identified with two temporal actions whose composition is irreversible, 
and thus, non-commutative. 


We conclude that, if the group 0,, i.e. the non-commutative 


group in two generators is enunciated in terms of its temporal actions, 
then it is characterized uniquely as the symmetry group of a 4-valent 
tree and conversely. In this sense, the 4-valent tree deciphers the 
universal form of joint unfolding taking place by means of all possible 
combinatorial compositions of these temporal actions. The 4-valent tree 
is a simply-connected geometric space, identified in this way, as the 
universal covering or unfolding space generated by two non-commuting 
temporal actions. We note that the growth of this 4-valent tree is 
exponential and boundless. The fundamental role of the free group in 
two non-commuting generators rests on the fact that a free group in any 
number of generators bigger than two is actually included as a subgroup 


of 0,. 


In turn, the 4-valent tree, being simply connected and amenable 
to the metric structure of its natural path metric, qualifies as a geometric 


space whose group of symmetries is 0, Taking into account that the 
action of 0, on this 4-valent tree is free and transitive, it qualifies as a 


Galois action, which in turn, means that 0, is manifested as a group of 


covering automorphisms of this tree in its role as a universal covering 
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space that annihilates the fundamental group of its quotient by this 
action. 


We can elucidate further by considering the free group 9, in its 


function as the fundamental group of a bouquet of two unlinked circles 
(equivalently called a 2-rose, or a rose with two petals) whose universal 
simply-connected geometric covering space is a 4-valent tree. 

The fact is that the non-commutative free group in two 


generators 0. expresses a genuine and non-reducible type of 


non-commutativity. To grasp this, it is indispensable to stress the 
behavior of the group commutator. The group-theoretic commutator 


induced by the generators of 9,: 


[2,8 ]-af a f 


produces an irreducible non-commutative and ordered string of symbols 


in 0,. This string represents a based loop y asa product loop, which is 
composed by the ordered composition of the based oriented loops 


ao p oq o p . The crucial observation is that deletion of both symbols 


1 


a and «', reduces the group commutator to the identity |. Clearly, 


the same behavior is encountered symmetrically for both 5. and p. 


C 


A a B 


p 


In particular, the group-theoretic commutator [Q, 6" in 9, : 
algebraically encodes the modular gluing condition of the based oriented 


al , ; : : 
loops « and p , Which in three dimensions corresponds to the 
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-1 
Tripodal link. Because of this, the commutator |æ, p ] constitutes the 
basic element of the fundamental group of a bouquet of two circles, 


identified with the group 9 , from which the non-commutativity of this 


group is based on. The annihilation of this fundamental group takes 
place by means of the universal simply connected geometric covering 
space of the bouquet, identified as a 4-valent tree, whose Galois group of 


covering automorphisms is precisely l9... 


We have deduced that the non-commutative ordered product 


y -[a, B ]-aff'af is not contractible to the identity, due to the 
homotopic non-deformability of the commutator product loop to a 
trivial loop. Equivalently, y belongs to the non-trivial homotopy class 
of the fundamental group defined on the complement of two disjoint, or 


directly unlinked, topological circles 4 and B. Conversely, we realize 


that y is actually reducible to the identity if œ commutes with p. 
Hence, the vanishing of the commutator y amounts to the 
Abelianization of the fundamental group, which in turn is identified 
with the Abelian first homology group. 

The above provides a crucial insight into the working of 
Hurewicz's theorem, regarding the interrelation between the 
fundamental group and the first homology group in algebraic topology. 
According to Witold Hurewicz, the concept of homotopy is a 
mathematical formulation of the intuitive idea of a continuous transition 
between two geometrical configurations, whereas the concept of 
homology gives a mathematical precision to the intuitive idea of a curve 
bounding an “area”, or a surface bounding a “volume”. The crucial idea is 
that the basic process of homology theory consisting in decomposing a 
space into smaller pieces with simpler homology structure has no 
counterpart in homotopy theory. 

In the preceding setting, the first homology group arises as the 
Abelian quotient of the fundamental group with respect to its normal 
subgroup generated by all commutators. In this way, reciprocally, 
non-trivial commutator elements in the fundamental group give a 
measure of deviation from its Abelian shadow manifested by its first 
homology group. Essentially, the based loops a, 5 in the fundamental 


group are viewed as oriented and commuting l-cycles representing 
homology classes, and as such generate the first homology group by 


means of defining a canonical free Z -module basis. 
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5.11 FRACTALITY: NESTING DISKS AND EMERGENCE OF CANTORIAN DUST 


Every Riemann surface corresponds to the action of a unique 
discontinuous group of conformal transformations on the Riemann 
sphere. More precisely, this is a claim regarding the issue of 
uniformization of Riemann surfaces by means of a free, transitive, and 
discontinuous group action. We have already seen that that a Fuchsian 
group can be used to set up a certain tessellation of the hyperbolic disk 
by hyperbolic polygons, where this group is isomorphic with the 
fundamental group of the quotient Riemann surface emerging from this 
polygon by isometric side pairings. In this sense, the conformal 
symmetries effected by a discontinuous group action are actually 
isometries of the hyperbolic disk. 

Of especial interest here is the case of a figure bounded by a 
certain number of non-intersecting circles on the Riemann sphere, 
attention to which was first drawn by Friedrich Hermann Schottky, and 
then by Christian Felix Klein, concerning the new light it throws on 
matters of uniformization. 

We recall that homographies or, Móbius transformations, are the 
conformal symmetries of patterns on the Riemann sphere. More 
specifically, Móbius transformations are classified into three types as 
loxodromic, parabolic, ox elliptic. Loxodromic transformations have two 
fixed points, one of which may be physically thought of as attracting 
whereas the other one as repelling, and are conjugate to scaling by 
complex numbers except for scaling by unit complex numbers. These 
ones, whose multiplier is a positive real number, are also called 
hyperbolic transformations. Parabolic transformations have one fixed 
point and are conjugate to parallel translations. Elliptic transformations 
have two fixed points and are conjugate to rotations. 

Since Móbius transformations are the symmetries of patterns on 
the Riemann sphere, we are interested on the type of pattern obtained, 
characterized as simultaneously symmetrical under the action of two 
non-commuting loxodromic Móbius transformations. The initial set-up 


consists of a single loxodromic transformation 4 and a pair of 
non-overlapping disks D and D', selected by the criterion that A 
maps the outside of D tothe inside of D'. 

In this setting, we say that 4 effects a pairing between D and 
D'. Since, the Móbius transformation 4 is loxodromic, we consider 
that the repelling fixed point is inside D , and that the attracting fixed 
point of the transformation is inside D'. We denote the inverse of A 
by 4 ':=a. In this manner, we apply the notational convention that 


the outside of the disk D, is mapped by a to the inside of the disk 
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D,, and the inside of the disk D, is mapped to the outside of the disk 
D,. In the same way, the bounding circle C, of the disk D, is mapped 


by a tothe bounding circle C, ofthe disk D; whence the attracting 


fixed point of a, F (a), is inside D, and the repelling fixed point of 
a, F (a), is inside D,. 


We note that successive images of D, and D, under respective 
iterative loxodromic actions are nesting down toward the attractive and 
the repelling fixed points of these actions. More concretely, iterative 


powers of a contract the disk D, to smaller and smaller disks 
eas + : ; 
containing F(a), whereas iterative powers of a^ =A contract the 


disk D, to smaller and smaller disks containing F (a). 
At the next stage, we consider two non-commuting loxodromic 
transformations a and b which act jointly on a constellation of four 


non-overlapping disks, denoted by D, D,, D; D where a! —A 
and b” = B, according to the generalization of the preceding. Note, that 
since Móbius transformations always map circles to circles, when any of 


the four transformations a, b, A, B is applied to any of the four 
respective disks, all four images are disks themselves. Thus, the 


transformation a maps the outside of D, to the inside of D,, and the 


inside of — D, absorbs everything except D, , ie. 


ü 


a(D;)- D, UD, UD, UO, where O is the region outside the four 
disks. 

Analogous considerations hold for the action of the loxodromic 
b and its inverse. It is clear that the two non-commuting loxodromic 
transformations a and b acting jointly on this constellation of four 
non-overlapping disks, and without imposing any further relations, 


generate a free non-commutative group, i.e. the group 0, , called in this 


context the Schottky group on two generators. Repeated application of 
all the four transformations, i.e. applying a and b and their inverses 


to form words in the free group 0,, leads to an action of this group on 
the constellation of four non-overlapping disks that is characterized by a 
repetitive pattern at all different levels of magnification. 

More precisely, each of the disks involved contains three smaller 
disks, each of which in turn contains three smaller disks, and so on ad 
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infinitum. As a result, disks within disks come to nest down leaving 
invariant at the limit a type of Cantorian dust, consisting of those points 
that belong to the disks at every single level of the process. We may 
think of a single particle of dust at the limiting end point of each infinite 
chain of disks nested within each other by the action of 9.. In this 
sense, the limit-set of this group action consists of these particles of 
dust, and hence, this limit-set is the invariant pattern under the action 
of ©, in the Schottky setting identified with the closure of all 
attracting and repelling points. 


5.12 HYPERBOLIC BOUNDARY: INVARIANT PATTERN OF FREE GROUP'S ACTION 


We remind that the non-commutative group 9, is realized by its free 


action on a 4-valent tree, giving rise to a boundless exponential schema 
of growth. In turn, this 4-valent tree is simply connected and amenable 
to the metric structure of its natural path metric. Thus, it qualifies as a 


geometric space whose group of symmetries is 9.. Taking into account 
that the action of 0, on this 4-valent tree is free and transitive, it 
qualifies as a Galois action. 


Thereby, 0, is realized as a group of covering automorphisms of 


a 4-valent tree in the role of the latter as a universal covering space 


annihilating the fundamental group of its quotient by the action of 9. 


In the present setting, the action of 9, as a free group generated by 


two non-commuting loxodromic transformations a and b which act 
jointly on a constellation of four non-overlapping disks on the Riemann 
sphere may be comprehended by means of the concomitant 4-valent 
tree. Equivalently, this 4-valent tree is able to record the associated 
pattern of nesting disks within disks under the action of 9, , by 


explicating graphically the organization pattern of nested disks at 
different levels of semantic unfolding. 
If we consider a and b as the standard non-commuting 


generators of 0,, and we start with the vertex corresponding to the 


identity | in 9, at level 0, ie. the empty word, then we have to 


consider four directed edges containing |, ie. the edges connecting | 
with the vertices a, b, a', and p^, exhausting in this way all four 


different elements of 9. with word length |, at level |. In the present 
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setting, we may identify these four vertices with the representation of 


the four disjoint disks D,, D,, D,, D, respectively. For each one of 


these four acquired vertices, there are going to be three new vertices 
connected to it, or equivalently, three new edges incident to it at level 


2 , according to the following diagram: 


We note that the representation of each new disk is formed by the 
application of a certain reduced word in the group 9, to one of the 


initial four disjoint disks D,, D,, D,, D,. Moreover, the name of each 


new disk at a level remembers the original disk at the previous level from 
which it emamantes, together with the action applied to the latter, so 


the disk D, 
the unfolding of the 4-valent tree represents the nesting of disks, for 


instance the disk D, = a(D,,) B ab(D,) at level 3, is inside the disk 


a at level 2 is tautologous to a(D,), and so on. Therefore, 


D,, at level 2, which correspondingly is inside the disk D, at level |. 


a 


In consequence, we obtain a nested chain of disk inclusions 


D CDa € B. 
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The limit-set of the action of 9, consisting of a type of Cantorian dust, 


and hence representing, the invariant pattern under the action of 0, 


identified with the closure of all attracting and repelling fixed points of 
loxodromic transformations on the four disjoint disks on the Riemann 
sphere, may be thought of as the boundary of the 4-valent representing 
tree. The region on the Riemann sphere, which is outside the initial four 
disjoint disks, denoted by O, is the fundamental domain of the group 


action of 0,. The region of the Riemann sphere that is filled up by the 


copies of the fundamental domain O under the action of 0, is called 
the domain of discontinuity of this group action because all replicas of O 
remain separated from each other without getting stacked. 

Each of the loxodromic transformations generators of 9,, ie. a, 
b , and their inverses a^, and p^, replicate conformally the 
fundamental domain O within each of the four involved disjoint disks 
accordingly. By these means, under the action of 9, the fundamental 


domain O tessellates the whole Riemann sphere except the limit-set, 
identified with the boundary of the infinite 4-valent tree of unfolding. 
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It was Klein's student Walther von Dyck, who first realized that Klein's 
emphasis on Schottky's model, involving a group acting on the Riemann 
sphere where no reduced nontrivial combination of elements fixes the 
sphere, corresponds to the action of a free group, providing this group 


J 


with its name. In this context, what is called “Klein’s criterion”, 
furnishes the conditions under which a group acting on a set is 
characterized as a free one. "Klein's criterion" assumes that a and b 
generate a group acting ona set S.If S has disjoint nonempty subsets 


S, and S,,and a” (S,) c S, as wellas 5"(S,)c S,, then this group is 


isomorphic to 6,. Klein’s criterion has been employed in the context of 
the group of Mobius transformations, i.e. the conformal automorphisms 
of the Riemann sphere, characterized as linear fractional 
transformations with complex coefficients a, b, c, and d, where 
ab — cd — 1. This group is isomorphic to the projective group PSL(2,C), 
the group of 2x2 matrices with complex coefficients, whose 
determinant is equal to |, and each matrix M is considered as 
equivalent to -M . Note also that the projective group PSL(2,C) isthe 
group of metrical symmetries, i.e. orientation-preserving isometries of 
the three-dimensional hyperbolic space. Klein formulated his criterion 


in order to identify a Schottky group as a free subgroup generated by 
two loxodromic generators of the projective group PSL(2,C). 
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5.13 UNIFORMIZATION: FREE GROUP’S GENERATORS AND THE GENUS 


A natural question arising in the context of Riemann surfaces is whether 
it is possible to consider the free non-commutative group on two 
generators as a uniformizing group in terms of its action on the 
fundamental domain O and the induced tessellation of the Riemann 
sphere except the identified limit-set, i.e. the closure of the attracting 
and repelling fixed points of the two non-commuting loxodromic 
generators of this free group, identified as a Schottky group in the 
setting of our discussion. Notice that the free group on two generators is 
manifested here as a discrete subgroup of PSL(2,C). 

This should be compared with the action of a Fuchsian group, i.e. 
a group of conformal isometries of the extended real line that preserve 
the upper half plane, identified as a discrete subgroup of PSZ(2,R), and 
used to set up a certain tessellation of the hyperbolic disk by hyperbolic 
polygons. We emphasize that the same group is isomorphic to the 
fundamental group of the quotient Riemann surface made with that 
same polygon by isometric side pairings, culminating on the threefold 
isomorphic manifestation of the same uniformizing Fuchsian group: as 
an isometry group inducing a tessellation on the hyperbolic disk; as the 
group of covering transformations of the universal covering space 
identified with the tessellated hyperbolic disk; and as the fundamental 
group of the underlying quotient Riemann surface. 

For the purpose of uniformization in the Schottky setting, we 
consider the region O on the Riemann sphere being outside the four 
disjoint disks, or equivalently, the fundamental domain of the group 


action of 9. generated by a, b, where their inverses are a` = A, 


and p'!- B. We may glue each point p on the boundary circle C, of 


a 


the missing disk D, with its symmetrical point 4(p) on the boundary 
circle C, of the missing disk D, under the action of the generator a 
of n. The same goes for the two other boundary circles C, and C; 


of the missing disks D, and D, respectively, under the action of the 


generator b. The first gluing gives rise to a handle on the Riemann 
sphere, and analogously the second gluing gives rise to another handle. 
Thus, we obtain a Riemann surface bearing two handles, i.e. a 
Riemann surface of genus two, identified with the double torus. In this 
manner, the double torus admits uniformization by means of the action 


of the free group 9, on the Riemann sphere without four disjoint disks. 


Note that in this case, the action of the free group on two generators 0, 
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is not considered on the simply connected universal covering space of 
the double torus, but on the covering space depicted by the domain of 
discontinuity of this free group action. 

More generally, the retrosection theorem of Koebe, states that 
every compact Riemann surface $ can be represented as the quotient 
Q/@,, where ©, is the free group on g generators, g is the genus 
of the Riemann surface, and Q is the domain of discontinuity of this 
free group action. Not only this, but additionally, the image of the 2g 
boundary circles on the Riemann sphere under the quotient morphism 
may be identified with g+g oriented loops and their inverses in the 
fundamental group of S. 

Note that for a compact Riemann surface of genus g, its 
fundamental group is generated by 2g oriented loops },...,], and 


As ses Ay modulo the commutator relations IIu.A1a Hence, g 
from the generators of the fundamental group of 5, for instance l,, and 


L, in the genus-two case, may be identified with the images of the 
corresponding boundary circles on the Riemann sphere under the 
quotient morphism Q — 2/0, . Moreover, the latter is a covering space 


projection morphism, such that its group of covering automorphisms 
constitutes the smallest normal subgroup of the fundamental group of 


S containing the generators /,,...,/,. In this way, the free group on g 
generators, O,, where g is the genus of the Riemann surface, is 


identified with the quotient of the fundamental group of $ modulo the 
above-defined normal subgroup. 


We conclude that while Fuchsian uniformization, utilizes the universal 
covering space of a Riemann surface with the Fuchsian group 
corresponding isomorphically to the fundamental group of this Riemann 
surface, Schottky uniformization, expressed in terms of the action of the 
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free non-commutative group, as we have seen, corresponds to the 
intermediate covering space obtained by means of the quotient of the 
Fuchsian group by the normal subgroup generated by half of the 
generators of the fundamental group. Finally, using the fact that ©, isa 


subgroup of 0, for every g>2, we realize the universal role of the 


free non-commutative group in two generators 9, in the 


uniformization of Riemann surfaces by means of covering spaces. 
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GEOMETRIC 
CALCULUS: 
DIFFERENTIAL 
FORMS AND 
INTEGRATION 


6.1 PERSPECTIVITY: IDEALS OF RINGS AND GEOMETRIC 
SCHEMATIZATION 


Gottfried Wilhelm Leibniz's notion of infinitesimal analysis, culminating 
in the development of the theory of differentials, targets the development 
of a genuine type of "geometric calculus" by algebraic means, one based 
not on artificial choices of coordinates and other subjective conventions, 
but pertaining to the geometric objects themselves, as an articulation of 
an extension process from the infinitesimal to the global. The notion of a 
geometric object is conceived in terms of the spectrum of a commutative 
ring or, an algebra over a field, like the real or complex numbers. The idea 
of a spectrum, originating from physics, refers to what can be observed 
through this ring by evaluating it into a field of measurement scales. In 
this sense, the ring or, algebra, on which a differentiation procedure may 
be applied, as pertaining to an infinitesimal type of extension, is qualified 
as an algebraic structure whose elements are observables. 

In this line of thought, the ideal theory of rings, conceived first by 
Richard Dedekind, provides the necessary additional conceptual and 
technical metaphorical means for a precise rendering of Leibniz's ideas in 
modern terms. 


A non-empty subset T of a commutative ring A is called an 
ideal if the following properties hold: 


i T is an additive subgroup of A, ie. for every x, y e I, we 
have x-y e T; 
ii T is stable with respect to multiplication with elements of the 


ring A, viz, for every x e I and for every y e A, the 


product Xy isbeingabsorbedin T,viz. xy e T. 


It is clear that for every ring A,thesubsets 0 and A itself are ideals 


of A, the trivial ideals. Moreover, if Z contains an invertible element 
of A,then Z= A. Then, the only ideals of a field are 0 and the field 


itself. Let us now consider a homomorphism of rings u:.A — B, to be 
physically thought of as a measurement procedure of a ring of observables 


A, by a ring of measurement scales B. Werecallthat the kernel of u is 
defined as follows: 


Ker(u) = (a € A |u(a) - 0] 2 u (0) 


Then Ker(u) isclearly anidealof .A.Thekernelofthe homomorphism 


u depicts the set of observables in A, whose evaluation is the neutral 
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additive element of the rings of scales B. Hence, the ideal Ker(u) ofthe 
ring of observables .A , can be interpreted geometrically as a 
schematization perspective, with respect to which the measurement 
procedure 4:.A — B is effectuated. Obviously, the set of all observables 
in A constituting a perspective, identified as the ideal Ker(u) of A, in 
relation to a measurement procedure u: A — D, are being evaluated to the 


0 oftheringofscales B. 

Epigrammatically, we may say that a geometric schematization 
perspective related with a measurement procedure of a ring of 
observables, constitutes the kernel of its evaluation at a ring of scales 


identified with the inverse image of the additive neutral element in D, 
which is the zero scale. 

This basic conceptual point can be further clarified by introducing 
the notion of a quotient ring. More concretely, if we have at our disposal 


a ring A and an arbitrary ideal Zc A, then, we can define the 
quotient ring A/T . The essence of this construction amounts to 
declaring equal to zero everythingthatisin 7.Wecan transform this idea 
into something precise by remarking that, if every element of 7 has to 
be considered as zero, then two elements x, y of A whose 
difference x-y isin theideal 7 have to be considered as equal. 

This procedure produces a new ring, the pertinent quotient ring as 
follows: We define the following equivalence relation in A: x 9 y if 
and only if x-y e J, where x, y e A. The key feature of the 
equivalence relation defined above, is that it is compatible with the ring- 
theoretic operations on .A, or else, it is being preserved by addition and 
multiplication in A, formally, if x 0 x’ and y 0 y',then x+y 
Ò xu y' and xy 0 x'y' . Therefore, we can legitimately define two 
operations on the quotient set A/0:= A/T , and hence, A/ becomes 
a ring with respect to these operations, that is, the quotient ring A/T. 

In order to translate the information encoded into the ring A, 
into the quotient ring A/Z we employ a morphism of rings 


A — A/T. In fact, the canonical morphism ::.A A/T given by 
aty[a]:=a+Z is a surjective morphism of rings, the canonical 
epimorphism. Thus, we finally have: 


Ker()) =T 


The above clarifies the essential idea behind the construction of the 


quotient ring, of declaring equal to zero everything that is in 7. Put 
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simply, when we change the ring from A to A/T by means of the 


canonical epimorphism ;,theneverythingin 7 goes to zero. 

Thus, in relation to the intended interpretation, we form the following 
conclusion: a geometric schematization perspective related with a 
measurement procedure of a ring of observables A, identified as an ideal 
T of A, constitutes the kernel of its evaluation at a ring of scales, 


identified, in turn, as the quotient ring A/T. 

From then on, based on the information encoded in the quotient 
ring A/T wecan easily obtain the following classifications: an ideal 7 
is maximal if and only if A/T isa field, whereas an ideal 7 is prime if 
and only if A/T is an integral domain, or equivalently, a ring without 
divisors of zero. Obviously, every maximal ideal is a prime ideal. 

Intuitively, a maximal ideal is an ideal which is second only to the 
entire ring. A prime ideal can be conceived as a measure of the complexity 
of a ring. This is based on the observation that if aring B isa field, then 
there is only one prime ideal, namely the zero ideal, since it is the only 
ideal besides B, and moreover, it is prime since D is an integral domain. 
Thus, prefixing the ring of measurement scales to a field, as in classical 
physical theories, where the field is that of the real numbers, we assume a 
zero complexity of scales. A scale of zero complexity is unable to register 
a stable irreducible process, or a process of indistinguishability between 
the observed and the means of observation, and hence, it coordinatizes 
the geometric spectral point-states, corresponding to maximal ideals in 
the ring of observables, in terms of numbers. Hence, the state-manifolds 
constructs of classical theories are geometric spaces built on the 
assumption of zero complexity of measurement scales, and consequently, 
constitute a kind of an arithmetic continuum, which, incorporates the 
hypothesis of a pre-assigned demarcation boundary between the 
observed and the observational means. 


If we consider instead the ring of the integers Z as a ring of 
measurement scales, the prime ideals are the maximal ideals pZ, where 
p isaprime number, as well as the zero ideal. Then, it is not a coincidence 
that prime integer measurement scales coordinatize stable and not 
further reducible spectral perspectives, represented geometrically as pure 
states. More generally, the notion of a prime ideal in an abstract ring of 
measurement amounts to a stable, and not further reducible spectral 
perspective, playing exactly the role of a measure of irreducible 
complexity. 

In this line of reasoning, any ideal in a ring expresses a stable 
perspective geometrically, capable of being decomposed or factorized into 
perspectives of irreducible complexity enunciated by prime ideals. 
Equally from this viewpoint, the algebraic theory of factorization of rings 
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into prime or even primary ideals deserves special attention. We point out 
that the notion of a primary ideal generalizes that of a prime ideal, in the 
sense that it is characterized by a quotient ring that is allowed to have 
zero divisors, but constrains them to be strictly nilpotent. Moreover, both 
primary and prime ideals, in contradistinction to maximal ideals, are 
characterized by a covariance property under homomorphisms of rings, 
meaning that they have inverse images that are still primary or prime, 
hence, they behave well under base ring change. 


6.2 SPECTRALITY: PRIME IDEALS AND GEOMETRIC PURE STATES 


The duality between commutative algebras of observables and geometric 
state-spaces, is based primarily on the idea that evaluating an observable 
f atastate x isthe same as evaluating x atthe observable f: 


xCf)- f) 


More precisely, if we consider the simplest possible case, where, A is 
the F -algebra of functions on a set X with values in a field. F , any 


element x e X defines a morphism .A— 7 by assigning to a 
function f its value at x. The kernel of this morphism is a maximal 


ideal J| in .A, suggesting in this way that it is possible to recover the set 
X as the set of maximal ideals in A. In case that, .ÁÀ - C'(N), the 


maximal ideal %4, is the ideal consisting of all smooth functions 


vanishing at the point x: 


H,=tf ECN) f(x) = 0} 


Notice that the definition above, forces a decomposition of the algebra 


C*(N) into a direct sum of linear vector spaces: 


C'(N)- RO p, 
ffe) -fGQ) 


and furthermore, the quotient ring C^(N)/ u, is isomorphic to the field 


of real numbers R. 

We proceed by defining more concretely the notion of a pure state 
over a ring of measurement scales. Let us assume that A is a 
commutative, unital F -algebra of observables, where F is an 
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arbitrary field, and moreover, let B > F be a ring without zero 
divisors (integral domain), interpreted as a ring of measurement scales. 


We define a pure state of A over the ring B as a surjective 
morphism of F -algebras w:.A > B. The notion of a pure state of A 
over B instantiates a schematizing, stable, and irreducible natural 
perspective, encoded geometrically, via the scales of B, by means of 
evaluations of observables of .A into D, within the context of a 
corresponding measurement procedure. 


Moreover, we say that two pure states, defined over the rings, B, 
and B, respectively, specified as above, are identical, if there exists an 


isomorphism of F -algebras B, = B,, effecting an isomorphism between 


the corresponding measurement scales. Hence, we may define a B-pure 
state of an F -algebra of observables A , as an equivalence class of 
surjective morphisms of F -algebras w:.A — B , where, the ring B 


> F iscalled the coordinatizing frame of the pure state w. 
Notice that according to the definition introduced, each pure state 


ofan F -algebra of observables A may have a different coordinatizing 
frame, depending upon the integral domain of scales employed for 
measurement. Thus, the new notion of a geometric state-space, being 
built from pure states, is a multi-valued one, in the sense that its 
generalized point-states may be coordinatized by means of different 
scales, namely scales belonging to different integral domains. 

At this stage, it is essential to emphasize for reasons of clarity, that 
the identification of pure states with generalized points of a multi-valued 
geometric state space, corresponding to irreducible perspectives of 
observation or measurement, is precisely established by the existence of 


a bijective correspondence between D-pure states of an F -algebra of 
observables A,where, B > F _ isacoordinatizing ring without zero 


divisors, and the prime ideals of the algebra A. The bijection can be 
established by defining the following assignment: 


[w:.A > B]b Ker(w) 


It is easy to verify, if we consider a prime ideal 7 of A, that the 
quotient ring A/Z must be an integral domain, and that the canonical 
epimorphism 1:4— A/T isan A/T -pure state of the algebra A, 
such that, Ker()=T. 

Thus, we identify the set of all pure states of an F -algebra of 
observables A with the set of all prime ideals of A , or equivalently, 
with the prime spectrum of A , denoted by PSpec.A. This term denotes 
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the set of all equivalence classes of stable and irreducible spectral 
schematization perspectives, coordinatized through the measurement 
scales of integral domains, by means of evaluations of observables of A 
into B. 

The definition of PSpec.A allows us to think of an observable f 


e A, intuitively, as a function on PSpec.A, in the sense that we have 


values f(T), defined for each state I e | PSpec.A. However, these 
functions have the property that the space where their values live varies 
depending on the state where the evaluating is being performed. 
Therefore, we may summarize briefly the conceptual shift 
involved in the definition of a pure state by comparison with the classical 


definition as follows: In the case of the algebra of observables C (N), 


viz, an œR -algebra of smooth real-valued functions on a compact real 


differential manifold N ,thevalueofafunction f e (C'(N) atastate 
1, corresponding to a maximal ideal 4, of C*(N) lives in the quotient 


ring C'(N)/,, and all of these quotient rings can be canonically 


identified with the field of real numbers 7. In contradistinction, the 
notion of a generalized pure state introduced here stands opposed to the 
absolute representability principle of the classical theory over the 
coordinatizing field of real numbers. In its own terms, rather, it allows the 
geometric representation of stable and irreducible spectral perspectives, 
in terms of generalized points of a multi-valued geometric state space, and 
the evaluation of observables at these points. This is achieved by 
relativizing representability over a multitude of measurement scales, 
belonging to different coordinatizing rings without zero divisors, giving 
rise eventually to the above multi-valued geometric state space, 
constructed as the prime spectrum of the corresponding ring of 
observables. 


63 INFINITESIMAL EXTENSION: NILPOTENT OBSERVABLES 
AND DIFFERENTIAL FORMS 


It is particularly elucidating to clarify the peculiar nature of this multi- 
valued geometric state space. For this purpose, we consider an observable 
that vanishes at all states. We will show, by using a simple example, that 


such an observable is not necessarily zero. Consider the F -algebra of 
dual numbers Fle|/ (ey over F. 


Formally, the elements of the algebra F[é]/ (ey are constituted 


by the linear combinations a+bé, where a, b e F and e isa 
formal symbol, enunciated as follows: The addition is given by adding 
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coefficient-wise, whereas the multiplication is given by applying 2? =0, 
thus algebraically rendering ¢ an infinitesimal unit. Hence, we have that 
£20, but z/-0. Then, the prime spectrum of this algebra, 


PSpec(T|e]/ (e^) consists of a single generalized point-state, 
corresponding to the unique prime ideal (£). 

The F -algebra of dual numbers is the smallest ring with 
nilpotent elements. Hence, we may consider an observable < on 
PSpec(J e ]/ (e?) that is nilpotent, namely the observable < itself is 
not the zero function, but its square <° is the zero function. Note that 
in this example, the fact that 7? - 0 means that the observable s takes 


the value 0 at every (the) state of PSpec(J[s]/(&^)), but s is not 
considered to be the zero function. 

Generalizing, we state that any observable vanishing at all states 
might not be zero, but some power of it will be zero. In conclusion, 
observables on the multi-valued geometric space PSpec.A will not be 
entirely determined by their values at states, and thus, we no longer 
distinguish observables based on their values at states. Hence, 
observables on PSpec.A will have values at states, but are not going to 
be determined by those values, instead, they will be entirely determined 
by their germs. In order to explain the situation clearly, it is necessary to 
endow PSpecA with a sheaf structure, that intuitively constitutes an 


encoding of observables which is local and global in a compatible way, as 
we shall see as we go on. 


At this point, we must study the generation of the F -algebra of 
dual numbers F[é]/ (ey from F in more detail. Since this extension 


pertains to any algebra of observables defined over F ,as an infinitesimal 
extension, it is important to examine the general case, where for 
simplicity the scalars can be identified with the real numbers, meaning 
that F =R, in this case. 

In general algebraic terms, the process of extending the 


observables of an R -algebra 4 is described by means of a fibration, 
defined as an injective homomorphism of R -algebras 1: Ao B. Thus, 


the R -algebra B is considered as a module over the algebra 4, 
analogously to a vector space over a field. A section of the fibration 


1: Ac B, is represented by a homomorphism of R -algebras s:B — A 
such that 1°58 =id,. 
The fundamental extension of observables of the R -algebra 4 


is obtained by tensoring A with itself over the subalgebra of the base 
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field, that is 1: 4o9 AQ. A. Trivial cases of extensions, in fact 
isomorphic to A, induced by the fundamental one, are obtained by 
tensoring 4 with R from both sides, that is 4:4% A®,R, 
1:4% R®, A. 

The basic idea of Leibniz in conceptualizing infinitesimal analysis 
as a geometric calculus, which was further elaborated by Riemann in 
relation to the development of differential geometry, is that it should be 


thought of in terms of the extension from the infinitesimal to the global. 
For this purpose, we consider the extension of the algebra of observables 


A by infinitesimal quantities, defined as the fibration: 


d,:Av» AO M-:e (1) 
fefe (2) 


where d(f)=:df is understood as the infinitesimal part of the 
extended observable, and s denotes the infinitesimal unit obeying 
e° =0. The algebra of infinitesimally extended observables 4G M & is 
called the algebra of dual numbers over 4 with coefficients in the 4- 
module M .It is immediately evident that the algebra 4 M :£, as an 


Abelian group is just the direct sum 4 M , whereas the multiplication 
is defined as follows: 


(f «df e)e(f df e) f-f «(df +f -df)-e G) 


It is also required that the composition of the augmentation 
AGO M-Ü— A,with d. is the identity. 

Equivalently, the above fibration defined by the injective 
homomorphism of algebras d,: Ace AG M -é, can be reformulated as a 


derivation, that is in terms of an additive R -linear morphism: 


d:A— M, (4) 
fed (5) 


that satisfies the Leibniz rule: 
d(f-g)=f-dg+g-df. (6) 


Seen in this light, the Leibniz rule descends from the linearization of the 
above fibration. Since the formal symbols of differentials (df, f € A}, are 
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reserved for the universal derivation, the A-module M is identified as 


the free A-module Q:- O'(A) of differential |-forms generated by 
these formal symbols, modulo the Leibniz rule, where the scalars of the 


distinguished subalgebra R , that is the real numbers, are treated as 
constants. 
The fundamental insight of Erich Kahler in this algebraic setting 


consists in the realization that the free A-module Q can be 


constructed explicitly through the tensor product self-extension of 4, 


thatis 1:4% A®, A by considering the homomorphism: 
1:48, 42 A (7) 
2d eg r 2h :g, (8) 


Then, by taking the kernel of this homomorphism of algebras, that is, the 
ideal: 


I-Keru-(0€A8, A:u(0) -0] C AG, A (9) 
we obtain the following: The homomorphism of 4-modules 
zo> (10) 
dfe19f-f&1 (11) 


is an isomorphism. 


Thus, the free A-module © of l-forms is isomorphic with the 


2 


free A-module v of Kahler differentials of the algebra of observables 


A over R , conceived as distinguished ideals within the algebra of 
infinitesimally extended scalars 46 Q.e , according to the following 
split short exact sequence: 


Q= A@Q-e— A, (12) 


equivalently formulated as: 


05 09 AG, A— A. (13) 
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By dualizing, we obtain the dual A -module of Q , that is, 
= := Hom(Q, A). Consequently, we have at our disposal, expressed in 


terms of infinitesimal extension of the algebra 4 , semantically 
intertwined with the generation of geometry from the infinitesimal to the 
global new types of observables related with the incorporation of 
differentials and their duals, identified as vectors. 

If the geometry is generated by a metric, then there is an associated 


unique dual to a vector, meaning an isomorphism $ between the 4- 


module Q anditsdual 4-module == Hom(Q, A), that is: 
g:0— E, (14) 
such that: 


&£:Qzt, (15) 
df v, = g(df). (16) 


Equivalently, a metric g stands for an R -valued symmetric bilinear 
form on Q, that is g:OxO  R, yielding an invertible IR -linear 
morphism ¢:Q-—&. Notice that for df, dh e Q , a symmetric 
bilinear form g acts, via g,on df to give an element of the dual, 
&(df) € =, which then acts on dh to give (g(df))(dh) =(&(dh))\(df), 
or equivalently, v, (dh)=v (df) e R. Also note that the invertibility 
of g amounts to the property of non-degeneracy of g, meaning that for 


each df e Q , there exists dh = Q , such that 
(g(df )(dh) — v (dh) #0. 


64 LINEAL EXTENSION: MULTIPLICATION OF DIRECTED LINE SEGMENTS 


The geometric essence of Leibniz's infinitesimal analysis, independently 
of any notion of absolute pre-existing space in the original sense of a 
geometric calculus, can be enunciated utilizing the metaphora involved in 
the development of Hermann Grassmann’s theory of lineal extension. The 
latter emerged out of Grassmann's struggle to establish a universal 
apparatus for research in geometry by algebraic means, based on the 
notion of extension. The latter is implemented as a lineal process of 
unfolding geometric observables in a series of hierarchically organized, 
and nested layers. This process is expressed in terms of the conceptually 
inverse geometric actions of joining and separating, involving the ascent 
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and descent respectively, from one layer to another layer. The crucial 
aspect of this theory is that the algebraic encapsulation of lineal extension 
necessarily requires the operation of multiplication, ie. the product 
operation specifying the composition type of geometric observables from 
layer to layer. 

In Grassmann's conception the process of extension is initiated at 
the first geometric layer, which is occupied by directed line segments, to 
be thought of in modern terms, as vectors. It is very important that the 
existence of a zero geometric layer, identified with the scalars, is also 
assumed, but only implicitly, and not explicitly, as is the case starting with 
the first layer. The significance of the above is that lineal extension theory 
actually constitutes an indirectly self-referential schema for the 
articulation of the notion of a geometric point through a many-layered 
metaphora conducted by means of ascending to higher and higher 
geometric layers, and then descending back. We argue that it is precisely 
this feature that sheds light on the geometric essence of calculus, in such 
a way that Grassmann's theory cannot be viewed independently from 
Leibniz's infinitesimal analysis. 

The algebraic operation of multiplication that allows ascending is 
conceived indirectly in relation to the operation of addition. More 
specifically, if there is an operation identified as addition, which is 
operative within a single layer, then any operation satisfying the 
distributive law in terms of this addition is called multiplication. In this 
manner, Grassmann introduced the operation of multiplication of 
directed line segments, called the exterior product, as a means of their 
composition, according to the satisfaction of the distributive law with 
respect to the addition of directed line segments. 

The exterior product is an associative, multiplicative operation 
described as follows, when applied at the first geometric layer: It takes 


two directed line segments A and B at the first layer, and produces a 
directed area or parallelogram at the second layer. This can be 
accomplished in two different ways that are not equivalent to each other. 


Either the parallelogram Av B is the product of replicating B a total 
of A times along the linear extension of 4, and then concatenating or 
adding these based replications, or the parallelogram BvA is the 
product of replicating 4 atotalof B times along the linear extension 


of B and then adding these based replications again. 

Consequently, we obtain two oppositelp-oriented extension 
processes from the linear layer to the bilinear or area-bounding layer. 
They mutually cancel each other in the precise sense that their product is 
oriented oppositely, meaning that 4v B- -Bv A. The fact that the 
multiplication product area of the linear extensions A and 8 is 
directed or signed, according to the above, means that this geometric 
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product is non-commutative. Unfortunately in the literature, the "join- v" 
composition operation expressed by the exterior product is denoted by 
the "conjunction- ^" sign, whose symbolism is the exact opposite to the 
one intended by this operation. Keeping in mind this cautious remark, we 
may switch to the “wedge-notation” used in exterior algebra in order to 
conform with that convention in the literature, according to which 
A^B--B^A. 

We recapitulate that the multiplicative exterior product of two 
linear directed segments is non-commutative; it depends on the order of 
their composition, and this can take place in two possible, oppositely- 
oriented ways. Henceforth, the orientation of the produced signed area is 
dependent on the order of composition, and thus it is signed. If we identify 


the first geometric layer in which the independent linear extensions 4 


and 8 are located as the first exterior power space, then the layer that 
the product signed area is located is identified as the second exterior 
power space. In a totally analogous fashion, the lineal extension process 
proceeds to higher exterior power spaces using the property of 
associativity of the exterior product and the property of distributivity 
with addition. 


Analogously to the directed area element AAB, the lineal 
extension process instantiates, at the thírd geometric layer, the directed 


volume element AABAC for three independent linear extensions 4, 


B, C. Due to the associativity property, this should also be thought of in 
a temporally ordered way, by replicating the directed area of two of them 
along the linear extension of the third, and then concatenating to obtain 
the directed volume element. Note that, due to the antisymmetric 
property of the exterior product, if two elements at a layer have a common 
element of a lower layer, then their product is zero. This provides a 
conceptual understanding of the lineal extension process driven by the 
application of this multiplicative product. More precisely, it is named 
exterior because the non-nullity of the product of two extensive 
geometric magnitudes requires that each one of them is located 
geometrically to the exterior of the other making them independent. 


6.5 EXTERIOR ALGEBRA: ASCENDING THE LADDER OF EXTERIOR POWER 
VECTOR SPACES 


If we consider a finite dimensionalvectorspace / ofdimension v over 


afield K, then the first layer is identified with the first exterior power 


vector space AV := V , the second layer with the second exterior power 


2 re ig " E 
vector space AV, and so on. The characteristic of this extension 
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process is that in the // exterior power vector space, where 4/€v,we 
have: 


es AVUAV'ASU7T0 if y 7v, Vis] 


expressing the pertinent alternating property. In each exterior power 
space layer, addition of exterior products located at this layer is allowed, 
so the general elements of these power spaces are linear superpositions of 


products of elements descending to lower layers. Moreover, the vector V, 


,X ... V, are linearly independentin V,where u< v, if and only if 


: Hu 
VAVA.. Av, 40 in AV 


The exterior product underlying the lineal extension process from layer 


to layer may be considered as a bilinear map from AUER, where 
A,u<v, to ACH where A44 xn. Hence, for © e AV, and o e 


. . . À . 
A.V, their exterior product is an element CAG e X "V , meaning 
that this is a bilinear operation on ©, c. As an immediate consequence 
of the alternating property of the exterior product, we obtain that 


Oo 7 (-CID"o ^C 


Being endowed with the exterior multiplication product, which is 
associative and distributive over addition, the direct sum of all exterior 


power vector spaces forms a non-commutative algebra over K (we 


exclude the case that 17-1 in K): 


2 3 
E SEV AF +N +... 


: v! ; , 
Note that dim AV-5——, and the direct sum terminates at 


uXv — u)! 
H=V. Consequently, the top exterior power is one-dimensional, and 


dimE(V) = 2". 
For example, consider that V is a real vector space of dimension 3. 


with basis &, 6, ¢,. Then, we obtain that 
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0 
N =R 
1 
AV =V = Re, ORe, ORe, 
AV - R(e, ^e) OR(e, ^e;) ORE, ^e;) 
3 
AV = RE, ^e ^e) 


The exterior algebra £(V) isthe direct sum of the above exterior power 


vector spaces and its dimension is 1+3+3+1=8=2'. 

In the same manner that Grassmann's lineal extension process 
applies to vectors, it analogously applies to their dual objects, called co- 
vectors or linear forms. Moreover, it also applies to a linear transformation 
@ of a vector space, where in this case, the top exterior power of à, i.e. 


^Ó : AV > AY. is scalar multiplication with the determinant of à. 
Furthermore, the same extension process can be transferred to free 
modules, and finitely generated locally free modules, over a commutative 
algebra of observables. 

We emphasize that the total exterior algebra of a vector space V 
is characterized universally by an intrinsic feature that is independent of 
its constituent layer-by-layer exterior power vector spaces. More 


precisely, if we consider any K -algebra Q anda K -linear map from 
V to Q,ie. 1:V — Q, such that the square of the image elements of V 
in Q is zero, it can always be extended uniquely, up to a unique 


isomorphism, to an K -algebra map from E(V) to Q. This is a 
universal property, and thus characterizes E(V) uniquely in the fashion 
of category theory. In other words, every linear map from V to Q 
having the square zero property in the image, factorizes uniquely through 
the exterior algebra E(V). This intrinsic feature of E(V) plays a 
decisive role in what is to follow. 

Each exterior power vector space, considered within the exterior 
algebra E(V), delineates a homogenous part of this total algebra, in the 
sense that its elements instantiate the homogenous elements of the 
degree specified by the specific exterior power. The homogenous 
elements of a degree injected into the total exterior algebra may be 
thought of as the rays corresponding to the pertinent exterior power in 
the lineal extension process forming this total graded algebra. 
Reciprocally, the whole process descends back to the level of directed 
linear extensions, where we should recall that the scalars occupying the 
zero layer are only implicitly assumed. 
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Conceptually, we may think of a directed linear extension in 
temporal terms, in the sense of a provisional order of actions referring to 
the replication of another independent linear extension along it, 
according to the exterior product composition we described previously. 
We may simply say that a directed linear extension assumes the role of a 
temporal order for another independent linear extension to be composed 
with it by means of the exterior product. Equivalently, the replication 
procedure itself may be thought of as an one-parameter flow over the 
considered temporal order. Notice also that the origin of this order does 
not have to be fixed a priori, since the replication flow of an independent 
directed linear extension along it does not depend on where the origin is 
positioned, or else, it is of an affine character. 

If we take the universality property into account, we realize that 
the exterior algebra pertaining to a directed linear extension, as above, is 


isomorphic with the K -algebra of dual numbers over IK . More 
precisely, we have the isomorphisms: 


Ke] 
(e°) 


E(Ke)=K@K-e=2 


where the squareof s iszero, ¢° =0.Theimportantfactisthat E(Ke) 


is a commutative algebra over KK. Note that the nullity of the exterior 
product operation of the single directed linear extension e with itself, 
ie. e^e-0 implies that the directed area of e along itself is zero. 
Thus, the non-commutative exterior product has a commutative shadow 
in the exterior algebra E(IKe) expressed by the unit 7 whose square 
vanishes. 

We identify this unit as an infinitesimal unit with respect to which the 
flow over the considered temporal order takes place. This flow is 
expressed in commutative algebraic, and thus, spectrally geometric terms 
by means of E(Ke)=K@K-<«. In turn, this is equivalent to a first order 


infinitesimal variation or infinitesimal flow along the K -parameterized 
variable running along the directed linear extension of e, interpreted as 
a temporal order in this direction. 

We conclude that the exterior product operation applied to a 
single directed linear extension e is reflected in the commutative 
algebraic shadow of this extension as an ordinary multiplication of its 
scalar image «,and moreover, the nullity of the directed areaof e along 
itself is reflected as the vanishing of z^, granting it the role of an 
infinitesimal unit with respect to which an one-parameter potential flow 
along the temporal order of e's directed extension can be initiated. 
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Equivalently phrased, and conclusively, directed linear extensions 
are reflected as infinitesimals in their respective commutative spectral 
shadows. 

We stress that the non-commutativity of the exterior product 
operation applied to two independent directed linear extensions is due to 
the antisymmetry in the order of their composition, which gives rise to a 
specific orientation (clockwise or anticlockwise) of the completed 
parallelogram area. The crucial thing in this case is that each of these 
directed linear extensions serves as a temporal order for the 
transportation or flow of the other along its extension. 

Therefore we have two distinct temporal orders with respect to 
which the parallelogram area can potentially be completed, but they are 
not equivalent, they differ in the way they induce an orientation on this 


area. Let us consider two independent directed linear extensions ¢ and 
6, then the ordered composition €; ^e, stipulates the replication of e, 


a total of I [2 | times along the linear extension of @, considered as a 


temporal order for this purpose. In the course of this replication 
procedure, whereas we may think of a transportation from a determinate 


point to another determinate point along the linear extension of @ in 


terms of a sharply defined scalar parameterizing variable, the directed 


segment ¢, has to be taken in its totality, in other words, as a potentially 
simultaneous whole. This means that it assumes potentially all the points 
of its linear extension in a kind of "tautochrone" superposition. In this 
sense, it is objectively totally indeterminate in the course of its replication 


along the determinate extension of ¢ from point to point. To be sure, 


the directed linear extension of a segment is not considered to consist of 
determinate spatial points, rather the latter are implicitly instantiated in 
the process of replicating another directed segment along the former's 
extension. Precisely analogous considerations pertain to the oppositely 


oriented case, referring to the ordered composition &,^6€, , which 
requires the replication of & a total of ||e, || times along the linear 


extension of @,, considered as a temporal order in its turn. 


The above procedure actually constitutes the cornerstone of the 
partial derivation method underlying geometric analysis, that is to say, 
the two-variable geometric calculus expressed in terms of differential 
forms and their integration, which is generalized to multiple variables by 
means of the rules of exterior products. In this way, the geometric 
manifestation of the exterior product in terms of an one-parameter flow 
along a directed linear extension is expressed locally by way of a partial 
derivation along this extension, ie. a one-parameter partial 
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differentiation procedure. The fact that the differentiation procedure can 
be enacted in two ways that differ by a sign is expressed by the Leibniz 
rule for differentiating products. The Leibniz rule of differentiation is a 
formal expression of the replication procedure we have already described. 

Given that directed linear extensions are reflected as 
infinitesimals in their respective commutative spectral shadows, we need 
also to grasp in what way the infinitesimal commutativity underlying the 
mixed partial derivations with respect to the two independent temporal 
orders, in the case of two composed linear extensions, reflects the non- 
commutativity of the exterior product of these extensions, which finally 
is manifested as a sign difference in the orientation of the composed 
parallelogram area. 

Up to present, we have already seen that the nullity of the exterior 
product of a single directed linear extension e withitself, eve=0,has 
a commutative shadow in the exterior algebra E(Ke) expressed by the 
unit s whose square vanishes. We have identified this unit as an 
infinitesimal unit, with respect to which the flow over the considered 
temporal order takes place and expressed in commutative algebraic, and 
thus, spectrally geometric terms, by means of E(Ke) z KG K-e. The 
pertinent question is how the commutative shadow displays in case of two 
independent linear extensions. An answer to that will allow an easy 
generalization in all cases involving any finite number of independent 
linear extensions. 

In the context of the above, consider two independent linear 
extensions in a two-dimensional vector space V over the real numbers. 
Then, we may define a bilinear map p:VxV —^VGV , where 


V xV =V GV ,such that 
(6,6) = p(e,6) =e, Be, - e, Ge 
Clearly, we obtain that plee) -0, p(e,,e,) =0, thus p is 


alternating. Therefore, a unique linear map exists in this case 


LAV >V BV, such that: 
€ Ae, gle ^e) =e, Ve, - e, Ve, 


Next, we consider the same vector space V and its exterior algebra 


E(V).The latter isan R -algebra generated by the images of ¢ and &, 
denoted by &, Ê, subject to the relations 4^ —0, é,=0, and 


&£, = -ê ê. Notethat ĉâ, £, anti-commute, and thus E(V) isanon- 
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commutative R -algebra in striking contrast to the case of a single 
directed linear extension. 
Therefore, the exterior algebra £E(V) cannot be considered as the 


infinitesimally-generated commutative shadow we are looking for here. 
Note that, generally speaking, the commutative shadow always admits of 
a local description, since infinitesimal quantities are meaningful only 
within a local context. Globally only their integrated products axe 
observable. 

Analogously to the case of a single directed linear extension the 
sought-after commutative shadow should be thought of as a commutative 


extension with respect to two infinitesimal units, &, &,, together with a 


mixed commutative term of the form £j:£, =&,:&, as follows: 
E(V)& ROR-z, € R-e, € R- (e, :2;) 


, 2 2 
where the squares ofboth € and £, arezero,ie. & =0, £, =0,and 


the two infinitesimal units commute, i.e. they are scalars in the 
commutative R -algebra E(V). Note that instead of the field R 


considered here, we may similarly think of another field IK. 
Note that V may written equivalently in the form 


V =Re, ®Re, , since we are dealing with two independent linear 


extensions. Then, E(V) as a vector space over R , denoted by E(V) 
to distinguish it from the same space equipped with the non-commutative 
algebra structure E(V/), takes the form: 


EV) = E(Re, € Re,)  E(Rz,) 8 E(Re,) 


We notice that both E(Reé,) and E(Re,) are not only vector spaces, 


but they are commutative algebras over R . Thus, E (V) is also a 
commutative R -algebra with respect to the standard R -tensor product, 
identical with the algebra E (V). Thus, the exterior algebra E(V) has a 
commutative spectral shadow represented by the algebra E (V). 


The significance of the commutative spectral shadow E (V) of 
E(V) consists in the fact that the unique linear map from the top 


7 š è è 2 
exterior power in this case, i.e. y: AV OVS, such that: 
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€ Ae, gle ^e) =e, Ge, - e, Qe 
descends in the commutative shadow to the map 
& ^6, HE'E - 6:6 


Therefore, € Aé€, belongs to the kernel of this unique linear map after its 
descent to the commutative shadow E(V). Hence, the commutativity 
condition of the infinitesimals ¢ and &, is obtained, given as 


E €, = E, ' €, which is nothing else but the standard commutation rule of 
the mixed partial derivatives. 

There is an analogous relation here. Just as the non-commutative 
exterior algebra E(V) is an algebraic encoding of Grassmann's lineal 
extension process from layer to layer, starting from directed linear 
extensions, where the scalars or points are only implicitly assumed, so the 


commutative spectral shadow E(V) affords a conceptual inversion, in 
the form of a decoding of this process, which takes place in terms of 
commuting infinitesimal units, where each one corresponds to an 
infinitesimal directed extension, culminating in the determination of 
points according to distinct linear infinitesimal extensions that become 
dependent at that point. 

The crucial aspect of this metaphora is that points are only implicit 
in the ordered extension process, in the sense that they are instantiated 
in the procedure of replicating a linear extension along another 
independent one. They become explicit only in the inversion of the 
extension in the commutative shadow, and only locally and 
infinitesimally, by means of making two infinitesimal flows in distinct 
directions dependent at that point. In this manner, a point becomes 
explicit as an element bounded by distinct temporal orders manifested as 
infinitesimal directional flows that meet or become dependent at that 
point. The necessary condition for the temporal explication of points in 
this way, according to two different or even a whole multiplicity of 
temporal determination modes, is that the units of these flows becoming 
dependent at a point-instant locally commute in the infinitesimal vicinity 
of that point. 

Henceforth, the lineal extension process cannot be conceived 
independently of its inversion, taking place by means of the commutative 
spectral shadow of the exterior algebra. In point of fact, in an attempt to 
reach beyond the exterior multiplication product, called a progressive 
product, bearing the analogous role of the logical join operation, 
Grassmann strived for the definition of another type of product, called a 
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regressive product, bearing a role analogous to the logical meet operation, 
and thus constituting the inversion of the former. There is a not a clear 
consensus in the literature regarding the definition of the regressive 
product. The proposed metaphora from the non-commutative domain to 
the commutative spectral shadow of this domain, instantiated as it is 
infinitesimally, shows that Grassmann's lineal extension cannot be 
understood independently of Leibniz's infinitesimal analysis. 


6.6 COBOUNDARY LAW: DESCENDING AND THE DIFFERENTIAL 
RESOLUTION OF A POINT 


It is worth emphasizing the potent, and non-contradictory, indirect self- 
referential strategy underlying the conception of points or scalars 
according to this metaphora. It initiates by means of an ascent from the 
layer of independent directed linear extensions, where points are only 
implicitly assumed, to the layer of oriented areas, volumes and so on, being 
followed by a descent back to lower and lower layers, and culminates in 
the explication of points as bounds of distinct temporal orders becoming 
dependent infinitesimally at that point. This type of indirect self- 
referentiality arising from the process of ascending and then descending 
back in order to explicate temporally and multi-linearly what a point is in 
the context of Grassmann's geometric lineal analysis, is not void. Quite 
the reverse, it contains the germ of cohomological analysis in general 
topological spaces or even categorical sites, arguably, one of the most 
powerful and fruitful methods of modern mathematics and theoretical 
physics. 

There are three basic conceptual issues underlying the dramatic 
generalization of this metaphora. The first issue pertains to the 
generalization of Grassmann's exterior algebra from the context of vector 
spaces defined over a field, to the context of locally free modules defined 
over an algebra of observables (in particular, locally free sheaves of 
modules defined over a sheaf of algebras of observables). The second issue 
pertains to conceptualizing algebraically the previously described 
metaphora as a process of spectral resolution of the constant scalars. The 
third issue pertains to viewing this process of resolution of the constants 
in terms of the notion of an algebraic-topological complex. The definition 
of the latter is based on the action of an operator, called the coboundary 
or, exterior derivation operator d, characterized by the property that 
d? = 0, Le. it is a nilpotent operator of the second degree. 

The notion of the coboundary operator that effects differentiation 
in this setting, is based precisely on the articulation of a point as a bound 
of distinct temporal orders becoming dependent infinitesimally, i.e. in 
terms of commuting one-parameter infinitesimal flows, at that point. The 
specification of the coboundary operator can actually be extracted from 
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the constitution of the commutative shadow E(V) of the exterior 
algebra E(V). 


The idea is to unfold the infinitesimal irreducible parts of E(V) 
as modules, or simply vectors spaces, of differentials of different orders. 
In particular, in the two-dimensional case we have examined in detail, we 
consider the vector space of differentials of the first order, which contains 


only the pure infinitesimal units &, and €,, and then, the vector space 


of differentials of the second order, which contains the mixed terms. Since 
the latter are vector spaces of differentials of the first and second order 
correspondingly their elements, while infinitesimals, are directed 
geometric magnitudes. Then, we may symbolically consider 


d - &8, +E E, 


g= d(d) = d(& ê, + £,£,) = (£, 5)55 F5 £ JÊ -(4:6-65)55, = 0 


which demonstrates the “coboundary law” of constitution of a complex of 
vector spaces in cohomology theory. Note that the coboundary operator 
is defined locally, whose purpose is to resolve the points, or else the 
constant scalars, by way of the concomitant ascent-descent process of 
Grassmann’s lineal geometric analysis. 

In the context of locally free modules defined over observable algebras the 
"coboundary law" expresses the law of "inertial variation" in physical 
terminology. The discrepancy from inertial variation in the transition 
from the local to the global conceived topologically, is measured by certain 
equivalence classes, called cohomology classes. These classes are defined 
precisely through the notion of coboundary, and they capture in 
infinitesimal commutative terms some invariant global aspect obtained 
by their integration. 


6.7 COHOMOLOGY: GROUP SHEAVES AS COEFFICIENT SYSTEMS 
FOR CALCULUS 


The far-reaching applicability of Grassmann’s lineal geometric analysis 
can be adequately appreciated only if it can be raised appropriately from 
the level of a vector space to the level of a “locally free module”, defined 
over a smooth manifold or, more generally, over an arbitrary topological 
space, called accordingly a vector sheaf. The essential aspect of this 
generalization marking the powerful unifying combination of methods 
and ideas from the fields of geometry, topology, analysis, and homological 
algebra, is the notion of localization of a mathematical form, which 
reaches its greatest heights with the invention of sheaf theory and its 
subsequent application in the machinery of cohomology theory. 
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Conceptually, the invariant transference of Grassmann's lineal 
extension framework from the level of vectors to the level of locally free 
modules, necessitates the consideration of locally-definable and variable 
mathematical entities. At the first stage, the natural generalization of the 
notion of a vector space defined over a field of scalars is carried over by 
the notion of a module defined over a commutative algebra of scalars in 
which the underlying field of definition of this algebra is injected as the 
constant scalars. The scalars of the algebra may be thought of in a physical 
sense as the observable quantities. 

In this sense, they assume at least the role of continuous functions 
defined over a topological space. For instance, the algebra of scalars may 


be generally considered as the R -algebra, or more generally C-algebra, 
of continuous functions evaluated in this field. The notion of evaluation 
also bears a physical semantics, since it refers to the evaluation of the 
observables at the states of the base topological space, that is, the 
recording of events in terms of values in the field of definition. Since the 
vectorial quantities defined over the algebra of scalars should be in 
principle expressible in terms of a basis, as in the case of vector spaces, 
the modules are required to be finitely generated or free. 

Notwithstanding this fact, there are two essential issues that have 
to be dealt with in this generalization: 

The first pertains to the realization that the operative 
manifestation of Grassmann's lineal geometric analysis requires both the 
commutativity, and the infinitesimally-generated nature of the algebraic 
structural shadow of the extension process. In the context of the 
generalization we are dealing with the base field is substituted by the 
algebra of scalars, whereas the infinitesimals of all orders are included as 
ideals in this commutative shadow. In an analogous fashion, they give rise 
to modules of differentials, that is, continuous differential forms of 
various orders, such that the pertinent coboundary operator is defined in 
terms of them. In this way, the latter may be simply identified as an 
exterior derivative operator from the algebra of scalars to the modules of 
differentials of the first degree obeying the Leibniz rule, and subsequently 
generalized to all higher order by means of Grassmannian calculus, such 
that the coboundary law is satisfied. Technically, the base topological 
space is assumed to be paracompact and Hausdorff. 

The conceptual problem arising in this setting is that continuous 
functions are defined by their values at the points of the base topological 
space. This is quite at odds with the unfolding of Grassmann's geometric 
analysis, since the points are only implicitly assumed in the initiation of 
the extension process, whereas they are actually explicated as bounds of 
criss-crossing temporal orders becoming dependent at a point, and most 
importantly, this is enacted only in terms of infinitesimal flows. The latter 
are only locally defined, they just require a local cover of this point. 
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Therefore, to introduce here, in the generalized scheme of geometric 
analysis scalars as continuous functions determined by their values at 
points of the assumed topological space would be to beg the question. 
There is a way around this serious issue that makes the generalization of 
Grassmanian analysis proceed in a meaningful way preserving the 
unfolding semantics we have explicated previously. 

The essentially simple idea required for this purpose, notably also 
of a physical descent, is to consider the localization of the whole scheme. 
This is something already mandated from the origin of Grassmannian 
analysis, since the commutative shadow of the non-commutative exterior 
algebra, generated as it is infinitesimally can only be of a local character. 
This localization procedure of all scalar and vectorial quantities as well as 
geometric forms bears the name of sheaf theory. 

Instead of thinking in terms of globally defined continuous 
functions or forms of any order, we think in terms of locally defined 
functions, called sheaf sections, and their corresponding germs, as 
detailed in the preceding. Accordingly, the base topological space is 
considered only implicitly in the beginning of geometric analysis, with no 
reference required at all on its point determination. Instead what matters 
is the local covering structure of this space, which consists of the open sets 
covering the implicitly assumed points, that become explicable only in the 
culmination of the analysis in terms of the commutative shadow, or 
equivalently the algebra of scalars together with the cohomological 
temporal unfolding of the coboundary operator to higher orders of 
infinitesimal germs to be integrated appropriately as potential bearers of 
global information. Thus, under this essential localization requirement, 
the generalization of geometric analysis takes place in terms of a sheaf of 
commutative algebras of scalars or observables and locally free sheaves of 
modules defined over it so that the notion of basis persists in this context 
as well. 

The second issue pertaining to this generalization has to do with 
the doubly articulated semantics of the unfolding of geometric analysis 
given the necessary condition of topological or sheaf-theoretic 
localization, as established. Since, the point structure of the base 
topological space is only implicitly assumed what really matters is what 
plays the role of a topology, i.e. the role of a local covering structure of the 
points that allows the formulation of the concept of a continuous function 
with respect to these covers. Traditionally, this is implemented in terms 
of a collection of open covers of a topological space that is closed under 
arbitrary unions and finite intersections. 

Grothendieck generalized the notion of a covering family 
consisting of open sets by the notion of a covering sieve, not necessarily 
consisting of injective open covers, but allowing the definition of 
continuity in these generalized terms. The idea of generalized covers is 
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inspired essentially by Riemann 's covering principle together with its re- 
conceptualization from the perspective of Galois theory. 

In a Grothendieck topology the open covers of a space are maps 
into this space, where instead of their pairwise intersections we have to 
look at their fibered products, or pullbacks, while unions play no essential 
role. In this conception, the idea of a cover is thought of as an observation 
horizon of a point, represented as an opening in a sieve that infiltrates 
observable information compatibly at different resolution layers by 
refinement until its temporal completion, thanks to which the essence of 
a point as a bearer of some globally irreducible, quantifiable, and invariant 
information may be unfolded cohomologically. The defining requirements 
of these generalized covers are the following: Covers are transitive 
meaning that covers of covers are also covers; covers are stable under 
pullback operations conforming to the stability of the notion of a cover 
under change of base; and finally, isomorphisms are qualified as covers. 

Note that the present type of cohomological unfolding is not 
typically the same as the one implemented by Grassmanian analysis in 
terms of differential forms, or more precisely, de Rham cohomology. It is 
a differently conceived kind of unfolding by means of another suitably 
defined coboundary operator, called Cech cohomology. Recalling that the 
notion of a coboundary operator is the encoding of a multiplicity of point- 
bounding temporal orders in infinitesimal terms, subject to the 
coboundary law, the conception of Cech cohomology is based on a 
different articulation of what a temporal order is, independently of the 
concept of a local linearly extended geometric magnitude or form as in the 
de Rham case. 

The amazing fact that these two different types of cohomological 
unfolding can be unified, an insight that lies deeply at the heart of local 
gauge invariance that will be expanded later, is based on Grothendieck's 
vision that a locally variable sheaf of coefficients is actually the natural 
argument of all cohomological theories in this context. 

In other words, the natural argument of a cohomology theory is not 
just a space, as it was initially thought of, but a space together with an 
observable sheaf of coefficients, such that the space constitutes the 
observed spectrum of the sheaf employed cohomologically for this 
purpose. The global nature of points of this spectrum is typically 
determined, as it is actually expected, by a constant sheaf of coefficients, 
namely, a sheaf of locally constant sections valued in the integers, or the 
reals, or the complex numbers. In this sense, a commutative observable 
sheaf of coefficients plays locally the equivalent role of a measurement 
procedure, or apparatus in physical terminology, that is capable of 
capturing some global invariant feature only by cohomological means. 

In Grothendieck's phraseology, we read the following excerpt (in 
English translation) from his autobiographical reflections contained in 
Récoltes et semailles: Réflexions et témoignages sur un passé de 
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mathématicien: "Consider the set formed by all sheaves over a (given) 
topological space or, if you like, the formidable arsenal of all the "rulers" 
that can be used in taking measurements on it. We will treat this 
"ensemble", or "arsenal" as one equipped with a structure that may be 
considered “self-evident”, one that crops up “in front of one's nose”: that 
is to say, a Categorical structure ... It functions as a kind of 
"superstructure of measurement", called the "Category of Sheaves" (over 
the given space), which henceforth shall be taken to incorporate all that 
is most essential about that space. This is in all respects a lawful 
procedure, (in terms of “mathematical common sense") because it turns 
out that one can “reconstitute” in all respects, the topological space by 
means of the associated "category of sheaves" (or "arsenal" of measuring 
instruments"). 

Having already described the process of continuous unfolding 
from the local to the global achieved by the theory of sheaves, it is 
worthwhile for our purposes to focus on the basic ideas of Cech 
cohomology theory, as a basic predecessor of the later developments. This 
is particularly interesting in relation to the notion of double articulation 
laid out briefly above, since it introduces a novel way of thinking about 
the global nature of the points of a topological space in terms of the idea 
of coverings, which for reasons of simplicity, we may currently identify 
with the typical open covers of a topological space, whose global aspects 
are only implicitly assumed ab initio. 

The basic characteristic of these open coverings is that they are 
partially ordered by inclusion. Note that this is just a partial and not total 
order of open covers, meaning that it is capable of subsuming a variety of 
potential local directed total orders or chains. The crucial idea is to force 
an inductive system out of these open covers that is capable of resolving 
points in terms of a corresponding dual projective system of Abelian 
groups of locally defined function elements, more precisely sections of a 
sheaf, over these covers at varying resolution horizons. Note that a 
section is conceived extensively as a whole over its domain or locus of 
definition. 

In the initial conception of this theory these function elements 
were considered constants, for instance constant real-valued functions, 


or the constant coefficient system R . In this sense, an extension of 
function elements is initiated by gluing them together through a process 
of joining together open covers, which has to be compatible with the 
inverse process of restriction of these elements to smaller open covers. For 
this purpose, it is required that for any pair of them there exists an 
infimum expressed by their intersection, or meet, or more generally pull- 
back operation, such that their overlap is totally contractible. Clearly, for 
every sub-collection of these covers there also exists a supremum with 
respect to their partial order relation. This implicitly also leads us to posit 
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a minimal cover to serve as the inductive limit of all pairwise intersections 
of all covers forming a chain. 

Thinking in temporal terms, we seek an articulation of points 
through this extension-restriction process in terms of an infinitesimally, 
and thus locally generated commutative shadow, which can be 
equivalently expressed by means of a locally variable sheaf of coefficients 
(which can obviously be the constants) together with an appropriately 
defined coboundary operator. The latter should act on cochains of 
function elements in such a way that all function elements in the image of 
its action should form coboundaries, that is, local infinitesimally- 
generated flows over the directed temporal orders represented by the 
respective dual chains of covers, called in turn boundaries. 

The first thing to note is that although coboundaries are locally 
defined entities, boundaries are globally defined entities with respect to 
the implicit base topological space. Thus although the coboundary 
operator is a locally defined operator on cochains, its dual boundary 
operator is a globally defined operator on chains. This eventually leads to 
the marking difference between cohomological and homological entities 
providing the appropriate hint required to pair them together in a suitable 
manner. At this stage, there is a second important thing we should also 
take into account, namely that in order that coboundary infinitesimal 
flows over distinct directed temporal orders can bound points by means 
of crisscrossing, they should be clearly alternating. Thus, both chains and 
cochains should be directed in the order-theoretic sense and alternating; 
something that it is implicitly assumed from the beginning usually, but 
has to be stressed at this stage. 

The most important idea now is that in a topological space, in 
sharp distinction to a linear space, this procedure does not exhaust the 
ontology of points. The reason is that this implicitly postulated global 
topological space is generally neither contractible, nor simply connected. 
Thus, there appears a new kind of ontology of points, which may be 
characterized in terms of a variety of singular points, for instance holes, 
singularities, poles, branching points, sources, residues, degeneracies, 
foams, and so on. All these types of singular points should be accounted 
for indirectly, through metaphora, in terms of some global invariant 
information they eventually give rise to with respect to the local 
commutative spectral shadow, instantiated by the locally variable sheaf 
of coefficients together with the locally defined coboundary operator. 
Since the global nature of these singular points cannot be probed and 
exhausted at the infinitesimal level, meaning that singular points cannot 
be bounded via crisscrossing infinitesimal flows locally, the type of 
cochains needed for their description cannot be coboundaries as in the 
former case, but cochains which are annihilated by the coboundary 
operator, or equivalently cochains that are vanishing over boundary 
chains, called in turn cocycles. 
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In this case, the crucial issue is that we require a novel notion of 
directed temporal order to be applied for distinguishing singular points, of 
a different quality from the one conceptualized in terms of boundary 
chains. It is intuitive enough to think that a singular point, since it cannot 
be bounded by infinitesimal flows meeting at this point, can only be 
amenable to a process of repeated circulations around it, where all these 
circulations are not equivalent, but are in principle distinguishable in 
terms of different global attributes. 

Dually thinking, the type of global chains needed for this purpose, 
called cycles, are clearly not boundaries, and most significantly, they 
encapsulate a novel type of temporal order that it is qualitatively different 
from the former one. More precisely, the type of temporal order 
encapsulated by cycles is characterized in terms of the periods of the 
locally-generated process of cocyclic circumscription, to be thought of as 
a global integration procedure, and not in terms of instants as in the 
former case. 

The only issue remaining after making this qualitative difference 
is to discern the internal relation that cocycles bear with coboundaries, or 
equivalently cycles with boundaries. We can immediately see that due to 
the validity of the coboundary law for alternating cochains, all 
coboundaries are trivially cocycles as well. Equivalently, all boundary 
chains are trivially cycles as well, showing that the spectral unveiling of 
singular points is deeper than that of standard points, since the type of 
temporal order needed to account for the latter is trivially subsumed by 
the former. 

Hence, at each degree, we may consider the quotient of the space 
of all cochains that are cocycles by the space of all cochains that are 
coboundaries to obtain the notion of a corresponding cohomology class. 
From this viewpoint, we realize that coboundaries function as bridges in 
statu-nascendi for the transition from one cocycle to another of the same 
cohomology class. We conclude that it is the concept of a cocycle that 
epitomizes the notion of a gauge in a topological context, whence the 
notion of gauge invariance is expressed through the concept of a 
cohomology class, as we shall elaborate in more detail later. 

We proceed with a brief technical exposition to accompany the 
above conceptual undertaking of Eduard Cech theory. We emphasize that 
this cohomology theory is based on the intersection properties of open 


covers. Let U=U,,k € K, be a system of open covers of the implicitly 


assumed global topological space X . For k, k,, ..., k, e K,we 
denote: 
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and define a degree ;-cochain with real coefficients for the covering U 


as a totally ordered collection of function elements ¢:={f,}, where x 


is totally ordered with n+1 elements, and each T. is constant, real- 


valued and alternating. 
We denote the set of all degree 5-cochains with real coefficients 


obtained from a covering U of X by C'(X;R;U). Then, pointwise 


addition over the real numbers makes C" (X; R; U) an Abelian group, 
and scalar multiplication provides it with the structure of a real vector 


i "m 0 
space. According to the above definition, an element of C (X;R,U) 
corresponds to the assignment of a constant real-valued function to each 


open cover in U. We consider that the covering U is finite, say of 
cardinality v , hence we obtain C(x ;R,U) - R". Analogously, the 


. 1 ; 
elements in C (X;IR,U) correspond to constant real-valued functions 


defined on the overlap of two open covers, and so on. 
The coboundary map, or Cech differential is a linear map 


6:0°(X3R,U) > C" QGR,U) 


for every index 120, which sends each n-cochain ø toa n+l- 
cochain 6¢, ie. to a coboundary, that is a set of constant real-valued 


functions defined on intersections of n+2 open covers, each expressed 
as an alternating sum of restrictions of ¢’s to these covers. The 
coboundary operator by construction satisfies the coboundary law, 
ó? —Q. 

We say that a cochain ¢ in C'(X;IR,U) is closed, or a cocycle, 


if 5¢=0, whereas we say that a cochain 9 in C'(X;R,U) isa 
coboundary if it is in the image of the coboundary operator ô, i.e. there 
existsacochain / in C H (X;R,U), such that Sy = o. Then, we define 
the n -cohomology Abelian group of equivalence classes of cocycles 
modulo coboundaries with coefficients in R , as the quotient: 


_ Ker(0: C" >C) 
Im: — C") 


n 


Superficially, it seems that the above cohomology groups depend on the 


covering U chosen. This is not true, but this wrong impression can be 
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rectified by applying the inductive limit construction over a refinement of 


U. Practically, it suffices to consider all open covers of U which are 
contractible, so that all their intersections are contractible as well. 

It is important to notice that the structure of the real numbers is 
not constraining in any way for the establishment of Cech’s theory. All 
the arguments can be carried out for constant functions in any Abelian 
group. It follows that, we obtain Abelian cohomology groups with values 
in G for any Abelian group of coefficients G . Most appropriately, 
because of the pertinent localization philosophy, we should focus on a 
locally variable Abelian group structure of coefficients, ie. an Abelian 
group sheaf of coefficients, which is usually an Abelian group sheaf of 
locally constant functions. 

After this clarification, we may examine in more detail the 


structure of the 0—th Abelian cohomology group H°(X;R,U). This 
group emanates purely from 0 -cocycles, that is, from cochains 9:7 {f}, 


where « contains only | element, and each fe is a locally constant, 


real-valued function. We have: 
00-0 f, =f, 


on the intersection U, ^U, ofthe open covers U, and U,. 

Therefore, H°(X;R,U) is the Abelian group of locally constant real- 
valued functions. In this way, the group H'(X;R,U) detects the 
connected components of the topological space X , If X is connected 


then H'(X;R, U)=R. In this case, H(X; R, U) is identified as the 
Abelian group of all globally defined constant functions. 
Let us now examine the 1—5/ Abelian cohomology group 


H (X;R,U). This group emanates from |-cocycles, i.e. from cochains 


¢:={f.}, where x contains 2 elements, and each f, is a locally 
constant, real-valued function. Equivalently, we consider the family 


b:={f,,:U, AU, >R}, such that f, 7 —f,,, and the following cocycle 


relation is satisfied: 


ój-0o f, = fat bc 
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on the triple intersection of open covers U, ^U, rnU,. These 1-cocycles 


@ yield cohomology classes in H'(X;R,U) by taking them up to the 
addition of a coboundary. Equivalently, for any two cocycles ¢, ¢’, we 
have that: 


[9)7 [9] e fo = fast f. 7 s 


forsome 0-cochain (f,:U, >R}. 


After our interlude among the workings of Cech cohomology 
theory, the essential thing to keep in mind is that the natural argument of 
a cohomology theory is not a global topological space or a manifold, which 
after all is initially only implicitly posited, but a space together with an 
observable sheaf of coefficients, such that the point constitution (both 
standard and singular) of the former arises as the spectrum of the sheaf 
cohomological analysis. It is an established fact that in the case of 
paracompact topological spaces the calculation of cohomology with 
coefficients into a typical sheaf of coefficients is equivalent to the 
calculation of Cech cohomology theory with values in the corresponding 
sheaf (complete presheaf). 

In this context, the calculation of cohomology with values in a 
constant group sheaf is of particular significance; such a group sheaf 
consists of locally constant sections, as well as the interrelation among 
constant sheaves in their function as cohomology coefficients. The most 
important tool in this respect, is provided by the exponential short exact 
sequence of constant group sheaves. The validity of this exact sequence of 
group sheaves conceptually descents from Riemann's covering principle, 
that we have already seen in the context of complex function theory on 
Riemann surfaces in relation to the complex exponential function and its 
local inverse complex logarithm function. 

In terms of constant Abelian group sheaves, we have locally a 
certain interrelation of coefficients, expressed via the exact sequence: 


0972—5C—25C31, (1) 
Ker(exp) = Im(1) 2 Z, (2) 


where Z isthe constant additive Abelian group sheaf of the integers, C 


is the constant additive Abelian group sheaf of the complexes, and C is 
the constant multiplicative Abelian group sheaf of non-zero complexes. 

The above exponential short exact sequence can be specialized 
further to the following short exact sequence of constant Abelian group 
sheaves: 
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025 Z——R-—982? 5 UI) 91 (3) 


where IR isthe constant additive Abelian group sheaf of the reals, and 
U(1) is the constant multiplicative Abelian group sheaf of unit modulus 
complexes (phases). 

The applicability of Grassmann's lineal geometric analysis is 
finally generalized and empowered to its full strength under the program 
of sheaf-theoretic localization, that marks the essential semantic 
transition from the level of vector spaces to the level of vector sheaves. 
The important thing is that Grassmann's analysis permeates the level of 
vector sheaves, meaning that it is invariant under localization, or 
equivalently exhibits a functorial behavior that justifies its universal 
relevance and applicability. For reasons of completeness, it is worth 
including the basic definition of the notion of a vector sheaf that 
characterizes the correlative generalization. 

We consider a pair (X,A) consisting of a paracompact 
(Hausdorff) topological space X and a soft sheaf of commutative rings 
A localized over X . The above pair is considered as the Gelfand 
spectrum of a corresponding algebra of observables 4. We remind that if 
C is the field of complex numbers, then an C-algebra 4 isa ring 4 
together with a morphism of rings C — 4 (making 4 into a vector 
space over C) such that, the morphism 4— C is a linear morphism of 
vector spaces. Notice that the same holds if we substitute the field C 
with any other field, for instance, the field of real numbers R . We also 


assume that the stalk A. of germs is a local commutative C-algebra for 


any point xe X.4A typical example is the case, where X is a smooth 
manifold ofand .A isthe C-algebra sheaf of germs of smooth functions 
localized over X . Together with a C -algebra sheaf A we also 
consider the Abelian group sheaf of invertible elements of A , denoted 
by A := Å. 

An immediate generalization of the exponential short exact 
sequence of constant Abelian group sheaves is provided by the following 
short exact sequence of variable Abelian group sheaves, which models 
sheaf-theoretically the process of exponentiation in terms of the variable 
sheaves of coefficients A and A: 


0>Z—>4A—> Asi. (4) 


where Z is the constant abelian group sheaf of integers (sheaf of locally 
constant sections valued in the group of integers), such that: 
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Ker(e) = Im) z Z. (5) 


An A-module E is called a locally free A -module of finite 
rank m, or simply a vector sheaf of states, if for any point xe X there 
exists anopen set U of X suchthat: 


m 


EL & QAI) CAL", (6) 


where (.A|,)" denotes the ;» -terms direct sum of the sheaf of C- 
observable algebras A restricted to U , for some meN. We call 
(.A|;)" the local sectional frame of E associated via the open covering 
u-(U) of X. 

In case that the rank is 1, the corresponding vector sheaf is called 
a line sheaf of states, that is locally for any point x € X there exists an 
openset U of X suchthat: 


ELZAL. (7) 


Furthermore, if for any point xe X there exists an open set U of X 
such that: 


Se QXCL) - (CI)". (8) 


then we call any locally free C-module S of finite rank ;;, for some 
meN, a complex linear local system of rank m. 

The notion of a vector sheaf of states generalizes the notion of a 
vector space in the sense that locally every section of a finite rank vector 
sheaf can be written as a finite linear combination, or superposition of a 
basis of sections with variable coefficients from the local observable 


algebra. For example, if X is a smooth manifold and A is the C- 


algebra or R -algebra sheaf of germs of smooth functions on X , then 
every section can be locally written as a finite superposition of a basis of 
sections with coefficient being real-valued smooth functions. We note 
that the set of sections of every vector bundle on a topological space (not 
necessarily a smooth manifold) forms a vector sheaf of sections localized 
over this space. 


Given a vector sheaf of states £, there is specified a Cech l- 


cocycle with respect to a covering U — (U) of X ,called a coordinate l- 
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cocpclein Z '(U,GL(m, A) (with values in the sheaf of germs of sections 
into the complex general linear group GL(m,C)), as follows: 


0,:€ " =(A " y", (9) 
ng: Elu, E CAT)". (10) 


Thus, for every X €U, we have a stalk isomorphism: 
n,(x):6, =A”, (11) 


and similarly for every x €U ,.Ifweconsiderthat xeU, (Ue then we 


obtain the isomorphism: 
£40) = n,G) em): A" =A”. (12) 


The g,,(x) is thought of as an invertible matrix of germs at x. 


Consequently, gp is an invertible matrix section in the sheaf of germs 
GL(m,A) (taking values in the general linear group GL(m,C) ). 
Moreover, g,, satisfies the cocycle conditions ,,»g5, =,, on triple 


intersections whenever they are defined. 
It is clear in this way that we obtain a vector bundle with typical 


fiber (C", structure group GL(m,C), whose sections form the vector 
sheaf of states we started with. In particular, for m —1, we obtain a line 
bundle L with fiber C, structure group GL(1,C) z( (the non-zero 


complex numbers), whose sections form a line sheaf of states £. Clearly, 
by imposing a unitarity condition the structure group is reduced to U(1). 
Thus, particularly in the case of a line sheaf of states we have a bijective 
correspondence: 


Le (gp) e Z (4, À) (13) 


where GL(1, A) x A" :-.À is the group sheaf of invertible elements of 
A (taking values in C), and Z (Uu, A) is the set of coordinate |- 


cocycles. In physical terminology, a coordinate 1-cocycle effects a local 
frame transformation, or equivalently a local gauge transformation of a 


vector sheaf of states £E. 
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Every |-cocycle can be conjugated witha 0-cochain (¢,) inthe 
set C°(U, A) to obtain another equivalent l-cocycle: 
E m ty “Sap ty (14) 
If we consider the coboundary operator: 
A’:C°(U,A) > C'U, A), (15) 
then the image of A" gives the set of 1-coboundaries of the form A°(t,') 
in B'(U A): 
0r,-l. zi 
A°(t,')=t, ty (16) 
Thus, we obtain that the 1-cocycle Sup is equivalent to the 1-cocycle 
Zag in Zu, A) if and only if there existsa 0-cochain (f,) in the set 
C°(U, A), such that: 
D -1 — A0,7,-21 
Sag Ep =A (t; ) (17) 


where, the multiplication above is meaningful in the Abelian group of 1- 


cocycles ZU, A). 
Due to the bijective correspondence of line sheaves with 


coordinate |-cocycles with respect to an open covering MU , we 
immediately obtain the following: 
The set of isomorphism classes of line sheaves of states over the 


same topological space X , denoted by 7so(C)(X), is in bijective 


correspondence with the set of cohomology classes H (X A): 


Iso(L)(X) = H'(X,A) (18) 


Furthermore, each equivalence class [C]=L in J/so(C)(X) 
has an inverse, defined by: 


f= Hom ,(£,A) (19) 
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where, Hom,(L,A):=£ denotes the dual line sheaf of £. This is 
actually deduced from the fact that we can define the tensor product of 
two equivalence classes of line sheaves over A so that: 


LO, L = Hom, (L,L)=End,L=A (20) 


Hence, we conclude that the set of isomorphism classes of line sheaves of 
states over the same topological space X, Jso(L)(X), has an Abelian 
group structure with respect to the tensor product over the observable 
algebra sheaf A , and isomorphically the set of cohomology classes 


1 A\ : š P 
H (X,A) is also an Abelian group, where the tensor product of two line 
sheaves of states corresponds to the product of their respective 


coordinate l-cocycles. 


6.8 SINGULAR DISCLOSURE: INTEGRATION OVER CYCLES 
AND INVARIANTS 


In the context of Grassmann's lineal geometric analysis we reached the 
following conclusion: In the same way that the non-commutative exterior 
algebra E(V) is an algebraic representation of Grassmann's lineal 
extension process from layer to layer starting from directed linear 
extensions, where the scalars or points are only implicitly assumed, the 


commutative shadow E(V) provides an inversion of this process, in 
terms of commuting infinitesimal units, where each one of them 
corresponds to a directed extension, culminating in the determination of 
points according to distinct linear extensions becoming dependent at that 
point. 

More precisely, the constitution of the commutative shadow 


E(V) of the exterior algebra E(V) is elucidated by means of the 
locally defined coboundary operator, based on the idea of semantically 


unfolding the infinitesimal irreducible parts of E(V) as modules or 
simply vectors spaces of differentials of different orders. In this manner, 
the notion of the coboundary operator is actually based precisely on the 
articulation of a point as a bound of distinct temporal orders becoming 
dependent infinitesimally, that is, in terms of commuting one-parameter 
infinitesimal flows, at that point. 

The coboundary operator gives rise to an exterior derivation 
operator d, characterized by the property that d? — 0, in other words, 
it is a nilpotent operator of the second degree. More concretely, the 
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exterior derivation operator is thought of as acting on modules of 
differentials, called differential forms. 

In order that Kahler’s algebraic extension method becomes 
suitable as a generator of a universal mechanism of differential geometric 
analysis it should be susceptible to the process of sheaf-theoretic 
localization of an observable algebra. In turn, this would allow the 
complete disassociation of the differential mechanism from any 
underlying spatial substratum opening up the way for a functorial 
formulation of differential geometry. 

The localization of Káhler's algebraic extension method in sheaf 
theoretic terms requires first of all the notion of a universal derivation of 


the observable algebra sheaf A considered as an algebra sheaf over the 
constant sheaf of the reals R , or more generally, as an algebra sheaf over 
the constant sheaf of the complexes C. 

The universal R -derivation of the observable algebra sheaf A 


to the universal A -module sheaf '(A):=', called the 4 -module 


sheaf of differential |-forms, is the universal R -linear sheaf morphism 
(natural transformation) 0:- d^: 


d°:A>aQ' (1) 
such that the Leibniz condition is satisfied: 
d°(s-t)=s-d°(t)+t-d°(s), (2) 


for any continuous local sections s, ; belongingto A(U), with U an 


open set in X . Notice that all the above definitions are strictly local, 
which means they are considered stalk-wise. We may also use the 
following notational convention: A:=Q°. 

The major ingredient in setting up a universal mechanism of 
differential geometric analysis is the validity of the Poincaré Lemma: 


Ker(d°)=R. (3) 


Foreach neN, n22,the n-fold exterior product is defined as 
follows: O'(A) - A'O'(A) where Q(A)=Q'(A). We notice that 


there exists an R -linear sheaf morphism: 


d" Q" CA D" UL (4) 
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forall 120.Let @EQ”(A), then o has the form: 
o=} f (dl, ^...^dl,) (5) 


with f, l 


i» € A forallintegers i, j.Further, we define: 


d" (o) -Ydf adl, ^...^dl,. (6) 


From the above, we immediately obtain that the composition of two 
consecutive R -linear sheaf morphisms vanishes, that is. d" od" =0, 
abbreviated in the symbolic form d? = 0, expressing the coboundary law 
in this context. 


The sequence of R -linear sheaf morphisms: 
A> (A) >... 9:0"(A)>... (7) 


is a complex of R -vector space sheaves, called the sheaf-theoretic 


differential complex of A. 
Moreover, given the validity of the Poincaré Lemma, 


Ker(d°)=R, and the fact that A isa soft observable algebra sheaf, we 
obtain: 


The sequence of R -vector space sheaves is exact: 


09R2A2Q0(A)2...2Q'(A) 9... (8) 


Thus, the sheaf-theoretic differential complex of the observable algebra 


sheaf A constitutes a resolution of the constant sheaf R by soft 
sheaves (which are acyclic with respect to the global sections functor). 

The preceding observations elucidate the three basic conceptual 
issues underlying the generalization of Grassmann's lineal geometric 
analysis under the prism of sheaf-theoretic localization: 

The first pertains to the generalization of Grassmann's exterior 
algebra from the context of vector spaces defined over a field to the 
context of vector sheaves defined over a sheaf of algebras of observables. 

The second pertains to conceptualizing and expressing 
Grassmann’s scheme algebraically as a process of resolution of the 
constants, represented by the field of definition, the coordinatizers of 
points. 


284 NATURAL COMMUNICATION 


The third pertains to viewing this process of resolution of the 
constants in terms of the notion of a differential complex, where the latter 


is based on the action of the exterior derivation operator d , 


characterized by the property that. d^ — 0. that is, the coboundary law. 
Most important, in cases where the observable algebra sheaf is the 
sheaf of smooth functions defined on a differential manifold, the above 
sheaf-theoretic process of resolving the constants provides a clear 
manifestation of de Rham's cohomological scheme. In precise terms, the 


sheaf cohomology with coefficients in the constant sheaf R , is 


isomorphic with the de Rham cohomology of X .Weemphasize that R 
denotes the domain of constants (locally constant sections) of the 


observable algebra sheaf of smooth functions A defined on a smooth 


finite dimensional manifold X , identified as the spectrum of A. The 
same is equally true of the Cech cohomology with values in the constant 


sheaf R. In short, all the respective cohomology groups are isomorphic: 
A" (X;R)= Hr (X) (9) 


The above isomorphism, first proved by André Weil, establishes 
the sheaf-theoretic formulation of de Rham’s theorem. In order to gain a 
deeper insight it is of value to describe de Rham’s initial motive and follow 
the type of cohomological unfolding it implements in terms of differential 
forms. 

The essential issue is the disclosure of singular points on a 
manifold, given that its point structure is only implicitly assumed initially, 
according to the preceding. This disclosure may be though of in terms of 
a coboundary operator giving rise to a differential complex, where it is 
considered as an exterior derivation operator acting on differential forms 
that obey the rules of Grassmann’s lineal geometric analysis. The basic 
idea is that differential forms are objects which can be temporally 
integrated over chains in a way that is compatible with pull-back 
operations. If the result of this integration procedure is not trivial, then 
the obtained residue characterizes invariantly a singular point encpcled by 
an appropriate chain in terms of periods. 

According to de Rham, we consider differential forms of degree p, 


0< p <n, ona finite dimensional smooth manifold of dimension 7. These 


differential forms constitute a real vector space, denoted by ©”. The 
exterior differential operator acts on forms o",suchthat dæ” isaform 


in Q?"', via the linear mapping of real vector spaces 


d:Q^ — Q^" (10) 
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satisfying the condition that. d* — 0. 

The notion of the differential complex arising in this manner, 
called the de Rham complex, encapsulates the idea that the image 40^" 
of the real vector space Q?"' in Q? via d, lies in the kernel of the 


following linear mapping d:Q” — Q”", denoted by U”. Then, by 
means of quotienting the de Rham cohomology groups 


Ha (X)= 0? /dO" (11) 


are defined, and they are real vector spaces as well. A form o" that 
belongs to U”, whereby do"-0 is called a closed differential form, 


whereas a formin U” expressed as the differential of a formin (2^! is 
called an exact differential form. Clearly, every exact form is also closed, 
but the inverse does not hold. Thus, the de Rham cohomology group of 
some degree structurally measures the discrepancy from exactness at this 
degree in terms of closed forms failing to be exact. 


At a further stage, we consider that X is subdivided into cells, 
and let A, be the vector space of p-chains. This is a real vector space of 


linear combinations of p -cells with real coefficients. The boundary 0C) 


ofa p-cell C) isa (p—1)-chain with coefficients +1. This extends by 


linearity to a boundary operator 
0: A, > Ara (12) 


such that 6? =0. 
Next, we consider the vector space of real linear forms defined on 


p-chains, that is the real vector space A’ of p-cochains, dual to A,- 


For these, there is associated the coboundary operator 
8: A — AP" (13) 


satisfying the condition that 5*=0. More precisely, since the 
coboundary operator 6 acting on cochains is dual to the boundary 


operator ô acting on chains, for a cochain é” in 4? 


E” (Ppa) =E” P,a) (14) 
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where /,,, isa chain e 4,,. We conclude that the image dA”™ of 


pti 
the vector space 4^"! in 4’ via ó,liesin the kernel of 5:4’ > A", 
denoted by v^. Then, the cohomology groups 


H”(X):= V?’ /dA?" (15) 


are defined by means of quotienting, and they are real vector spaces. 
In this context, de Rham’s theorem not only proves the 
isomorphism: 


H'(X)&H,'(X) (16) 


but additionally, it shows explicitly that the above isomorphism is 
implemented and realized by the integration of differential forms. In 


particular, a p -cell Q, is considered as smooth so as to serve as the 


domain of integration of a corresponding differential form. For instance, 


for an l-differential form w, the expression [o stands for the line 


integral of œ along the l-cell ©. In an analogous manner, the integral 


f. c" extends by linearity toall p-chains p,,such that: 
"p 
à (o)- [ o" (17) 
p 


defines a linear form É ? identified as a cochain in 4”. Thus, for every 
degree p there emerge linear mappings 


v1 O? > A? (18) 
such that we have 
W(do^)- (o) (19) 


culminating into the theorem of George Stokes: 


J do" = Í. e = E? (OP pa) = 05" (Ppr) (20) 


P pti P pal 
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forall p,, e 4,,.Noticethatthelinear mappings Y map the groups 


pu 
U” and dQ?" into the groups V" and dA" correspondingly. We 
obtain thereby a linear mapping of the quotient groups: 


Hy’ (X)> H'(X) (21) 


that de Rham’s theorem asserts is an isomorphism. 
De Rham’s considerations additionally involve the homology 


groups H,(X) defined as the quotient groups: 


H,(X)=V,/0A,,, (22) 


pu 


where V, is the kernel of 0:4, — A,,. These chains p, in 4, 
satisfying the condition 0p, =0 are called cycles, whereas those 
satisfying the condition p, TOP are called boundaries. In this 


manner, an element of the homology group H ,(X) denotes an 
equivalence class of p -cycles differing by a boundary. The connotation 
of a cycle is tantamount to a closed region of integration. 


Consider a cochain ad in V^, ie. og? =(), called a p-cocycle. 
Then we obtain that 


ôE” (Ppa) =E” (p,a) =0 (23) 


meaning that é” is 0 on 04,,.Inthis way, we obtain an R -valued 


pu 
linear form on A(X ) that is identically 0 if $^ isa p-coboundary. 


In the inverse direction, all R -valued linear forms on H (X ) are 


produced likewise, meaning that 


A? (X) = Hom(H,(X),R) (24) 


In other words, H” (X) is identified as the dual to HX), i.e. the 
vector space of all R -valued linear forms on H p(X). Hence, the linear 


mappings V can viewed equivalently as: 


Y: Hg” (X)—> Hom(H,(X),R) (25) 


288 NATURAL COMMUNICATION 


which maps a closed differential form œ” toan R -valued linear form 
defined on the 7-cycles, and is 0 on the p-boundaries. According to 


de Rham's theorem ¥ is an isomorphism, and the R -values of this 
linear form are called the periods of the differential form œ”. The 
injectivity of ¥ means that if all periods of the closed differential form 
o^" are 0,then o" is an exact form, i.e. it is the differential of a form 


X", equivalently w’ =dy’'. The surjectivity of ' means that 
given periods 4 e Hom(H , CX), R), then there always exists a closed 


differential form æ”, that it is associated with these periods. 

Again the essential issue of de Rham cohomological analysis is the 
disclosure of singular points on a manifold in terms of invariant quantities 
obtained by the integration of differential forms. More precisely, closed 
differential forms are the natural integrands over cycles, i.e. they can be 
temporally integrated over closed chains encircling a singular point, such 
that the result of this integration procedure leaves a residue 
characterizing this singular point invariantly in terms of periods. 


: S—— 7, a u— po 
CaCO 


F| bu 
5; 6» 
— > 


— I -> 
Su 5 C7 7 NN —Z7 7 " 
(GQ) OVP 


From the dual homology-theoretic viewpoint, the Abelian group H CX) 
measures the number of connected components of X . In turn, the 
Abelian group H (X) measures how many independent cycles, or l- 


dimensional holes X has, modulo the bounding cycles, meaning the 
boundaries. Since the cohomology groups are dual to their respective 
homology groups we have the following: The Abelian group 


0 rro . 
H r (X)=H (X) measures the connected components of X in terms 
of real valued functions that are locally constant over these components. 


This is reflected on the dimension of the real vector space /I (X). The 


Abelian group H P. (X)z H'(X) is constituted by closed differential 1- 
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forms that can be integrated over l-cycles enclosing l-dimensional holes 
or singular points, allowing them to be characterized in terms of periods. 
The most characteristic example is provided by the angular 


differential l-form 5», which is a closed form but not exact, since it 
cannot be expressed as an exact differential @=d0, where 0 denotes 
the angle in polar coordinates ofa 2 -dimensional Euclidean space. Note 
that the angle is defined modulo 2x7 , where x e JZ. In cartesian 


coordinates the angular differential l-form œ is expressed as follows: 


=| xdy-yd (26) 
Qn x+y? 


It is defined everywhere on R^ except the point (0,0), which is thus a 


singular point. In this sense, the integration of œ over oriented l-cycles 
encircling the singularity (0,0), i.e. the line integral of the closed 


differential form o: 


Lo (27) 


over any closed curve y defined on R’ -(0,0) measures its period or 
winding number around the singular point (0,0), thus disclosing this 
singular point invariantly. 

It is instructive to remember that differential forms o" 
constitute the natural entities to be integrated over cycles of the same 


dimension. Moreover, if we consider two forms œ” in ©”, and QU? ) 


in Q”, then their exterior product @’ A gr? ! isa form in Q". This 


differential form can be integrated over X , considered as a closed, 
connected and orientable smooth manifold of finite dimension nz: 


D (n-p) 
[o^ age” (28) 
giving rise to a bilinear pairing: 
QP xQ SR (29) 


under which Q” and €"? become dual spaces. In turn, the above 
provides an equivalent expression of Poincaré’s duality, 
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H'(X)& H, (X) (30) 


We close this circle of ideas related to de Rham cohomology by 
revisiting the sheaf-theoretic form of de Rham's theorem. We recall that 


the Cech cohomology with values in the constant sheaf R , where R 
is the domain of constants (locally constant sections) of the observable 
algebra sheaf of smooth functions A on a smooth finite dimensional 
manifold X ,conceived as the spectrum of A, is isomorphic with the de 


Rham cohomology of X . This led to the conclusion that all the 
respective cohomology groups are isomorphic: 


H"(X3R) = Ha’ (X) (31) 


We recall that the  0—//5 abelian cohomology group 
H'(X;R,U) emanates purely from 0 -cocycles, ie. from cochains 


¢:={f.}, where « contains only one element, and each f, isa locally 


constant, real-valued function. We have: 
00-0 €» f, =f, 


on the intersection U, AQU, ofthe open covers U, and U,. Therefore, 
H'(X;R,U) is the Abelian group of locally constant real-valued 
functions. Thus, H'(X;R,U) detects the connected components of 
X . More concretely, the dimension of the real vector space 
H°(X;R,U) provides the number of connected components of X . If 
X is connected then H^(X;R,U) - R. In this case, H°(X;R,U) is 


the Abelian group of all globally defined constant functions. 
For simplicity, we may consider an open cover V of an n- 


dimensional Euclidean space R” and recall how we obtain H°(V;R). 
Then, the locally constant real-valued smooth functions in R" over V 


constitute the Abelian group H°(V;IR). These locally constant real- 


valued smooth functions f over V are exactly the solutions of the 
differential equation: 


af =0<2 Y ae -0 (32) 
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Generalizing, for any smooth manifold the Abelian group 


H °; R), where V is an open cover, may be interpreted as the real 
vector space of local solutions on V of the differential equation df = 0, 
where f is qualified accordingly as a locally constant real-valued smooth 
function over 7V. 

Most important, since H”"(X;R)= H (X) at all orders, the 
constant sheaf of the reals R , in its role as an Abelian coefficient sheaf 
of cohomology, should furnish the description of all higher cohomology 
groups in a way analogous to the above case. In this manner, H (X ;R) 
can be viewed as the real vector space of solutions of the differential 


equation do -0, where œ is a closed differential |-form in €, 
modulo the exact differential forms, by which we mean these solutions 


@=do,where c in Q’, considered trivial due to the validity of the 
coboundary law. Note that the difference between closed forms and exact 


forms is a global feature of X reflecting the topological complexity of 
singular points of X. 

If X is a smooth manifold, we may express o in the form 
@ 7 X,0,dx , where the coordinate functions @, are smooth functions. 


Recalling that œ constitutes the natural entity to be integrated over 
cycles of the same dimension, we consider o asa function on cycles: 


ow Lo (33) 


The important thing is that since the evaluation of this integral gives the 
period of œ with respect to an integration cycle o,the above function is 
a locally constant real-valued function on homologous cycles. 


Conversely, considering a general differential l-form o, we think 
of it as a function on smooth paths /: 


ye [o (4) 


and examine when the above function is a locally constant real-valued 


function on X . In other words, we are interested in those œ for which 
the line integral f @ remains constant under perturbations of y , while 
y 


keeping its endpoints fixed. This happens only if œ is a closed 
differential |-form, ie. d@=0, meaning that the required condition is 
fulfilled by the solutions of the differential equation dc - 0 modulo the 
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solutions @=do , where c in OQ, satisfying trivially the local 
constancy condition. 


Thus, H' (X;R) is a real vector space determined by the real-valued 


locally constant integrals of closed differential -forms modulo those 


that are trivially locally constant of exact differential |-forms. The same 
prescription can be generalized to all higher order cohomology groups by 
the replacement of line integrals by their higher dimensional analogues. 
In conclusion, we realize that the constant Abelian sheaf of the reals IR 
determines by the localization of the notion of constancy to local 
constancy all de Rham cohomology groups in its function as a coefficient 
sheaf of Cech cohomology. 
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CANONICS OF 
INVARIANCE: 
THE COUPLING 
OF MATTER 
WITH FIELDS 


7.1 ARTICULATION OF MATTER: FROM LOCAL GAUGE SYMMETRY 
TO GAUGE POTENTIALS 


Physical geometry may be thought of as the outcome of a measurement 
procedure, where the interwoven notion of a group action discloses a 
particular act of measurement. The general conceptual attitude towards 
physical geometry emanating from Felix Klein’s Erlangen program 
requires that the geometric configuration of states of a physical system 
and the symmetry group of transformations of those states should be 
considered equivalent through the free and transitive action of the 
symmetry group on the space of states. 

Gauge-invariant field theories of material interaction are modeled 
in terms of fiber bundle geometries endowed with a connectivity 
structure, which integrate Klein's group theoretical conception of 
geometry with Riemann's infinitesimal metrical viewpoint. These 
physical models are based on the fundamental notion of a connection on a 
fiber bundle, which generalizes Weyl’s viewpoint of a purely 
infinitesimally geometry, generated by means of an affine connection that 
can be made metric-compatible. The notion of a connection, in relation to 
a fiber bundle geometry, is indispensable for the effectuation of a 
covariant derivative operator, which acts on the local sections-states of 
the bundle. This operator expresses analytically in infinitesimal terms the 
process of parallel translation along paths on the base space of the bundle 
induced by this connection. 

In this manner, the infinitesimal expression of the connection is 
interpreted as a local gauge potential corresponding to a physical field. It 


is expressed by means of a differential |-form, which takes values in the 
Sophus Lie algebra of the symmetry group. In turn, the observable, and 
thus measurable, effects of the potential are expressed invariantly via a 
tensor, which is called the curvature of the connection. The latter is 
physically identified locally with the observable strength of the 
corresponding physical field. In the setting of gauge theories the 
symmetry group is modeled locally on the fibers of a principal fiber 
bundle, which is defined over spacetime. Concomitantly, the state space 
of a gauge theory is identified with the group sheaf of sections of this 
bundle, or equivalently, with the vector sheaf of sections of its associated 
vector bundle. We note that the above setting of a gauge field theory 
constitutes a concrete expression of the principle of sheaf-theoretic 
localization, referring to both, the physical state space, and the pertinent 
free and transitive group action. 

The genesis of gauge theory can be traced back to Hermann Weyl's 
conception of the interrelation between some type of material source and 
the corresponding field governing a physical interaction. According to 
Weyl, analogously to the fact that charge may be conceived as an 
electromagnetic effect, mass may be conceived as a gravitational effect. In 
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particular, mass is the flux of the gravitational field through a surface 
enclosing a particle in the same sense that charge is the flux of the electric 
field. Thus, in the same way that it is impossible to introduce charge 
without the electromagnetic field, it is also impossible to introduce a non- 
vanishing mass without the gravitational field. In this respect, Weyl's 
fundamental idea concerning the notion of a local gauge interaction 
pertaining to a type of matter source with a corresponding physical field 
stems from the requirement of invariance. 

More concretely, the crucial realization is that the localization of 
an internal symmetry in the physical description pertaining to a material 
form always gives rise to a corresponding gauge potential of a field, in 
order that the physical description remains invariant. Therefore, physical 
geometry in the setting of a gauge theory as a result of an interaction 
always proceeds from the localization of a global symmetry pertaining to 
the description of a material form. The demand of invariance under this 
process of localization requires the instantiation of a gauge field potential 
transferring an interaction, which thus couples the material form with the 
gauge field. Therefore, the localization of symmetry in relation to a 
material form constitutes the necessary condition for expressing both, the 
notion of an interaction field via its gauge potentials, and the minimal 
coupling of these potentials with the matter sources, under the demand 
of invariance. 

The principle of sheaf-theoretic localization, which forces the 
functorial transference of Grassmann's lineal extension framework from 
the level of vector states to the level of vector sheaves of states, by which 
we mean locally free modules of states over a commutative algebra sheaf 
of observables, gives the possibility of a precise description of the physical 
geometry derived as a result of the interaction between a physical field 
and some type of a matter source, according to the preceding. For this 
purpose, the base space of the sheaf-theoretic localization procedure, 
pertaining to both, the symmetries, and the physical states, is identified 
with the spacetime manifold. Nevertheless, its construal as a base space 
is only implicit, in the sense that its point structure is not explicit ab 
initio, but has to be artículated by physical means. 

The basic idea is that the information regarding the point 
constitution of this space, which points are occupied by some material 
form, or the space is penetrated by some current, can be expressed by 
means of some global invariant characterizing the physical interaction 
field whose sources are precisely these material forms. In the same 
context, the notion of physical geometry is always induced by the 
localization of some free and transitive group action, which expresses a 
fundamental internal symmetry in the description pertaining to a 
material form, in the sense that it is tantamount to a conservation law. 
The culmination of this conceptual setting bears the name derived by the 
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principle of gauge invariance leading to the modeling of physical 
interaction geometries in terms of gauge theories. 

The localization of the internal symmetry of a material form 
simply means that it may vary independently from point to point of the 
base space, within the range of ambiguity determined by the 
corresponding symmetry group. In this sense, a copy of the same 
symmetry group is replicated from point to point of the base space, in such 
a way that, at each of these points, a symmetry element is subsumed in 
total independence from all the others at any other point. It is precisely 
due to this freedom of independent symmetry variation from point to 
point that a proper means of following this variation from the 
infinitesimal to the global is required. These means establish the 
standards of congruence according to an imposed rule of parallelism, 
which is to say a rule of parallel transport along temporally parameterized 
paths on the base space. The latter derives from the notion of a connection 
on the corresponding principal group sheaf of symmetry coefficients, or 
equivalently, by a connection on the associated vector sheaf of states, 
where the latter assumes the role of the state representation space of the 
symmetry group. 

In a standard way, a connection always gives rise to a covariant 
derivative operator, i.e. to a covariant means of differentiating the 
sections of this sheaf. The physical interpretation is that a field can be 
covariantly detected in terms of its differentiating effects on the section- 
states of the vector sheaf, and thus it should be locally characterized in 
terms of its gauge potentials. Henceforth, gauge field potentials are 
instantiated as necessary elements proceeding from the localization of the 
internal symmetry group of a material form, and being minimally coupled 
with the latter, such that the physical description remains always 
invariant with respect to the algebra sheaf of observables. 

In the setting of a gauge theory the invariance in the description 
of physical geometry is always meaningful with respect to a commutative 
algebra sheaf of observables. It is this requisite invariance that demands 
our focus once again on the commutative shadow of the exterior algebra 
of the vector sheaf of states. According to the qualification of geometric 
calculus in relation to the sheaf-theoretic localization of Grassmann's 
lineal extension method, the commutative shadow is of a cohomological 
origin. 

More concretely, it is enunciated by means of the locally defined 
coboundary, or exterior derivative, operator of the observable algebra 
sheaf. It is precisely based on the idea of unfolding and separating the 
infinitesimal irreducible parts of the commutative shadow, as modules of 
differentials of different orders. Recalling that the notion of the 
coboundary operator is based on the articulation of a point as a bound of 
distinct temporal orders becoming dependent infinitesimally, i.e. in terms 
of commuting one-parameter infinitesimal flows, at this point, it is 
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necessary to account for the modification of these flows by the effect of 
localization of the internal symmetry of a material form occupying the 
point itself. In the descriptive capacity of the commutative shadow, this 
type of modification needs to be expressed in an invariant manner locally 
around this point by means of the associated gauge field potentials, which 
become minimally coupled with the material form. 

Therefore, the coboundary operator is covariantly adapted to the 
additional requirement of localizing matter symmetry, and thus extended 
to act on the representation vector sheaf of states of the internal 
symmetry group, as a covariant derivative operator stemming from a 
connection on this sheaf. As a result, and in terms of the commutative 
shadow, the articulation of a point where some matter form is pertinent 
can be accounted for by the failure of this modified coboundary operator 
to extend to a differential de Rham complex as in the former case. This 
obstruction to extendibility of the modified coboundary operator to the 
next higher order is interpreted physically as the encoding trace of the 
field strength, associated with the curvature of the employed connection 
on the vector sheaf of states. The curvature bears the transformation 
properties of a tensor, and thus behaves covariantly with respect to the 
commutative algebra sheaf of observables. 


72 COVARIANCE: GAUGE TRANSFORMATIONS OF 
LOCAL POTENTIALS' STRENGTHS 


A connection D, i V. on the vector sheaf of states E isa C-linear 


sheaf morphism: 
V,:£2 Q'(A)8,£, (1) 


referring to C-vector space sheaves, such that the following Leibniz type 
of condition is satisfied: 


V.(a:s) 2 a- V,(s)2 sGd'(a) (2) 


At the next stage, and since we are interested in the local form of 
a connection, we will show that every connection Vis where € isa 


finite rank-n vector sheaf of stateson X , can be decomposed locally as 
follows: 


V-=d'+a. (3) 
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where @= Q5 denotes an nxn matrix of sections of local |-forms, 
called the matrix potential of V;. 
Moreover, under a change of local frame matrix g=g,, we will 


demonstrate that the matrix potentials transform as follows: 


o'=g'agt+g'd’g. (4) 


If we consider a coordinatizing basis of sections of the vector sheaf 


€ ofrank-n, defined over an open cover U of X denoted by: 


e" - tU; (En eund (5) 


called a local sectional frame, or equivalently, a local gauge of €, then 
every continuous local section s e£(U), where, U e U, can be 


expressed uniquely with respect to this local frame as the following 
superposition: 


s= se, (6) 
a=] 


with coefficients 5, in A(U). The action of V, on these sections of E 


is expressed as follows: 


V,G)- EVel.) +e, 8 d'(s,). (7) 


V.(e,) - 3e, 89,1 £a, B &n, (8) 
a=l 


where @=@,, denotes an nxn matrix of sections of local |-forms. 


Consequently we have; 
V.(s)= Ye, G(d"(s,) + È 8,0) =(d° +08). (9) 
a-l fA 
Thus, every connection V,, where E isa finite rank-n vector sheaf on 


X , can be decomposed locally as follows: 
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V,=d' +a. (10) 


In this context, V ę is identified as a covariant derivative operator acting 
on the sections of the vector sheaf of states E. This operator can be 
decomposed locally as a sum consisting of a flat or integrable part 
identical with d°,anda generally non-integrable part o, called the local 
frame (gauge) matrix potential of the connection. 

The behavior of the local potential o of V; under local frame 
transformations constitutes the transformation law of local gauge 
potentials and is obtained as follows: 


Let e” 2(U;e,, ,) and A ={V; Pia. 


E over the open sets U and V of X, such that UY z (D. Let us 


} be two local frames of 


a=len 


denote by § = 8,, the following change of local frame matrix: 


n 


hy 7 Y gaea. (11) 


a-l 


Under such a local frame transformation 2,;, we easily obtain that the 


local potential o of V, transforms as follows in matrix form: 


à -g'og«g d'g. (12) 


The above is clearly a metaphora, which is expressed in terms of 
conjugation through the bridgeg and its inverse: 


o =g'(d° +a)g. (13) 


Further, if we assume that the pair (£,V.) denotes a complex 


vector sheaf of states endowed with a connection, V,,then V, induces 


a sequence of C-linear morphisms: 
£20(4)8,£2...29Q0'(A)8,£ 2... (14) 
or equivalently: 


E> VE >... VE)... (15) 
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where the morphism: 
V':Q'(A)8, £ 2 Q"'(A)8, E, (16) 
is given by the formula: 
V"(@@v)=d"(@)@v+(-l)"@AV(v), (17) 


forall o e Q'(A), v e £.Immediately it follows that V =V,. 
The composition of C -linear morphisms V'oV° is called the 


curvature of the connection Vie 
V' oV’  R.:£ 2 Q'(A)8, £- O(£). (18) 


Consequently, we derive that the curvature A, of a connection 
V ¢ onthe vector sheaf of states € isan A -linear sheaf morphism, that 


is, an A -covariant morphism, or equivalently, an A -tensor. The A- 


covariant nature of the curvature A, can significantly be contrasted 


with the connection Ve, which is only C -covariant and not A- 
covariant. 


The sequence of C-linear sheaf morphisms, 
£20(4)8,£2...290'(A)8,£ 2... (19) 


defines a complex of C-vector space sheaves if and only if the following 
condition is satisfied: 


R, -0. (20) 


Thus, the curvature A -covariant tensor Ry expresses the obstacle, or 
the obstruction for the above sequence to qualify as a complex. We say 


that the connection V; is an integrable, or equivalently, a flat 
connection if Ry =Q. In this case, we refer to the above complex as the 


sheaf-theoretic de Rham complex of the integrable connection V, on 
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the vector sheaf E. Note that the universal C-derivation d° on A 
always defines an integrable or flat connection. 

A flat connection expresses a maximally unobstructed process of 
dynamical variation associated with the corresponding field. From a 
physical viewpoint, a flat connection sets up the standards of congruence 
under replication of the local internal symmetry group point by point. 
Thus, a non-vanishing curvature expresses covariantly the existence of a 
certain type of deviation from the maximally unobstructed form of this 
variation. Equivalently, curvature effects can be cohomologically 
identified as obstructions to deformation caused by the matter sources 
coupled to the field. 

In case that, additionally, the representability principle over the 
field of the complex, or the real numbers is required at a point-event, the 
existence of uniquely defined duals is necessary. In this case, the physical 


field is identified with a linear connection on the .A -vector sheaf of 


states 2 = Hom(a',A), which is cast isomorphic with Q', by means of a 
bilinear form that plays the role of a metric: 


g:Q'«E-Q". (21) 


In this case, a physical observable geometry is considered with respect to 
a metric. Consequently, the physical field is properly expressed by the pair 


(E,V.). The required metric compatibility of the connection is 


formulated as follows: 


V « (8) -0. (22) 


Hom 4 (2,2 


Taking into account the requirement of representability over the 
complex, or the real numbers, and thus considering the concomitant 
evaluation trace operator by means of the metric, we arrive at the 
analogue of Albert Einstein’s field equations, which in the absence of 


matter sources with respect to A , are expressed as follows: 
R(V-X€)=0. (23) 


where R(V-) denotes the relevant Ricci scalar curvature. More 
precisely, we first define the curvature endomorphism R, e End(8), 


called the Ricci curvature operator. Since the Ricci curvature ‘Ry is 
locally matrix-valued, by taking its trace using the metric, that is, by 
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considering its evaluation or contraction by means of the metric, we 


arrive at the definition of the Ricci scalar curvature (V. )(E) obeying 


the above equation. 

Thus, the metric describing the physical geometry, as a result of 
field interactions, is dynamically determined as a solution of the above 
equation in relation to the metric compatible connection on the vector 


sheaf Hom ,(E,E ). 
Finally, it is necessary to investigate the local form of the 


curvature Ry ofaconnection V g» where € isalocally free finite rank- 


n Sheaf of modules (vector sheaf) € on X , defined by the following 
A -linear morphism of sheaves: 


R :=V' 0V" :E 3 Q'(A)8, E=0°(E). (24) 


Due to its property of .A -covariance, a non-vanishing curvature 


represents in this context, the .A -covariant, and thus, geometrically 
observable deviation from the inertial form of variation corresponding to 
an integrable connection. 


Further, since the curvature R, is an A -linear morphism of 
sheaves of A -modules, that isan A-tensor, A, may be thought of as 


an element of End(£) & , Q^ (A) = O^ (End(£)), as follows: 
R, eQ'(End(£)) (25) 


Hence, the local form of the curvature Ry of a connection V g, consists 


of local nxn matrices taking local 2 -forms for entries. In particular, 


the local form of the curvature Ry y,Where U openin X ,in terms of 


the local potentials œ is expressed by: 

R, |y=d'@+ @A@, (26) 
as can easily be shown by substitution of the local potentials in the 
composition V'oV?. Furthermore, by application of the differential 


operator d? onthe above we obtain: 


AR, |,* R |, ^v - o ^R, |, . (27) 
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The behavior of the curvature A, of a connection V, under 
local frame transformations constitutes the transformation law of the 
gauge potentials’ strength. If we agree that g = g,; denotes the change 


of local frame matrix that we considered in the discussion of the 
transformation law of the local gauge potentials previously, we derive the 
following local transformation law: 


g 
R,R,-g' (Rj))g, (28) 


that is, the strength transforms covariantly by conjugation with respect 
to a local frame transformation. 
Thus, we may summarize the preceding as follows: 


i The local form of the curvature Ry y,Where U openin X,in 


terms of the local matrix potentials o ,is given by: 
R,|,7d'oc-o^co (29) 


ii Under a change of local frame matrix g —2,; the local form of 


the curvature transforms by conjugation with respect to g. 
Therefore, g and its inverse, are the bridges enunciating the 
metaphora of the field strength locally: 


g 
RE g (Rg (30) 


We note that the above holds for any complex vector sheaf €. Let us now 


specialize to the particular case of a line sheaf of states £ endowed with 
a connection, denoted by the pair (£,V). In this case, due to the 
isomorphism: 


£G,CzHom,(C, C) End ,Cz A, (31) 


we obtain the following simplifications: the local form of a connection 


over an open set is just a local l-form or a local potential, identified as a 


local continuous section of the sheaf !, whence the local form of the 


curvature of the connection over an open set is a local 2 -form. The 
significant result obtained by the local transformation law in this case is 
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that the curvature is actually a local frame invariant, i.e. it does not change 
under any local frame transformation. 


I4 
R,5R/-R,-d'o (32) 


Thus, we obtain a global 2-form RA, defined over X , which is also a 


closed 2-form since: 
dR, =0. (33) 


Therefore, we conclude that for a line sheaf of states £ equipped witha 
connection V, denoted by the pair (£,V), the curvature R, of the 


connection is a global closed 2-form. 
73 INVARIANCE: GAUGE EQUIVALENT GEOMETRIC SPECTRA 


The essence of a geometric equivalence problem in physical geometry 
refers to the determination of the conditions under which two geometric 
spectra of the same type are equivalent under an appropriate group of 
transformations. The most fruitful approach to geometric equivalence 
problems concerns the appropriate association of invariants with a type 
of geometric spectra, by which we mean attributes that do not change 
under an isomorphism. The idea is that invariants are capable of 
determining geometric spectra uniquely up to isomorphism. 

In general, a physical geometric spectral type is expressed by an 
equivalence class of state spaces, each of which constitutes the geometric 
spectrum of a commutative algebra sheaf of observables. A state space 
incorporates the totality of potential states of a physical system, and is 
vectorial with respect to the algebra of observables of this system. In the 
case of a gauge theory, the notion of a state space arises from, and it is 
therefore equivalent, to the transitive group action space of an internal 
symmetry group, at least locally, in the sense that the symmetry group 
delineates locally the range of potential attributes that a physical geometric 
type can assume. Being a member of a geometric type, a physical matter 
entity can be in any of the permissible potential states locally. 

This is the cornerstone of the local gauge freedom and constitutes 
a concrete physical manifestation of the criterion of geometric 
equivalence that a local gauge group furnishes in the case of gauge 
theories. The sheaf-theoretic formulation of gauge theories captures 
precisely the formation of physical geometric types under equivalence 
criteria constituted by the actions of local symmetry groups. In this state 


306 NATURAL COMMUNICATION 


of affairs, a physical geometric spectral type is expressed by means of an 
equivalence class of vector sheaves endowed with a connectivity structure. 
The base manifold of a vector sheaf of states equipped with a connection 
is an integral part of the coupling between a gauge field and the matter 
sources occupying its points. For this reason, its point constitution is only 
implicitly posited, specified neither ab initio nor a priori. Rather, it is just 
the base carrier of the geometry by which matter is transformed, 
understood in this framework as a structural quality of the corresponding 
physical field. 

The strategy to tackle the problem of equivalence of physical 
geometric spectra in the setting of gauge theories involves the 
determination of invariant global characteristic classes associated with 
vector sheaves of states endowed with a connection. A characteristic 
class is represented analytically in the pertinent geometric context in 
terms of an appropriate differential form stemming from the connection. 
For instance, in the case of a line sheaf, the global curvature differential 
form provides the seed for the articulation of the observable geometric 
spectrum, congredient with the field strength, via its global de Rham 
cohomology class. 

We recall that the essential aspect of the de Rham cohomological 
analysis is precisely the disclosure of singular points on an implicitly 
assumed manifold, or more generally, a nice topological space, in terms of 
invariant quantities obtained by the integration of differential forms. In 
particular, closed differential forms are the natural integrands over cycles, 
meaning that they can be temporally integrated over closed chains 
encycling a singular point, such that the result of this integration 
procedure unveils a residue characterizing invariantly the presence of this 
singular point in terms of its spectral periods. 

With this concept we reach the culmination of a key idea, an idea 
which addresses the specific problem of grasping the nature and essence 
of a singular point when some form of matter is in play. Since such a point 
cannot be bounded by infinitesimal flows converging on it, it can only be 
amenable to description by means of processes which circulate around it. 
These circulations are not equivalent, but they are in principle 
distinguishable in terms of some recognizable global attribute. Such an 
attribute obtained through integration is a spectral period, as above. Of 
especial significance is the resolving domain of spectral periods 
corresponding to the curvature form of the circulating connection. We 
stress the fact that cycles are not boundaries, since they generate 
homology classes encapsulating a novel type of temporal order with 
reference to singular points that is qualitatively different from 
boundaries. More concretely, the type of temporal order encapsulated by 
cycles is precisely characterized in terms of spectral periods via a global 
integration procedure, and not in terms of instants as in the former case. 
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74 GLOBALIZATION: INVARIANT INTEGER-VALUED SPECTRAL PERIODS 


In the context of the equivalence problem of gauge geometric spectral 
types, we consider two line sheaves of states which are equivalent due to 
an isomorphism /:£—=-> CL’. Because of the bijective correspondence 
between line sheaves and coordinate |-cocycles with respect to an open 
covering U of the base topological space X , which is considered to be 
paracompact, the set of isomorphism classes of line sheaves over X , 
denoted by Jso(L)(X), is in bijective correspondence with the set of 


cohomology classes H'(X,A): 


Iso(LXX) = H'(X,À) (1) 


Moreover, the set of isomorphism classes of line sheaves of states over 
X, Iso(L)(X), is an Abelian group with respect to the tensor product 
over the observable algebra sheaf A. The tensor product of two line 
sheaves corresponds to the product of their respective coordinate l- 
cocycles. Thus, /so(£)(X) is isomorphic with the Abelian group of 
cohomology classes H'(X,À). In this setting, A is considered as a soft 
sheaf, meaning that every section over some closed subset in X can be 


extended to asection over X. 

Then, the process of exponentiation, in local sheaf-theoretic 
terminology, is expressed by the following short exact sequence of Abelian 
group sheaves: 


egi 1.584 Á>], (2) 


where Z is the constant abelian group sheaf of the integers, namely the 
sheaf of locally constant sections valued in the group of integers, such 
that: 


Ker(e) = Im() = Z. (3) 
Note that all the elements in the above short exact sequence are Abelian 


group sheaves generalizing the corresponding short exact sequences of 
constant Abelian group sheaves: 


(37— 5C—“s30 51, (4) 


05> Z—5 R22 4 U(1) 91 (s) 
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As an outcome, we obtain a long exact sequence in sheaf 
cohomology, which is reduced to a long exact sequence in Cech 


cohomology because of paracompactness of X : 
2 H'(X,Z) > H'(X,A) > H'(X, A) > (5,2) > H'(X,A) 2 (X, À) >... (6) 
Furthermore, since A isa soft sheaf: 


H'(X,A) =H? (X,A)=0 (7) 
02 H'(X, À) —— H'(X,Z) 0. (8) 


Thus, we obtain the following isomorphism of Abelian groups, called the 
Shiing-Shen Chern isomorphism: 


6,:H'(X, A)’ (X,Z). (9) 


Finally, since Jso(L)(X), is in bijective correspondence with the Abelian 


group of cohomology classes H'(X,A), we have: 


Iso(L)(X) = H?(X,Z). (10) 


Therefore, the Chern isomorphism establishes that an equivalence 
class of line sheaves of states is in bijective correspondence with a 


cohomology class in the integral 2 -dimensional cohomology group of X , 


called a Chern class of X . Taking into account that a line sheaf of states 
is actually the representation vector sheaf of states of the internal 
symmetry group sheaf of some corresponding matter form occupying a 
singularity, the Chern isomorphism reveals that this matter form is 


encoded in terms of a two dimensional integral cohomology class of X . 
In other words, if we integrate a representative two dimensional 


cocycle of this class over a two dimensionalcyclein X enclosing it, we 


obtain a characteristic spectral period, qualified in terms of a Z- 
invariant. The pertinent problem, in relation to the equivalence problem 
of gauge geometric spectral types, is whether such an integer cohomology 
class can be expressed in terms of the cohomology class of a two- 
dimensional differential form, namely a de Rham cohomological 
invariant. The underlying reason is that the decoding of an integral 
cohomology class in dynamical terms, that is, in terms of the gauge 
potentials of the field, and by extension, in terms of the potentials' 
strength, or curvature, as a flow induced by this matter form, can be 
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expressed only by means of an appropriate corresponding differential de 
Rham cohomology class. 


75 THE OBSTACLE OF A MATTER SOURCE: HARMONICS OF SPECTRA 
AND QUANTIZATION 


Initially, we observe that there exists a natural injection Zo C: 
H'(X,2)2 H’(X,©), (11) 

where any Cech cohomology class belonging to the image of the above 

map is called an integral cohomology class. 


Next, we have to take into account the compatibility of the above 
short exact sequence of Abelian group sheaves with the short exact 


sequence of C-vector sheaves, 


02 C5 A—“ ^A 50, (12) 


arising as a fragment of the de Rham resolution of the constant sheaf C, 
such that: 


Ker(d^) - Im(e) 2 C. (13) 


A exp À 


id sd 


d? 
ASS DA 


Thus we obtain the following key relation: 


Qni-d° =d° oexp. (14) 


The dynamical, gauge field-theoretic, decoding of an integral 
cohomology class, or Chern class, of X requires to extend the notion of 
equivalence of two line sheaves to the corresponding one of two line 
sheaves equipped with a connection, which is induced locally by gauge 
potentials, (£,V) and (L’,V’). 
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If we consider an isomorphism /5:£———»£' of line sheaves of 
states, we say that V is frame or gauge equivalent under metaphora to V' 
if they are conjugate connections under the action of the isomorphism A: 


Vi=h-V-h'. (15) 


Thus, we may consider the set of equivalence classes on pairs of the form 
(£C, V) under an isomorphism h as previously, denoted by Iso(£, V). It 
is necessary to investigate the relation between Jso(L,V) and the 
Abelian group /so(£). For this purpose, we need to make use of the local 
form of the pair (£,V). 

We call a line sheaf £ endowed with a connection V a 
differential line sheaf, and we denote it by the pair. (£, V). Then, The local 
form of a differential line sheaf is given by: 


(L, V) © (g,5,0,) e Z (U, A) x C'(u,0) (16) 


Moreover, an arbitrary pair (¢,,,@,) € Z'(U,A)xC°(U,Q') determines 


a differential line sheaf if the transformation law of local gauge potentials 
is valid: 


à'(9,) - d(e) (17) 


where, 
(Sap) = g,,:d^g,,, (18) 


and ó? denotes the 0-th coboundary operator 


ó^ : C° (U, Q!) > C'(U,Q’), such that: 
5°(@,) = @,-@,. (19) 


In more detail, we note that a line sheaf is expressed in local coordinates 
bijectively in terms of a Cech coordinate |-cocycle Zap in Z'(U, A) 


associated with the covering MU . A connection V is expressed 
bijectively in terms of a 0 -cochain of gauge potential |-forms, denoted 
by @, with respect to the covering U of X,thatis @, € C*(u,Q). 
Therefore, the local form of a differential line sheaf is the following: 
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(LV) © (g,5,0,) e Z (U, A) xC (U,Q'). (20) 


Conversely, an arbitrary pair (2,5,0,) € ZU, A) x C (LU, Q!) 


determines a differential line sheaf if the transformation law of local 
gauge potentials is satisfied by this pair, that is: 


05 = Sp O,8ap + gz gap (21) 
Oy =O, + g,,d Say. (22) 


Thus, given an open covering U = {U _}, a 0-cochain (@,) valued in 
the sheaf Q' determines the local form of a connection V on the line 
sheaf L, where the latter is expressed in local coordinates bijectively in 


terms of a Cech coordinate l-cocycle (gap) valuedin A withrespect 


to U, if and only if the corresponding local l-forms 0, of the 0- 
cochain with respect to U are pairwise inter-transformable, meaning 


locally gauge-equivalent on overlaps Up through the local gauge 


transition functions, namely the local isomorphisms g, € AU) 
according to the transformation law of local gauge potentials. 

Next, we consider two line sheaves which are equivalent via an 
isomorphism h: £——— ZL’, such that their corresponding connections 
are conjugate under the action of h: 


Vi=h-V-h". (23) 


Under these conditions the differential line sheaves (£,V) and (£V 
are called gauge or frame equivalent. Thus, we may consider the set of 
gauge equivalence classes [(£,V)] of differential line sheaves as above, 
denoted by Zso(£,V). Then, it is easy to show that the set of gauge 
equivalence classes of differential line sheaves Jso(£,V), is indeed an 
Abelian subgroup of the abelian group Jso(L). 

If we consider the local form of the tensor product of two gauge 
equivalent differential line sheaves we have: 


(5,V)8, (V) e (8,80, *9,), (24) 


which satisfies the transformation law of local gauge potentials: 
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d'(g,,:g,5) - d (Sup) + d'(g,,) 0 (v) 9 (m) = à (m +o). (25) 


Moreover, the inverse of a pair (g,,,0,) is given by (2 550) 
whereas the neutral element in the group /so(£, V) is given by (id,,,0) ; 


which corresponds to the trivial standard differential line sheaf (A,d 2) i 


The most important consequence of the above characterization of 
gauge equivalent differential line sheaves in local terms with respect to 


an open covering U ,is that all gauge equivalent geometric spectral types 
are characterized by the same curvature. We denote the curvature of a 


gauge equivalence class of differential line sheaves by R. The differential 
form R isa global 2-form on X since it is invariant under a gauge 


transformation. Moreover, R is also a closed global 2-form on X, 
because of the fact that: 


dodo, =dR=0. (26) 


Thus, the global 2-form R, which belongs to Ker(d): C >”, called 


Q?, identified as a C-vector sheaf subspace of Q’, determines a global 
differential invariant of gauge equivalent differential line sheaves. This is 
due to the fact that the global 2-form R determines a 2-dimensional 
complex-valued de Rham cohomology class [R]. In turn, by virtue of the 
de Rham isomorphism, [A] is isomorphically identified as a 2- 


dimensional complex Cech cohomology class in. H^ (X,C). 
Most important, if we consider a differential line sheaf, the 
differential invariant de Rham cohomology class [R] is independent of 


the connection used to represent R locally. Equivalently, a particular 
connection of a differential line sheaf provides the means to express this 
global differential invariant locally in terms of the corresponding gauge 
potentials of the field, whereas the latter is independent of the particular 
means used to represent it locally. 

The fact that any two gauge equivalent differential sheaves have 
the same curvature, means that they are physically indistinguishable. 
Hence, the Abelian group Jso(£,V) is spectrally partitioned into orbits 


over the image of Jso(£,V) into i, where each orbit, or fiber of this 


partition, is labelled by a closed 2-form R of Q7: 


Iso(£, V) = Y Iso(C, V)... (27) 
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Thus, the Abelian group of equivalence classes of differential line sheaves 


x 
fibers over those elements of °, by which we mean that it fibers over 


those closed global 2-forms in o, which can be identified in terms of 


the curvature of the field. 

Recapitulating the problem of gauge equivalent geometric spectra, 
the main issue is the decoding of a two-dimensional integral cohomology 
class, that is, the decoding of a Chern class, in dynamical terms expressed 
via the gauge field potentials. We bear in mind that a Chern class encodes 
the singular presence of a matter form via the Chern isomorphism. 

This issue boils down to the idea of decoding a Chern class in terms 
of the curvature of the corresponding gauge field, which essentially 
amounts to decoding by means of the flow induced by the implicated 
singular matter form. According to this, the Chern class dynamical 
decoding takes place in an invariant manner through the differential de 
Rham cohomology class corresponding to the curvature of the field. In 
particular, since R is a global and closed 2 -form on X it actually 
determines a 2-dimensional complex-valued de Rham cohomology class 
[R], or equivalently a 2-dimensional complex Čech cohomology class in 


H’(X,C). 
In the setting of gauge equivalent geometric spectra, the sheaf- 
theoretic formulation of the Chern-Weil integrality theorem states that 


the global closed 2-formisthecurvature R ofa differential line sheaf if 


and only ifits 2-dimensional de Rham cohomology class is integral, more 


precisely, [R] e Im(H^ (X, Z) > H'(X,C)). 

This theorem establishes the cohomological condition for the 
consistency of the preceding encoding/decoding procedure, that is, the 
process of metaphora pertaining to gauge equivalent geometric spectra. 
More precisely, the singular presence of a matter form in gauge theory, 
encoded by means of a two-dimensional integral cohomology class 
according to the Chern isomorphism, is decoded dynamically by means of 
the two-dimensional cohomology class of the curvature of the gauge field, 
in such a manner that the latter is completely characterized intrinsically 
by the integrality cohomological condition. 

It is precisely the above integrality condition that gives rise to 
quantization in the physical state of affairs. In other words, quantization 
is the condition that resolves the problem of equivalence of gauge 
geometric spectra. More precisely, a global closed 2 -form is qualified as 
the curvature of a gauge field in its function to disclose the observable 
spectral periods of a singular matter form, if and only if it is quantized, 
meaning that the integrality condition is interpreted physically as a 
quantization condition, where the intrinsic characterization of the latter 
is purely of a cohomological nature. 
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The fact that the curvature cohomology class [R] of any 
differential line sheafin I^ (X,C) is in the image of a cohomology class 
in the integral 2 -dimensional cohomology group H’(X,Z) into 
H "(X ,C) provides an intrinsic criterion for recognition of all those 


; 2 . : : 
global closed 2-forms in Q/, which are instantiated as curvatures of 
gauge equivalence classes of differential line sheaves, according to the 
fibration: 


Iso(£, V) = V Iso(C, V),. Q8) 
R 
The proof of this theorem is based on the following commutative 
diagram in our set-up: 


H(X, A) —e5 H?(Xx,Z) 


H)(X,d°A)—= > H?(X,C) 


Note that the image of a cohomology class of H^ (X,7) into an integral 

cohomology class of H^(X,C) corresponds to the cohomology class 

specified by the image of the l-cocycle g,, into H'(X,d°A), viz. by 

the 1-cocycle zd qu). Moreover, due to the exactness of the 
zi 


exponential sheaf sequence of Abelian group sheaves: 


0 Z— > A—# > A->1 Q9) 
Sap = exp(w,,), (30) 


where (w,,)eC '(U, A), and by means of the Chern isomorphism: 
ô, (wag) = (Zag) € Z?’(U,Z). GL) 


Explicitly, we may consider W,, = Inga) , so that: 
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5, (Wag) = (Zap) = = (ngap) *In(g;,) -In(g,,)) e Z(U,Z). (32) 


The formulation of the Chern-Weil integrality theorem in sheaf-theoretic 
terms is the following: 


[R] = 2zi-[(z,,,)] e H*(X,C), (33) 


1 2 
(gap = ER] ICa) H'(X,Z), (34) 


[R] e Im(H^(X,Z) > H'(X,C)). (35) 


Thus, there exists an intrinsic invariant characterization of those global 
2 

closed 2 -forms in Q/, which are instantiated as curvatures of gauge 

equivalence classes of differential line sheaves, denoted by o "E 


Concretely, a global closed 2 -form is the curvature R ofa differential line 
sheaf if and only if it is quantized,i.e.its 2-dimensional de Rham cohomology 


class is integral, meaning that [R] e Im(H^(X,Z) > H^ (X,C)). Therefore 
the unveiling of a gauge field's observable geometric spectrum as a means 
to qualify the implicit presence of a singular matter form with which the 
field interacts with entails quantization. 

To conclude, the quantization condition expresses the harmonics 
of gauge equivalent geometric spectra. The harmonics in their 
manifestation in terms of integral spectral periods are obtained 


dynamically by the integration of a global closed differential 2 -form 
qualified as the curvature, which represents the potentials’ strength of the 
corresponding gauge field. In particular, the integration of such a closed 


differential 2 -form over a two dimensional cycle in X enclosing a 
material form with which the field is coupled to, gives rise to a 
characteristic integral spectral period. This can be grasped equivalently 
as a harmonic serving as the invariant of all gauge equivalent differential 
line sheaves sharing this form as their curvature. 


7.6 THE OBSTACLE OF INERTIA: INTEGRABLE CONNECTIONS AND POLARIZATION 


Cech cohomology theory is characterized by the fact that the group 
coefficient structure of the real or the complex numbers does not 
constrain the validity of Cech's theoretical framework in any way. Hence, 
all the steps of the Cech construction can be carried out for constant 
functions in any Abelian group, giving rise to Abelian cohomology groups 
with valuesin G foranyabelian group of coefficients G .In particular, 
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we may also consider a locally variable Abelian group of coefficients, i.e. 
an Abelian group sheaf of coefficients. 

Since in the case of a paracompact topological space the 
calculation of cohomology with coefficients into a typical sheaf of 
coefficients is equivalent to the calculation of Cech cohomology theory 
with values in the corresponding sheaf, the calculation of cohomology 
with values in an Abelian group sheaf of locally constant functions is of 
major importance. The basic idea is that the natural argument of a 
cohomology theory is not just a global topological space or a topological 
manifold, which it is invoked only implicitly in our considerations, but a 
space together with an observable algebra sheaf of coefficients, in such a 
way that the point constitution of this space, including both standard and 
singular points, is unveiled via the spectrum of our geometric calculus, by 
which we mean, in terms of the pertinent cohomological analysis. 

Prior to the modern formulation of sheaf theory, the significance 
of the notion of homology with local coefficients has been treated in 
relation to the fundamental group of a connected topological space X , 
an approach pioneered by Norman Steenrod. 


For any point x of X we consider the fundamental group F, 
of X based at x.If r isa curve from x to J, the class of curves 


from x to y homotopicto r isdenotedby /,,. Its inverse is denoted 
by Vy" = y,,. In this way, the elements of F, are denoted by @,, f, 
and so on. Moreover, the product @,:/. denotes the element of F, 


obtained by first traversing a curve of the class @,, and then of the class 


D, . The class /, determines an isomorphism of groups FP, F,, 
denoted by the same symbol, and defined by conjugation, i.e. 
VS(0,)^Y,'0,:Y, . In this context, the combination of two 
isomorphisms of the above form is also an isomorphism. 


Then, we may define a system of local groups in X in terms of 
the following three conditions: 


First, foreach point x of X , there is given a group G; 

Second, for each class of paths /,,, there is given a group 
isomorphism G, > G,, denoted by the same symbol; 

Third, the result of the isomorphism /,, followed by /,, is the 
isomorphism corresponding to the path /,,°7,,. Note that the identity 


path from x to x isthe identity transformation in the group G,. 
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We note that a closed path 0, of F, determines an 
automorphism of G,. From the third property, it follows that F, isa 
group of automorphism of G,. Now, the invariant subgroup of F, 
acting as the identity on C, isdenotedby F = 

Then, we define a system of local groups {G,} in X to be 
simple if every F. = F.. Moreover, if this happens for one x, it will be 
true for all x in X.If {G,} is a simple system of groups, then the 
isomorphism /,, is independent of the path from x to y. Choosing a 
fixed point z as origin, each G, is uniquely isomorphic to G.. Thus, 
the local system consists of one G, and as many copies of G, as there 


are points x#0.Inthis context, the collection {F} isasimple system 


of local groups if and only if it is Abelian. Furthermore, the abelianization 
of the fundamental group gives rise to a simple system of local groups 
consisting of isomorphic copies of the same abelian group, identified as 


the first homology group of X . 
From the perspective of sheaf theory, the main objective consists 
in the operative role of a cohomology theory with values in a locally 


constant group sheaf of coefficients, namely a group sheaf on X for 
which every point x in X has an open cover U such that the 


restriction of this sheafto U is a constant sheaf. Local coefficients may 
be extended to Cech cycles by constructing a system of local groups in the 


simplicial nerve of a finite open covering of X , and then, demonstrating 
the isomorphism of cohomology -taking values in a system of local groups- 
as above, with Cech cohomology. 


If we consider vector sheaves of rank 1, i.e. line sheaves, we recall 


that locally, for any point xeX , an open cover U of X exists such 
that: L |y= A |y. Furthermore, if for any point xe X an open cover U 
of X existssuchthat V |, X (C |y), meaning that it is isomorphic to the 
constant sheaf C, then the locally free C-module V of finite rank | 
is a complex linear local system of rank 1; a line local system. 

A very important observation is that a constant l -cocycle 
(ép) e Z'(U,Č) can be interpreted as the coordinate l-cocycle of a 
particular type of a line sheaf with respect to an open covering U . Since 


the coordinate | -cocycle (¢,,) is constant, the bijectively 
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corresponding to it line sheaf is a complex linear local system of rank 1, 
or a line local system. The natural question arising in this context is from 
where do line local systems descend from and what is their role in the 
spectrum unveiling conducted through cohomological analysis. 

A first observation regarding line local systems is that if the 
underlying space X is simply-connected, then they are actually 
constant. More generally, if X is s path-connected and paracompact 
base topological space, then the pullback of a line local systemon X to 
the universal covering space of X becomes a constant sheaf. In relation 
to the physical framework of gauge theory, the pertinent issue refers to 
the means of instantiation of a line local system in dynamical terms, that 
is, in terms of a differential line sheaf. It turns out that a bijective 
correspondence pertains between differential line sheaves equipped with 
an integrable connection and line local systems. Given that an integrable 
connection subsumes the covariantly constant, by which we mean the 
inertial structure of a gauge field, we derive that the inertial structure is 
encoded cohomologically in terms of a corresponding line local system in 
its function as a coefficient sheaf for cohomology. 

For this purpose, let us consider any differential line sheaf (£,V), 
which lacks curvature and whose connection V is thereby integrable. 
Then, the set of sections of £L, which reside in the kernel of the 
connection V, that is: 


Ker(V) = {s €£:V(s)=0} (1) 


forms a line local system. We call the sections of Ker(V) covariantly 
constant, or equivalently, inertial sections of £ with respect to V. 
Inversely, given a line local system, denoted by A, we may define a 
differential line sheaf (£,V) by the prescription £:= A ®, A, and for 
every pair of local sections a €.A(U), se A(U), V(a ®s):=da®s. 


The above defined connection is integrable, and therefore we conclude 
that a bijective correspondence exists between differential line sheaves 


with an integrable connection, denoted by (ZL, V) and line local systems. 


Most important, every line local system may be identified with the sheaf 
of inertial sections of an integrable differential line sheaf, meaning of a line 


sheaf £ with respect to an integrable connection V on £, hence with 
Ker(V) m 


Therefore, we derive the following equivalences: 


Z'(U,C) «(£,) = (L,V) = Ker(V), =A, (2) 
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H'(X,C)2[(£,V)]=[Ker(V),]=[A]. (3) 


Since the underlying topological space X is locally path- 
connected, then the above series of equivalences is refined as follows: 


Hom(z, (X),C) = H'(X,C) =[(£,V)] =[Ker(V) -J=[A], (4) 


where the first term denotes the set of representations of the fundamental 


group of the topological space X to C. 

All the previous considerations are immediately extended to the 
case of isomorphism classes of Hermitian line sheaves, that is, line sheaves 
equipped with a Hermitian inner product structure. More specifically, 


given a line sheaf L on X, an A -valued Hermitian inner product on 
L isaskew- A -bilinear sheaf morphism: 


OLLA, (5) 
Clas, Bt)=a- B - C(s,t), (6) 


for any s, 1 e LU), a, p e A(U), U openin X. Moreover, 
CXs,t) is skew-symmetric, viz. C(s,t) — C(s,t). 

A line sheaf £ on X,together with an A -valued Hermitian 
inner product on £ constitute a Hermitian line sheaf. A line sheaf is 


expressed in local coordinates bijectively in terms of a Cech coordinate | 
-cocycle g,, in Z'(U,A) associated with the open covering U.A 


Cech coordinate l-cocycle Zap corresponding to a Hermitian line sheaf 
consists of local sections of SU(1, A), the special unitary group sheaf of 
A of order |. 


This is simply a coordinate l-cocycle g,, in ZU,A), such 
that the unitarity condition | g,,|=1 is satisfied. Clearly, in the case that 
a coordinate l-cocycle g,, is constant, we have g,, in Z (U,U(1)., 


or equivalently g,, in Z'(U,S'). Next, a connection V on £ is called 


Hermitian if it is compatible with C: 


d'As, t) = AUVs, t) +s, Vt) (7) 
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for any s, + e L(U), U openin X. A Hermitian differential line 
sheaf, denoted by (C, V, © :- (C, V .), is a Hermitian line sheaf equipped 


with a Hermitian connection. 
The global 2-form R, which belongs to Ker(d^):Q^ >Y, 


called Ur. identified as a C-vector sheaf subspace of Q’, determines a 
global differential invariant of gauge equivalent Hermitian differential 


line sheaves, because the global 2-form R determines a 2-dimensional 
de Rham cohomology class [R]. The Hermitian connection of a 
Hermitian differential line sheaf provides the means to express this global 
differential invariant locally, whereas the latter is actually independent of 
the connection utilized to represent it locally. 

From the curvature recognition integrality theorem, the abelian 


group Jso(£,V) is partitioned into orbits over o z» where each orbit is 


labelled by an integral global closed 2-form R of i oi providing the 


differential invariant [R] of this orbit in de Rham cohomology: 


Iso(L,V)= > Iso(C, V),. (8) 


2 
REQ z, 


If we restrict the Abelian group /so(£, V) to gauge equivalent Hermitian 
differential line sheaves we obtain an Abelian subgroup of the former, 


denoted by Jso(L,V .). It is clear that the latter Abelian group is also 
partitioned into orbits over d where each orbit is labelled by an 


integral global closed 2-form R of OÈ „, where R is the curvature of 


the corresponding gauge equivalence class of Hermitian differential line 
sheaves. 


We call each Hermitian differential line sheaf (5, V .) , which 
belongs to an equivalence class, that is to an orbit [so(£, V), a unitary 


R -ray. Concomitantly, we call the orbit itself a spectral [A] -beam, which 
is characterized by the integral differential invariant [R]. Each spectral 
[R] -beam consists of gauge equivalent unitary R -rays, which are 
indistinguishable from the perspective of their common curvature 
integral differential invariant [R], physically meaning that they are 
characterized dynamically by the same field strength. 

A natural question arising in the context of gauge equivalent 


quantum unitary R-rays is how they are related to each other. In other 


words, although all gauge equivalent unitary R -rays cannot be 
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distinguished from the perspective of their curvature differential 
invariant, is there any other intrinsic way that we can distinguish among 
them? It is precisely at this point that the significance of the global 
inertial structure of a spectral [R]-beam manifests in unveiling the 
constitution of gauge equivalent geometric spectra. 

Henceforth, the only intrinsic and invariant way of distinguishing 


among gauge equivalent unitary R-rays is through their global inertial 
structure, which is induced by the action of a line local system of the form 


A. Equivalently, there exists a free group action of the abelian group 
H'(X,S') onthe abelian group Iso(L, V ..), which is restricted to a free 
group action on each spectral [R]-beam. 

First, we note that there exists a free group action of the Abelian 
group sheaf S'oo Coo 4 on the Abelian group sheaf A of invertible 


elements of A,where S' =U(1)=SU(1,C): 


S'x Á(U) > A(U), (9) 
(£, f) o £- f. (10) 


with éeSg and f € Á(U) for any open U in X. This action is 
transferred naturally as a free action to the corresponding groups of 


coordinate |-cocycles of the respective Abelian group sheaves: 


Z'(U,8')xZ'(U, A) > Z'(U, A), (11) 
(Eag) (Gas) = (Eag Zap) (12) 


where (£,)e Z'(U,S'), (g,,)€Z'(U,A). This free action can be also 


extended to the corresponding cohomology groups still as a free action: 


H'(X,S')@H'(X,A) > H'(X,À), (13) 
Keal [2,0] =E 2,0] (14) 


where ((5,,)] e H'OG8), ((,,)] e H(X, A) = Iso). 
Next, we define a group actionof H'(X,S') onthe Abelian group 


Iso(L,V) as follows We consider é-[(£,)]eH'(X,S) , 
[(L, V)] € Iso(£, V) , and we define the sought group action as follows: 


eG V)):- IK £6 Vs IC. Vv). (05) 
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L'=E Le (8,5): (2,5) i (Cup Zap): (16) 


We see easily that the pair (¢,,°2,,.,) satisfies the transformation 
law of local gauge potentials, ie. d(@,)= TUE. 'g,,) . Given that 
Ker(d = C,asa consequence of the Poincaré Lemma, it follows directly 
that the above defined group action of H (X S') on the abelian group 
Iso(£, V) is actually free, where [(¢,,)]=le H'(X,S'). 


Consequently, the free group action of H'(X,S') on Iso(£, V) 
is restricted to a free group action on its Abelian subgroup of unitary rays 


Iso(£,V..). Since the Abelian group Jso(£,V..) is partitioned into 
spectral [R]-beams over Oy constituting its spectrum, we derive 
that the above free group action is finally transferred as a free group action 
of H'(X,S') on each spectral [¥1-beam. 

We call a cohomology class in the abelian group H'(X,S) a 


polarization phase germ of a spectral [R] -beam. Our terminology 
derives from the fact that a cohomology class in the Abelian group 


H'(X,S')=H'(X,U(1)) is evaluated through a representative cocycle at 
a homology cycle y e H (X) by means of the integration pairing: 


H(X)xH'(X,U(1)) 2U(1) (17) 


to obtain a global observable gauge-invariant phase factor in the Abelian 
group U(1). Thus, gauge equivalent unitary X-rays are intrinsically and 
invariantly distinguished by means of a polarization phase germ, which is 


a " f 1 1 
identified as a cohomology class in the group H (X,S ). 

The significant observation in this context is that a polarization 
phase germ of aspectral [R]-beam is always realized via a representation 


of the fundamental group of the topological space X to S'. As an 
immediate consequence of the Hurewicz isomorphism: 
Hom(z,(X),C) = H (X,C), (18) 


if we restrict to the unitary case we obtain: 


Hom(z (X),S) = H (X,S'). (19) 
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Thus, a polarization phase germ, expressed in terms of a cohomology class 
in H (X Si is realized by a representation of the fundamental group of 


the topological space X to S'. 

We have demonstrated thus far that the action of the group 
H'(X,S') = Hom(z,(X),S') on each spectral [R]-beam is a free group 
action. The encoding of the global inertial structure in group-theoretic 
terms requires the investigation of the conditions qualifying this free 
action as a transitive one as well in the context of gauge equivalent spectra 
of unitary rays. 

Given the validity of the Poincaré Lemma, we consider the 
following sequence of abelian group sheaves: 


12 Č— 4 2 09 4 340 50. (20) 


The closed l-forms @, of Q', satisfying Im(d°) = Ker(d') are called 


logarithmically exact closed l-forms. 


The significance of logarithmically exact closed | -forms in 
relation to the global inertial structure lies on the fact that the above 
sequence of Abelian group sheaves is an exact sequence if restricted to 


logarithmically exact closed |-forms. In this case, we obtain a 0-cochain 


(@,) of logarithmically exact closed !-forms: 
(0,) e C'(U, Ker(d')) =(0,) e C° (U, Im(d")) = d°(C°(U, A). (21) 


Hence, for a 0-cochain (@,) of logarithmically exact closed |-forms 
0,, a 0-cochain f, in A exists, such that 0, = d'i y. This 0-cochain 
(@,) may be thought of as the representative of an integrable connection 
V ofadifferential line sheaf, whose coordinate 1-cocycle with respect to 


an open covering U is given by -— t,t, i.e. it is a coboundary, which 


Boa? 
satisfies the transformation law of local gauge potentials 


8 (0) = d*(C,,). 

Next, we consider a spectral [A] -beam, namely the spectral 
partition class, /so( C, V .),, consisting of gauge equivalent unitary R- 
rays, which are indistinguishable from the perspective of their common 
differential invariant [R]. We also consider those closed l-forms 9, 


of Q', which qualify as logarithmically exact. If we take a pair of 
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equivalent unitary R -rays, denoted by  (£V.) , pv.) 


correspondingly, we obtain: 


R-(do,)- (do),), (22) 
d(o,—0,)-0. (23) 


We conclude that (0,—0,) is of the form 6, of Q', hence it is a 
logarithmically exact closed 1-form. Based on this fact, we derive that the 
free group action of H'(X,S') onaspectral [R]-beam is also transitive 
with respect to logarithmically exact closed 1-forms. 

In conclusion, a spectral [R] -beam becomes a 
H'(X,S') = Hom(z,(X),S) -affine space, or equivalently, an affine space 
with structure group the characters of the fundamental group. The latter 
provides a complete characterization of the global inertial structure of a 


spectral [R]-beam in group-theoretic terms. 
Each partition class of the spectrum, each orbit or fiber 


Iso(L,V ..),, labelled by the curvature differential invariant [R], which 


is to say each spectral [R]-beam is an affine space with structure group 
H'(X,S) = Hom(z,(X),S'). Thus, any two unitary R-rays differ by an 
element of H (X ,5'), and conversely any two unitary rays which differ 


by an element of H'(X,S') are characterized by the same differential 
invariant [R]; in short, they constitute R -rays of the same spectral 
[A]-beam. 

We conclude that, although all gauge equivalent unitary R-rays 
cannot be distinguished from the perspective of their common curvature 
differential invariant, nevertheless a free and transitive action of the 
group H'(X,S')= Hom(z,(X),S') exists, characterizing the global 
inertial structure of a spectral [R]-beam cohomologically in group- 
theoretic terms and corresponding bijectively to the respective line local 
system. Equivalently put, R-rays of the same spectral [R]-beam can be 
distinguished inertially via the characters of the fundamental group of X . 

Inversely, from any one unitary R -ray of a spectral beam we can 
generate its whole orbit, identified with the beam itself, by means of the 
free and transitive action of the abelian group H (X. ,S) on the one 


depicted. Thus, whenever two unitary rays are characterized by the same 
differential invariant. [A], thereby belonging to the same orbit under the 
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action of H'(X,S') on Iso(L,V .),, which is actually the only orbit due 
to transitivity of this action, identified as a spectral [R]-beam, then they 
differ by a character of the fundamental group of the carrier base 
topological space X . 


74 INTERFERENCE: TOPOLOGICAL PHASE AND THE POLYDROMY 
OF ASPECTRAL BEAM 


A polarization phase germ of a spectral [A] -beam, identified as a 
cohomology class in the Abelian group HB is realized by a 
representation of the fundamental group of the base connected 
topological space X to S'. We observe that the evaluation of a 
representative cocycle of H'(X,S') ata homology cycle y e H,(X) 


by means of the integration pairing: 
H(X)xH'(X,U(1)) 2U(1) (24) 


gives a global observable gauge-invariant phase factor in the Abelian 
group U(1). In this sense, gauge equivalent unitary spectral rays bearing 
the same strength are intrinsically distinguished by means of a 
polarization phase germ. 

Consequently, the global polarization symmetry group of a 
spectral [R]-beam is realized in terms of a unitary line local system. 
Equivalently formulated, there exists a bijective correspondence between 
the polarization phase germs of a spectral [R]-beam and isomorphism 
classes of unitary line local systems, due to the following equivalences: 


Z'(U,C) ¥(E,5) = (5, V) = Ker(V), =A, (25) 
H'(X,C) =((L,V)] =[Ker(V),]=[A]. (26) 


The above equivalences read as follows in the case of Hermitian 
integrable differential line sheaves, or integrable unitary rays: 


Z'(U,S') (£ ) 2 (LV) e Ker(V a) =A, (27) 
H'(X,S) &[( V )] =[Ker(V..) -J=[A.]- (28) 


Let us examine in more detail the realization of the polarization 
symmetry group of a spectral [ R]-beam at a point of the base space X. 


At each point of the topological space X , the polarization symmetry 
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group of aspectral [R]-beam is realized thanks to the monodromy group 
of a unitary line local system at the depicted point, or equivalently by the 
group of monodromies of the corresponding integrable unitary ray whose 
covariantly constant sections form this unitary line local system. This is 
established as follows: 

We already know that a polarization phase germ of a spectral [R] 


-beam is realized by a representation of the fundamental group of X to 
S'. Moreover, C is identified locally with the group of automorphisms 


of a line local system, GL(1,C) = C: Thus, in the unitary case, S' is 
identified locally with the group of automorphisms of a unitary line local 
system A., which may be thought of as the locally constant sheaf of the 
inertial, or covariantly constant sections of a corresponding Hermitian 
integrable line sheaf (integrable unitary ray) (V. ). 

We may fix a base point Xj of X , and consider a path 
y :[0,1] > X , such that y0) 7 x,, yD) =x. Thus, if A is a line local 
system on X , then it is pulled back to [0,1] as a constant sheaf, 


denoted by 7 (A). Hence, we obtain that: 


(VTA) = (7 (A), (29) 


A. and 


70) 7 ^u 


Henceforth, because of the isomorphisms (yA), =A 
OTA), SA, A, » We have at our disposal a C -vector space 
a 


isomorphism Ay = m , which depends only on the homotopy class of y. 


Furthermore, this isomorphism may be thought of as being 
induced by the parallel transport condition of the corresponding 


integrable connection of the Hermitian integrable line sheaf (£V). If 


we consider a loop based at the point X, of X, we obtain an Abelian 


group homomorphism: 
H: mX, xX) > GLA, ) &(GLO,O)), =C,,. (30) 


In the case of a unitary line local system, we correspondingly obtain the 
following Abelian group homomorphism: 


HTX) >S (31) 
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The image of 4 in S', is the monodromy group of the unitary local 
"0 


system A... Thus, for each homotopy class of loops based at X, , we 


obtain a topological integrable phase factor, identified with the 
monodromy of the unitary local system Aow Equivalently, this is the 


same as the monodromy of the corresponding integrable quantum unitary 


ray (£V o) derived through the parallel transport along a loop based at 


Xy and belonging to a homotopy class in. 7,(X,x,). 

The notion of monodromy originates from complex function 
theory on Riemann surfaces, and more specifically, from the theory of 
linear differential equations on Riemann surfaces. In general, a solution 
to a linear differential equation in the setting of analytic or holomorphic 
dynamics, is characterized as polydromic if the circulation around a loop 
enclosing a singularity produces a different value in comparison to the 
initial one. 

By contrast, it is called monodromic if this phenomenon does not 
arise. In this manner, the crystallized term “monodromy” constitutes a 
misnomer compared to the meaning enclosed in this Greek term, i.e. it 
should be properly called “polydromy”. This should also be in accordance 
with Riemann's distinction between single and multi-valued magnitudes 
and the concomitant process of analytic continuation of a local solution 
along different paths or “dromoi”. Unfortunately, the term “monodromy” 
is currently established as such, so we will adopt the present usage modulo 
the present clarification. 

As an example, we may consider the differential equation 
zf'(z) -1, which is singular at the origin of the complex plane. As a 
consequence, the local solution /(z)=log(z), if circulated around the 
origin, for each closed path or “dromos”, its value is modified by an integer 


multiple of 277i. For this reason, we need to invoke the universal covering 


space defined by the complex exponential exp(z):C>C’. 

Accordingly, a polydromic solution to the given differential 
equation, that is, a determination of the manp-valued function log(z) 
takes place only in terms of local sections of the complex exponential 
covering projection map exp(z). Each section defined on C- {ray} 
constitutes an inversion of exp(z), but only locally, and as such, it 
provides to a local determination of the logarithm. In particular, each 
section bears the form log(z)+2«iz, where x is an integer. The 
compatible gluing of all these local determinations over their non-trivial 
overlaps gives rise to the Riemann surface of the many-valued function 
log(z), represented below in helicoidal form: 
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A concrete observable manifestation of a global integrable phase factor in 
the context of quantum mechanics is provided by the effect discovered by 
Yakir Aharonov and David Bohm. This effect demonstrates the 
significance of the local electromagnetic gauge potentials of a spectral 
beam whose strength is null. More specifically, what constitutes the 
Aharonov-Bohm effect is an experimentally verified and observed global 
relative phase factor whose origin is topological, and thus expressed via 
an integrable connection pertaining to the description of the 
electromagnetic field. 

The setting involves a very long solenoid restricting the magnetic 
field flux within its borders, in consequence rendering the region it 
occupies inaccessible to a charged particle. In this sense, the base 
topological space of localization that carries the field is multiply- 
connected, bearing the homotopical symmetry of a circle. The evolving 
states are transported by an integrable connection because the 
propagation takes place in the field strength-free region outside the 
solenoid. The observed global phase factor measures the monodromy of 
this integrable connection due to the topological obstacle imposed by the 
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inaccessible region, which is enclosed by the boundary of the solenoid, 
where the flux of the magnetic field takes place. 

The Aharonov-Bohm effect constitutes a perfect demonstration of 
the nature and significance of global observable integrable phase factors 
arising from topological obstacles in quantum theory. In particular, it 
demonstrates the following: First, the local gauge freedom of the phase of 
a quantum state; Second, the mutually implicative roles of the local and 
globallevels in the quantum field theoretic description pertaining to a line 
sheaf of states endowed with an integrable connection. This consists of 
an extensive integration process of the contributions of all local gauge 
potentials to monodromies from the local to the global, and inversely, of a 
differential localization process of the global topological phase invariant, 
characterizing all gauge equivalent rays, in terms of the whole multiplicity 
of local gauge potentials. Taken all together, these gauge potentials 
express the permissible contextual variability of the connection with 
respect to this invariant. 

Let us examine more specifically the details pertaining to an 
integrable topological phase factor from our viewpoint. We start from the 
observation that the Abelian group of quantum unitary rays Jso(L,V .) 
constitutes a central extension of the Abelian group of integral global 


closed 2-forms R of ome by the Abelian group of polarization phase 


germs H "Ur ,S ). This is due to the exactness of the following sequence 
of Abelian groups: 


12 H'(X,S) —Iso(£, V.) —4€7; 0. (32) 


In particular, if we consider spectral [R] -beams, each 


corresponding partition spectral block of equipotent rays Iso(£, V .), is 


; : 1 1 : ; 
an affine space with structure group H (X,S). The integrality 
condition in this context is tantamount to Paul Dirac’s quantization 


condition, meaning cohomologically that Qi) |R] is a 2-dimensional 
integral cohomology class of X . Moreover, a zero curvature spectral 


[R] -beam JIso(L,V.), is isomorphic to the Abelian group of 


polarization phase germs H'(X,S'), according to the preceding. 
We have that /so(C,V.),-k (R), where R e Q?,. 
Therefore, due to the fact that H'(X,S )ee I[so(£, V.) we obtain: 


K^ (0) = Iso(£, V .), = H'(X,S'). (33) 
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Iso(£, V 


Consequently, a spectral [A]-beam is an Bi capsa by which 


we mean an affine space with respect to logarithmically exact closed l- 
forms. 
The Aharonov-Bohm global phase factor refers to the realization 


of a zero curvature spectral [R] -beam Iso(£, V .),. Equivalently, it is 
the experimentally realized global gauge-invariant phase characteristic of 
a gauge equivalence class of integrable Hermitian differential line 


sheaves, or integrable quantum unitary rays. Thus, we derive the 
following: 


Iso(C, V.) = H'(X,S') = Hom(z,(X),S'). (34) 
In particular, for each point X, of the base topological space X , we have: 
72540 099) 2S. =U(1). (35) 


Therefore, the global phase factor of the Aharonov-Bohm type is 
realized as the global monodromy group element u(y) e U(1) for 


each homotopy class of loops y based at X. Note that in the 


experimental setting the base topological space X is homotopically 
contractible to the circle, and hence, its second integer cohomology is 
trivial. 

These features establish a gauge equivalence class of integrable 
Hermitian differential line sheaves, or equivalently a gauge equivalence 
class of line local systems on the circle, which form a zero curvature 
spectral beam. The global gauge-invariant phase factors by which this 
beam is realized is the monodromy group associated with it, which is 
identified with the image of the fundamental group of the circle; the 
integers Z into U(1). The monodromy depends only on the integer 
winding number and is observed as a shift in the interference pattern of 
the beam. Physically, the integer winding numbers obtained topologically, 
descend from the harmonics of the spectrum of the beam, whereas 
interference constitutes its observable geometric manifestation. 

We emphasize again that an Aharonov-Bohm type of phase for 


non-simply connected base space X , due to the presence of obstructions 
such as those in our experimental case, refers to the global gauge- 
invariant observable factor pertaining to a zero curvature beam, i.e. to a 
gauge equivalence class of zero curvature quantum unitary rays. From a 
cohomological perspective, the analysis of these types of phases proceeds 
as follows: 
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We notice that a zero curvature beam is actually isomorphic to the 


Abelian group H'(X,U(1)). Hence, it can be grasped as follows: 


[P0] ew C L6). (36) 


where we have inserted the corresponding physical units, and we 


consider @, real-valued in the Lie algebra of U(1). 
We conclude that a representative of the class identified with a 


zero curvature beam [V(0,,—)] is an element of H'(X,U(1)), which is 
evaluated at a homology cycle y e H,(X) by means of the pairing of 


groups: 


H(X)xH'(X,U(1)) > U(1), (7) 


YO, DOTYE, ap fa), (38) 


where [W(0,,y)] is identified as a global Aharonov-Bohm gauge- 
invariant topological phase factor of the beam in U(1). 

For reasons pertaining to the significance of the partition 
spectrum under investigation, it is instructive to point out that if we 
consider any unitary ray of this beam, then we only obtain a real-valued 
phase, defined by: 


'*(8,.y)- - [2.. (39) 


Due to the isomorphism of groups R/Z=U(1), we have to take the 
quotient of the set of all W((0,), y) for all unitary rays by the 
equivalence relation: Y((0,),,y) ~ V((8,),.y) if ((8,),-(0,),) e Z. 


In physical terms, this means that the interference phase patterns of 
quantum unitary rays differing by an integer cannot be distinguished 
experimentally, and thus the physically meaningful global gauge- 
invariant information is only the topological phase factors of the form: 


[YO] (= fa), (40) 


332 NATURAL COMMUNICATION 


referring to the global realization of the beam, hence to the global 
realization of the whole gauge equivalence class of quantum unitary rays. 


78 ANHOLONOMY: GEOMETRIC PHASE AND THE MEMORY 
OF A SPECTRAL BEAM 


If the energy operator, the Hamiltonian of a quantum system, is 
functionally dependent on an underlying set of control variables, then a 
quantum state becomes localized parametrically on the base space 
constituted by these variables. The dynamical evolution of a quantum 
state is therefore driven by the implicit temporal dependence of the 
Hamiltonian through the control variables. Under the assumption that 
the set of these variables forms a smooth manifold, then the time 
dependence is depicted by means of differentiable paths on this space. 

In the approach pioneered by Michael Berry, the adiabatic cyclic 
evolution of a quantum state if of a fundamental significance. The cyclic 
evolution signifies the periodicity property of a quantum state with 
respect to the control variables, whence the adiabatic hypothesis is 
equivalent to the specification of a connection, a parallel transport 
condition on the evolution of normalized state vectors, which in general 
is considered to be path-dependent. Due to this path-dependency, a 
quantum state upon completion of cyclic path acquires a global non- 
integrable geometric phase factor, called the anholonomy of the transport. 

The fibers of the induced spectral line bundle stand for the 
eigenspaces of the energy operator. Thus, the adiabatic transportation 
rule amounts to a non-integrable connection, according to which, an 
eigenstate of the Hamiltonian is required to remain in the eigenspace of 
the same instantaneous eigenvalue during the adiabatic evolution. In 
turn, the non-integrable connection gives rise to a covariant derivative 
operator on the sections of the corresponding Hermitian line sheaf, 
constituted by the eigenstates of the Hamiltonian. The non-dynamical, by 
which we mean non-Hamiltonian dependent, global phase assembled 
during a cyclic evolution along a closed path on the base space is thought 
of as the memory of the evolution, since it encodes the global geometric 
features of the space of control variables in the algebraic, and more 
specifically, group-theoretic structure of the anholonomy of the 
connection. 

The observable global phase factor is called geometric because it 
depends solely on the geometry of the base space pathway along which the 
quantum state is transported. If the eigenvalues of the Hamiltonian are 
degenerate or close to each other, then the adiabatic transportation 
constraint is not realistic and is substituted by another appropriate 
connection depending on the particular context. In this case, the gauge 
freedom of a state vector, localized at a fiber over an eigenspace of the 
Hamiltonian, is not an one-dimensional complex phase any more, but 
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rather is an n-dimensional complex matrix of phases, called a non-Abelian 
complex phase. It turns out that even the adiabatic transportation rule is 
not necessary for the experimental detection of a global phase factor. This 
has been demonstrated convincingly through the intrinsic line bundle 
formulation of the complex Hilbert space of states over the complex 
projective Hilbert space. In this formulation, analogously to the preceding 
approach, the one-dimensional projection operators play the role of 
control variables. This line bundle, or equivalently, the line sheaf of its 
sections is endowed with a natural connection obtained by differentiation 
of the Hermitian inner product of the normalized sections, which are the 
quantum state vectors, and the adiabatic hypothesis is not involved at all. 
Then, the global phase factor is identified in terms of the global 
anholonomy of this connection with respect to a closed path on the 
complex projective space. 

From the general perspective of our cohomological analysis 
pertaining to spectral beams, all observable geometric phase factors are 
actually generated by the curvature of a spectral [R]-beam. In particular, 
the memory of a spectral beam is the global encoding of the fact that 


Qi) |R] is a 2-dimensional integral cohomology class of the base 


topological space of variables X . As already established, global 
observable topological phase factors can be completely understood in 
terms of the monodromies of zero curvature beams. Again, it is instructive 
to emphasize that an observable anholonomy pertains to a partition class 


of equipotent unitary R -rays; to a spectral [LR] -beam, rather than to an 
individual unitary R-ray. 

A global geometric phase factor arises cohomologically as follows: 
For any real valued form ø of degree k we define: 


Hn) = Y. - (J ~)+Z, Q) 


where 7 is a * -chain of X and ó is a = -cochain of X with 


values in R/Z . Next we consider the homomorphism of groups: 
E:Z(X) OR/Z, (2) 


such that, a k+l -form 7c exists, which satisfies EZod=f , or 
equivalently: 


EGO) - («2-7 (0 ERZ, () 
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for any smooth map C: À,,, — X . We note that A, stands for the 
standard n-dimensional simplex, and the space of ;-chains is generated 
by A. 


n 


In this framework, the following relation emerges: 
d(#)=dt=200"=0, (4) 


and therefore, z isaclosed k+1-form. 

Next, we consider a unitary R -ray (£,V..) and apply the 
quantization condition, according to which, R is an integral global 
closed 2 -form R of È. Similarly to the definition of gauge 
potentials in the case of Hermitian differential line sheaves, we consider 
R as a purely imaginary closed 2 -form, such that R=i-©. Thus, 
according to the above, and since © is an integral global real-valued 


form of degree 2, we may instantiate the following group homorphism, 
which we call the anholonomy homomorphism: 


H:Z(X)9R/Z, (5) 
H(@S) = (f ©) -Z-O(S)eR/Z, (6) 


for any smooth map 5:A, — X. Equivalently, we have: 
Hod=6. (7) 


We observe that for a fixed curvature R of Oa the same 


anholonomy homorphism lH is defined for any other unitary R -ray. 
Thus, it provides a characterization of the whole gauge equivalence class 


of unitary R -rays classified by the differential invariant [R] . 
Equivalently, it provides a characterization of a spectral [R]-beam, and 


therefore, we obtain an anholonomy cohomology class in. H'(X,U(1)), as 
follows: 


HoK(68) = exp(if ©). (8) 


From the above, we form the conclusion that taking into account the 
Chern homomorphism: 
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6,:H'(X,U(1)) > H*(X,Z), (9) 
and the natural homomorphism: 


UH (X,Z) > H’(X,R), (10) 


the anholonomy cohomology class in H'(X,U(1)) ofa spectral beam for 


fixed ©, is in the inverse image of the Chern characteristic class: 
1 
c =-——[O]e H’(X,Z), (11) 
2zi 


under Ó,, or equivalently, it is located in the inverse image of the 


c 


cohomology class [@] in H’(X,R), such that: 
(1065,)(Hol) =[@]. (12) 


Thus, we conclude that an R/ZzU(1)-observable anholonomy, 
which formalizes the notion of a non-integrable geometric phase factor, is 
a global observable gauge-invariant characteristic of a spectral beam, 
qualified as the memory pertaining to the whole gauge equivalence class 
of quantum unitary rays having the same curvature, such that the above 
cohomological relation is satisfied. 
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ADJUNCTIONS: 
CATEGORY THEORY 
VIA NATURAL 
COMMUNICATION 


8.1 CATEGORY THEORY FROM THE STANDPOINT 
OF NATURAL COMMUNICATION 


The development of category theory is a natural and perhaps inevitable 
aspect of the late 20th century emphasis on the conceptual clarification 
of what specifies and characterizes an object of a mathematical inquiry 
pertaining to a universe of discourse as a hypostatic entity. The major 
precursor of this development can be located in the fields of algebraic 
topology and abstract algebra, where the specification of complex spaces 
was not based at all on their set-theoretic point-element constitution, but 
rather on certain algebraic symbolic groups incorporating some invariant 
characteristic in relation to this complex space. 

This articulated a major change in the way of conceiving the 
conceptual form and function of mathematical objects, which departed 
from the axiomatic set-theoretic reductionist approach of analysis of 
objects in terms of pre-determined, or a priori distinguishable elements 
endowed with some particular externally imposed structure. The 
emphasis now has been put on the specification of objects in terms of the 
communicative relations they bear with other objects of the same species, 
where the notion of a species of structure is now derived from the whole 
homomorphic constitution of a certain mathematical universe of 
discourse, conceptualized in turn, by means of the notion of a category 
that respects or preserves this structural species. 

In this respect, the central focus of the categorical way of 
rethinking the notion of a mathematical object algebraically and 
structurally can be described as a major transition in the conception and 
interpretation of what actually characterizes algebraic symbolic 
structures. More precisely, it represents a transition from a substantial to 
a hypostatic concept of structure. In the substantial constitutional set- 
theoretic mode of thinking, structures of any conceivable morphe are 
defined on a set-theoretic foundational basis, as sets of elements endowed 
with appropriate structural relations, like the ones characterizing a group 
structure. 

In the hypostatic communicative category-theoretic mode, the 
emphasis is placed on the kind of homomorphisms among the objects of a 
category devised to capture and preserve a certain structure as its 
instances, by means of the pertinent structural constraints on these 
homomorphisms. In this sense, the notion of structure does not refer 
substantially to a fixed universe of sets of predetermined elements, but 
hypostatically acquires a variable reference to other generalized 
universes, called topoi. 

In particular, the hypostatic structural elaboration of an object by 
way of its variable reference to a topos, to be thought of as a scaffolding 
entailed contextually by communication, and not as a foundation 
necessitated absolutely by constitutional needs, points to an indirect 
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"obstacle-oriented" approach to the specification of an object as an 
algebraic structure arising from the category to which it pertains in as an 
instance. Most important, the specification of objects of a structural 
species can be even enunciated in terms of the heteromorphic relations 
they bear with objects of another structural species, which are thought of 
as partial resolving probes or covers of the former, under the proviso that 
these relations can be appropriately internalized within the former 
category via adjunctions. 

The basic categorical principles can be expressed concisely as 
follows: 


i To each kind of mathematical symbolic structure, there 
corresponds a category whose objects have that structure, and 
whose homomorphisms preserve it. 

ii To any natural morphism on structures of one kind, yielding 
structures of another kind, there corresponds a functor from the 
category of the first kind to the category of the second. The 
implementation of this principle is associated with the fact that a 
morphism is not merely a function from objects of one kind to 
objects of another, but must preserve the essential structural 
relationships among objects. 

iii To each natural translation between two functors having identical 
categorical domains and codomains there corresponds a natural 
transfiguration, called a natural transformation between these 
functors that can be restricted to a natural isomorphism of 
functors. 

iv To any canonical bidirectional functorial correlation between two 
kinds of mathematical structures there corresponds an 
adjunction, expressed by a pair of adjoint functors between the 
corresponding categories. An adjunction is equivalent to a 
categorical process of metaphora effecting the natural 
communication between the correlated hypostatic structural 
kinds. 


Therefore, if the standard framework of mathematical category theory is 
to be thought of as a conceptual pyramid based on the notion of a category 
and converging at the top on the notion of a categorical adjunction, up 
through the intermediate layers of functors and natural transformations, 
the emphasis on natural communication by contrast requires a conceptual 
inversion of this form. Precisely speaking, it is the need for expressing the 
conceptual norms of natural communication between two different 
hypostatic levels - the norms of the metaphora between two different 
hypostases conceived algebraically and structurally from a non-absolute 
elemental standpoint - that requires the notions of natural 
transformations and functors, and ultimately the notion of a category. 
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As we shall discuss later on, the inverted pyramid of category 
theory, emphasizing the natural communication between two different 
hypostatic structural kinds, is intimately related to an “obstacle-oriented” 
approach to the notion of what a categorical object is. More concretely, 
the enunciation of the categorical structure of an object of an unknown, 
novel, or even not directly accessible species, requires a potential 
cpclicallp-embracing process of metaphora through another 
comprehensible categorical species, together with the canonics of this 
heteromorphic metaphora, so illuminating the former structure by 
natural communication, or equivalently, descending to and ascending 
from another covering or resolving structure. 

We outline below the standard basic definitions to be found in this 
order in standard formalist presentations of category theory, and further 
on, we are going to show how they actually arise inversely via the canonics 
and norms characterizing the natural-communication of non-absolute 
hypostatic structural kinds. 


CATEGORIES: 
A category C isa class of objects and morphisms of objects such 
that the following properties are satisfied: 


i For any objects X , Y all morphisms f: X —Y form a set 
denoted Hom, (X,Y); 

ii For any object X an element id,¢Hom,(X,X) is 
distinguished; it is called the identity morphism; 

iii For arbitrary objects X, Y, Z the set mapping is defined 


Hom,(X,Y)x Hom,.(Y,Z) > Hom,(X,Z) 


For morphisms g € Hom,(X,Y), heHom,(Y,Z) the image of 
the pair (g,h) is called the composition; itis denoted hog.The 
composition operation is associative. 

iv Forany f €Hom.(X,Y) wehave id,of — f oid, — f. 
For an arbitrary category C the opposite category C^" is 
defined in the following way: the objects are the same, but 
Hom o (X, Y) = Hom, (Y, X) , namely all arrows are inverted. A 


category (C is called small if the classes of its objects and 
morphisms form genuine sets respectively. 
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FUNCTORS: 

Let C, D be categories; a covariant functor F:C—7D isa 
class mapping that transforms objects to objects and morphisms to 
morphisms preserving compositions and identity morphisms: 


F(id,)- id, o; F(gof) =F(g)oF(f) 


A contravariant functor F:C 7D. is, by definition, a covariant functor 
F:C” >D. 


NATURAL TRANSFORMATIONS: 

Let C, D be categories, and let further F, G, be functors 
from the category C to the category D. A natural transformation c 
from F to G is a mapping assigning to each object 4 in C a 


morphism T, from F(A) to G(A) in D, such that for every arrow 


f:A— B in C the following diagramin D commutes; 


That is, for every arrow f£:4— B in C wehave: 


G(f)or, = t, FC) 


NATURAL ISOMORPHISMS: 
A natural transformation 7:F —G is called a natural 


isomorphism if every component 7, is invertible. 


ADJOINT FUNCTORS: 
Let F:C— D and G:D->C be functors. We say that F is 


left adjoint to G (and correspondingly that G is right adjoint to F), 
if there exists a bijective correspondence between the arrows F(C) —> D 


in D and C5 G(D) in C,whichis naturalinboth C and D. 


F:Ce2D:G 
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Pictorially we have; 


where the left part is in. D and the right in C. Then, we say that the 
above pair of adjoint functors constitute a categorical adjunction. 


DIAGRAMS: 
A diagram X-(UX,),,,(F,),,.,) ina category C is defined as 
an indexed family of objects {X,},., and a family of morphisms sets 


{Filja je Hom, (A,X). 


COCONES: 
A cocone of the diagram X=({X;};-).(F;};;-,) ina category C, 
consists of an object X in (C, and for every ieJ, a morphism 


f: X, 9 X,suchthat f, =f oS, forall j e J, that is, such that for 


every i, j e I, and for every f, e F, the diagram below 


y 


commutes 


X; fis 


» Xj 


COLIMITS: 
A colimit of the diagram X = (1X,],.,, {Fy}; je) is a cocone with 
the property that for every other cocone given by morphisms 


f, : X, > X, there exists exactly one morphism f :X — X', such that 


f,-"fof.foralli e I (universality property). 
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Reversing the arrows in the above definitions of cocone and 
colimit ofa diagram X—-(1X,],,,,(,),,.;) inacategory C,resultsinthe 
dual notions called cone and limitof X respectively. Moreover, starting 


witha diagram X -((X,j,,,(5,],,.,) inacategory C,that consists only 
of the objects X, i e I,as nodes but without morphisms, that is all 
F, = ©, we obtain the notion of the categorical coproduct, IL.X : (asa 
special colimit) and product, Lx (as a special limit) respectively. 


The morphisms /, in the corresponding definitions are called canonical 
injections of the coproduct and canonical projections of the product, 
respectively. We emphasize that we can derive special notions of limits 
and colimits, corresponding to the shape of the base diagram X . In this 
sense we obtain the following; an initial object is the colimit of the 
diagram consisting of the empty set. A coequalizer is the colimit of a 
diagram consisting of two parallel arrows A= B . A pushout is the 
colimit of a diagram of the form: 


A —L— B 


C 


The dual notions are the following: a terminal object is the limit of the 
diagram consisting of the empty set. An equalizer is the limit of a diagram 
consisting of two parallel arrows A= B. A pullback is the limit of a 
diagram of the form: 
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82 ARTICULABILITY OF OBJECTS: HYPOSTATIC 
CATEGORICAL CANONICS 


The natural communication between two different hypostatic structural 
kinds, conceptualized as different categories, is inextricably tied to an 
"obstacle-oriented" approach to the notion of what a categorical object is. 
It implies that the categorical structure of an object of a non-directly 
comprehensible or novel structural species, requires a potential cyclically- 
embracing process of metaphora through another categorical species. 
Since these species occupy different hypostatic structural levels the 
metaphora is inevitably of a heteromorphic nature. This means that a 
certain structural canonics is required for the accomplishment of the 
metaphora. The basic idea is that the metaphora bears the potential to 
illuminate the unknown or obstacle-laden structure by heteromorhically 
descending to and ascending from another comprehensible categorical 
hypostatic level. 

The effectiveness of this metaphora is based on two factors: First, 
the directly comprehensible level should consist of categorical objects 
whose hypostasis should be somehow illuminating in relation to the ones 
of the obstacle-laden level. In this sense, ideally these categorical objects 
should manifest some local or partial structural spectral invariance 
characterizing the objects of the former species. In other words, their 
suitability should be based on their capacity to encode some local or 
partial structural invariant which is crucial for disclosing the structure of 
the former ones. It is precisely in this manner that they can be considered 
as structurally illuminating in terms of their categorical hypostasis. 
Secondly, since the metaphora is heteromorphic, a certain canonics must 
be in force that allows the natural communication between these levels. 
In other words, the objects of the comprehensible kind should be adjoined 
as probes or generalized pointers in the environment of the former ones 
not in a rigid, but in a plastic manner, so that connectively, and not only 
collectively, they can enforce a homeotic cobounding relation to an object 
of the unknown species that has the capacity to play the role of a 
structural canon for this object. 

In turn, this qualification serves to facilitate the inverse 
canonization of the employed probes as icons for the deployment of the 
ab initio unknown object at least within the symbolic algebraic milieu. 
Note that in this categorical context of thinking the notion of an icon is 
abstracted from its direct visual connotation and is elevated at the 
symbolic algebraic level as a local or partial invariant means of internal 
illumination through its canonization. Therefore, the symbolic and 
structural specification of the unknown via metaphora through the 
connective network of icons cobounding it structurally serves to establish 
the structural adaptability of the icons to the species of the unknown as 
its partially covering spectral structural invariants. In this sense, the 
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unknown object is illuminated connectively by this network of icons, 
while the latter are canonized reciprocally by their participation in the 
canon, which works metaphorically to unfold the structure of the former. 
Finally, and in terms of this canonization procedure, a gnomon emerges 
at the categorical level of the unknown structural species by the 
adjunction of the categorical level of its icons. 

It is precisely these factors that we maintain fundamental for a 
careful re-evaluation of the novel mode of object-specification induced by 
the development of category theory in mathematical thinking in relation 
to the objective of natural communication. More precisely, the notion of 
a structural symbolic icon is conceived as the principal means of probing 
or resolving an object of an obstacle-laden species in a canonical manner, 
independently of any a priori requirement of analysis of this object in its 
set-theoretic elements. This is the case because the notion of a canonized 
icon is not subordinate to any analytic reduction, but on the contrary, 
subsumes a well-defined structural characterization derived from its 
canonical internalization within the category deciphering the species of 
the object under investigation. In other words, a probe is qualified as an 
icon if and only if it can be canonized and thus internalized within the 
category in question. Technically, this simply means that it can give rise 
to a structure-respecting homomorphism within this category targeting 
the object of inquiry. An immediate consequence of this characterization 
is that a canonized action is structurally adaptable by means of adjunction 
to the species of the investigated object. 

The major issue arising in this state of affairs is the detection of 
the conditions that cast a probe into a canonized icon; these are the very 
conditions, conditions that render a probe canonically structurally 
adaptable to the object of inquiry, so that it can function as a source of 
local or partial spectral illumination on this object. Intuitively, since a 
probe should furnish a frame for resolving the unity of the investigated 
object, this frame can be structurally adapted to the species of the object, 
if and only if it encodes some structural invariant feature pertaining to the 
level of resolution or distinguishability of the investigated object with 
respect to the frame employed. The requirement of structural adaptability 
qualifies a probe as an illuminating symbolic icon, which plays the role of 
a local or partial structural frame for resolving or partitioning the 
investigated object under the action of this probe by virtue of the 
structurally invariant context it discloses. Concomitantly, the action of a 
canonized icon becomes co-extensive to a local or partial cover of the 
object of enquiry subordinate to the aphairetic filtering, or sieving, 
spectral invariant capacity of the icon. The covering action leads to a 
localization of the object of enquiry, thereby, it also gives rise to a topology 
on the object of enquiry only under the mild constraints of transitivity and 
compatibility of the covers under the operation of restriction to 
subcovers. 
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It has to be stressed that the implicated notion of localization with 
respect to an icon is derived internally and intrinsically only from the 
specific aphairetic structural invariant capacity of this icon in its function 
as a local cover, and not from any spatial embedding environment of any 
external kind. In this respect, an icon, although incomplete in its capacity 
to illuminate and resolve the investigated object globally or in its entirety, 
shapes this object locally or partially in a structurally adaptable manner. 
As a result, it can be inversely, internally extended beyond its compatible 
restriction as well, under the proviso that overlaps compatibly with some 
other icon deciphering another local cover of the investigated object. 

A crucial feature of this local iconic schematism of an object in a 
category is that it does not assume or require the existence of an all- 
encompassing icon, meaning that any single particular icon should not be 
thought of as an independent part of an all-encompassing icon. In 
contradistinction, the iconic schematism of an object is based on the idea 
of a multiplicity of partially illuminating icons, covering the object 
connectively only under their joint canonic cobounding action. It is 
equally vital to point out that such a jointly covering multiplicity of icons 
is not merely a set of icons. It may be thought of as a colimiting, and hence, 
spectrally cobounding object, comprehending within itself the joint 
resolving spectral capacity of all contributing icons, participating in its 
integrity, coherently and compatibly synthesized in a way which does not 
require the treatment of those icons as independent parts. 

Rather it may be visualized as a multi-layered granulation weaving 
sieve, whose variable concatenated openings comprise the resolving or 
illuminating power of the corresponding icon, and which becomes 
structurally adaptable to the categorial species of the investigated object. 
This colimiting, or cobounding, object arises out of heteromorphic 
canonics, by means of a categorical adjunction, in the sense that the canon 
pertaining to the joint spectral capacity of all the partially illuminating 
icons induces a gnomon for the object of enquiry under homomorphic 
internalization within its categorical species of structure. 

In light of the above, it becomes possible to appreciate the 
significance of the central formal theorem of category theory - the 
Yoneda-Grothendieck lemma - for the proposed obstacle-oriented 
approach, referring to the means of articulability of an object in a 
category. More precisely, this theorem states formally that an object is 
completely specified by the network of all morphisms directed to this 
object by all other objects in the same category. In other words, an object 
in a category can be completely resolved, or partitioned, or even classified 
and retrieved, and thus become totally illuminated, by all internalized 
structure-respecting arrow-morphisms pointing towards it within the 
same category. The complete illumination promised by this theorem rests 
on the fact that the whole network of pointing morphisms specifies, and 
thus articulates, the object uniquely up to canonical isomorphism. Thus, 
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it provides the universal means of articulation of the object in relation to 
its categorical structural species, in the sense that its specification as 
outlined is unique up to equivalence, established by an explicitly 
demonstrable isomorphism. 

The ground-breaking consequence of this theorem is essentially 
that the object of interest can be legitimately subjugated or even 
conceptually substituted by the network of all internalized structure- 
respecting relations or morphisms targeting it within the same category. 
For this reason, the object constitutes a formal symbolic representation of 
the whole network of relations directed to it within its categorial species, 
and inversely, this network becomes uniquely representable symbolically 
up to equivalence by the targeted object. Note that the term 
"representation" is used in the formal sense, meaning that the object 
becomes the symbolic placeholder of the network of morphisms pointing 
to it. We would like to enhance this non-spatial notion of representation 
with a temporal connotation that emphasizes its synthetic functional role 
in this setting. In particular, representation concerns the depth of the 
present in its capacity to instantiate an object by encapsulating all the 
morphism pointing to it. In other words, the synthetic act of 
representability in category theory is enunciated temporally by means of 
the capacity of an instantiated object to encapsulate all possible paths of 
arrows pointing toward it, which in turn, constitute its indexical 
iconization. From now on, this is precisely the meaning that we attribute 
to the technical term "representation" in the context of category theory. 

In practice, the specification of an object in a category by the 
network of all possible morphisms directed to it within the same category 
is redundant. It is precisely here that the notion of an internalized 
structurally adaptable, and thus structure-respecting, probing relation, 
emanating from another categorical species of structure, becomes 
significant. The underlying idea is that subject to theoretical, 
experimental, or computational reasons, a category of probes is always 
delineated in relation to an investigated object of some unknown, non- 
directly accessible, or obstacle-laden categorial species. This category of 
probes may have the status of a subcategory of the category in which the 
investigated object is structurally placed, but this is no general 
requirement. What is crucial is that the action of a probe can be 
structurally adapted as an internalized, and therefore, structure- 
respecting directed morphism within the category of the investigated 
object. Henceforth, it is exactly this qualification of a probing relation 
that gives rise to the notion of an icon illuminating an investigated object 
of some category. 

The natural issue arising in this setting is to leverage the 
redundancy in the specification of an object in a category through the 
network of all possible relations directed to it, by restricting this network 
to a minimal but sufficient assemblage of icons capable of collectively and 
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connectively illuminating this object. Intuitively, the sufficiency condition 
pertains to the joint covering action of the object by the utilized 
assemblage of icons, as we have already seen. Under this restriction of the 
classifying network of internalized structure-respecting, directed 
morphisms on the investigated object in iconic schematic terms, the 
validity of the category-theoretic object-specification theorem remains 
intact. Namely, an object of a categorical structural species can be 
specified, classified, and retrieved by the assemblage of all partially 
illuminating icons upon it, uniquely up to equivalence. The objective is 
that this assemblage can be appropriately qualified as a heteromorphic 
canon capable of establishing natural communication between the 
categorical species of the object of enquiry and the species of the icons. 
The underlying idea again is that the heteromorphic canon naturally 
induces a gnomon for the investigated object under homomorphic 
internalization in its categorical species of structure. 

An immediate consequence of the above is that for a fixed object 
under investigation, the network or assemblage of all icons directed 
towards it can be objectified category-theoretically into a novel object of 
a higher structural species, i.e. an iconic schematism functor, called simply 
a representable functor. The root of this terminology is that an iconic 
schematism functor becomes symbolically representable by the 
investigated object up to equivalence. An iconic schematism functor is a 
structure-respecting morphism from the category of the investigated 
object into the category of sets. That is to say, for each internalized 
source-probe it assigns a set of icons capable of partially illuminating the 
unknown object from the specified source. Clearly, the iconic schematism 
functor of the investigated object varies over all possible internalized 
source-probes and is also evaluated at each one of them by producing the 
set of icons corresponding to it. Then, the meaning of the previously 
expressed object-specification theorem boils down to the fact that the 
categorical species of the investigated object can be fully and faithfully 
embedded into the category of functors from this species to sets, where 
the category of sets is used as a scaffolding for this purpose. Henceforth, it 
can be identified by means of the representable functors, i.e. the 
respective iconic schematism functors, technically symbolized as Hom - 
functors. It is instructive again to think of an iconic schematism functor, 
representable by the investigated object up to equivalence, as a multi- 
layered granulation sieve whose variable concatenated openings comprise 
the resolving or illuminating power of the corresponding icons. 

The heteromorphic natural communication emerges in categorical 
terms from the conceptual inversion of an iconic schematism functor. In 
general, if an iconic schematism functor is considered as an encoding 
functor of the unknown categorical species to the species of its icons, then 
its inversion would be a decoding functor in the opposite direction. Pairs 
of encoding/decoding functors give rise to categorical adjunctions, where 
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these functors are called adjoint to each other. The notion of an 
adjunction as an expression of heteromorphic natural communication 
constitutes a far-reaching generalization of the algebraic notion of an 
equation. Precisely, the iconic schematism functor furnishes the algebraic 
variables of this equation with respect to the scaffolding of the category 
of sets, whereas its conceptual inverse decoding functor amounts to the 
solution of this equation, i.e. the specification of these variables. 

More concretely, we have already concluded that an investigated 
object of some categorial species can be conceptually substituted due to 
the amenability of its classifying iconic schematism functor to symbolic 
representation by the former up to equivalence. The important point is 
that the iconic schematism functor and the representing object of this 
functor, are located within different categorical species of structure. Thus, 
the pertinent issue again is how the iconic schematism functor, or 
equivalently, a whole sieve of icons directed towards an object of inquiry, 
becomes structurally adaptable as a totality to the categorial species of 
this object. The structural adaptability of the iconic schematism functor, 
and thus, the internalization of the whole sieve of icons within the 
categorial species of the investigated object, is possible only as a 
colimiting canon pertaining to the joint spectral capacity of all the 
partially illuminating icons. 

The pronounced inversion consists in the realization that the 
iconic schematism functor on an object of inquiry, after the selection of a 
certain category of probes - as structurally invariant iconic contexts of 
resolving and illuminating this object at various layers of 
distinguishability - is sufficient to depict, approximate, or even 
completely disclose the categorical species of the investigated object, up 
to equivalence. Note that in this setting, the categorical structural species 
of the investigated object, and not merely the investigated object itself, is 
considered an unknown variable. Thus, the proposed conceptual 
inversion can be utilized as a recognition principle of a new categorial 
species of structure. This becomes possible after the initial selection of a 
category of probes applied to a hypothetical object of a species 
unknowable a priori, which gives rise - modulo all the previously-stated 
requirements - to the iconic schematism functor of this object of inquiry. 

This constitutes a novel approach to revealing new categorial 
species of structure by means of heteromorphic natural communication, 
through the employment of an encoding iconic schematism functor 
defined in terms of structurally invariant contexts for resolution of this 
unknown species, and then inverting or decoding it back. We may 
schematically assert that the categorical recognition principle formulated 
in terms of natural communication turns the formal object-specification 
theorem of category theory onto its head, in the sense that, considering 
all practical or theoretical applications, it is the categorical species of the 
investigated object that is the real unknown and not the object itself. 
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Thus, we finally arrive at the crucial point of formulating the 
proclaimed recognition principle of some new categorical species of 
structure given the set-up of a representable functor, i.e. of an iconic 
schematism functor, as previously. A posteriori, this constitutes an 
interpretation of the category-theoretic syntax from the standpoint of 
natural communication. More tellingly, we read from Saunders MacLane, 
one of the two inventors of the categorical syntax, the following cryptic 
remark: "But I emphasize that the notions category and functor were not 
formulated or put in print until the idea of a natural transformation was 
also at hand". 

This is at odds with the usual axiomatic presentation of the 
subject, more accurately to be read as its inversion. Of course, for reasons 
of systematic presentation of the category-theoretic syntax, the 
definition of a natural transformation, being a morphism of functors, has 
to be preceded by the definitions of what a functor is and what a category 
is. Notwithstanding this fact, the idea of a natural transformation is solely 
based on the concept of covariance, meaning that the associated 
morphism of functors to which it refers, is not subordinate to any ad hoc 
choice of underlying object to which these functors can be applied and 
evaluated. In other words, a natural transformation between two functors 
pertains to the categorial species of the underlying objects and not to the 
objects themselves. This is the decisive abstraction for the formulation of 
the recognition principle of obstacle-laden categorical species of 
structure in natural communication terms. 

Up to present, we have reached the conclusion that the 
recognition principle of some new categorical species of structure, should 
be properly expressed by means of a natural transformation of functors. It 
remains to examine the particularities of this natural transformation in 
detail, ie. which precise morphism of functors is pertinent for the 
formulation of the recognition principle. What we have at our disposal is 
the set-up of an iconic schematism functor for each unknown 
hypothetical object of this new categorial species, after the selection of a 
category of probes, namely a category of structurally invariant contexts 
for resolution of these objects in terms of icons, according to the 
preceding argument. What we have also established is that given an iconic 
schematism functor on an object of inquiry, the associated sieve of all 
icons on this object becomes internalized as a totality in its categorial 
species by means of a novel colimiting or cobounding object, pertaining to 
the joint connective resolution capacity of all the involved icons 
illuminating this object. It is significant that this internalization process 
by means of a colimiting object is universal, in the sense that it is uniquely 
specified up to equivalence; it is unique up to a canonical isomorphism. In 
the terms of categorical natural communication, the universality property 
gives rise to a heteromorphic canon, which finally induces a homomorphic 
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gnomon for the investigated object under internalization in its categorical 
species of structure. 

Therefore, a colimiting object uniquely determines the universal 
terminus through which each one of the icons should factor in its function 
to probe and illuminate the species of the object of enquiry, being in this 
sense its gnomon. Clearly, the instantiation of such a colimiting object 
pertains to any iconic schematism functor associated with any object of 
the unknown categorial species. This prompts the realization that the 
iconic colimiting or cobounding process is actually a functor from the 
category of iconic schematism functors to the sought-after novel 
category. Most important, this colimiting functor conceptually inverts the 
iconic schematism functor on each object of the unknown species, 
because of the universality property characterizing the determination of 
the colimit object with respect to each object of the unknown species. 

Put equivalently, for each object of the unknown species the set of 
all its partially illuminating icons factors uniquely through the colimiting 
object of the corresponding iconic schematism functor pointing to it. 
Henceforth, any object of the unknown species can be recognized 
uniformly and universally only through such a corresponding colimiting 
object terminus of an iconic schematism functor on it. In more 
philosophical terms, this means that the colimiting functor actually 
determines the genus of the whole new categorical species of structure in 
relation to the underlying category of icons, those structurally invariant 
contexts for resolution or illumination of the objects of this new species. 
Note that the notion of genus incorporates the recognition principle of the 
whole new categorical species of structure and not only of the objects of 
this species. 

In a nutshell, for each object of the unknown categorical species of 
structure, after setting up an iconic schematism functor referring to it, we 
compute and apply the colimiting functor on the latter, thus, conceptually 
inverting it. This process is sufficient to determine the cobounding 
terminus uniquely up to equivalence, and thus, the universal 
homomorphic gnomon pertaining to the new categorical species through 
which the heteromorphic canonics of any icon has to factor in order to 
illuminate the object of inquiry. Since the same process applies uniformly 
and universally to any object of the unknown species, it is elevated to a 
process of articulation of the genus of the whole new categorical species. 
Henceforth, the unknown or obstacle-laden categorical species is 
recognized in iconic spectral terms by means of its genus determination 
through natural communication, where the iconic schematism and the 
colimiting functors play the role of the encoding and decoding bridges 
respectively. 

Weare now ready to express the recognition principle of some new 
categorical species of structure through natural communication, by 
means of a natural transformation of functors that has been our main 
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objective. Conceptually, the leading idea is that object specification of an 
unknown categorical species in iconic terms always follows from genus 
determination of these species as a whole, as above. The unknown 
categorical species can equivalently be thought of, and objectified 
functorially, as the identity functor on itself. In this light, the recognition 
principle of this categorial species as a whole -irrespectively of any ad hoc 
choice of objects - should be expressed as a natural transformation of the 
identity functor induced by any appropriate selection of a category of 
probes to function as icons in relation to this categorical species. The 
suitability of a category of probes, furnishing structurally invariant 
contexts for resolving any object of the unknown species in iconic terms, 
is judged from its capacity to induce genus determination of this 
categorial species. This is possible if and only if a heteromorphic canon of 
natural communication is activated, which in turn, instantiates a 
universally cobounding gnomon of icons as a terminus of spectral 
recognition for each object of the sought-after species in a uniform 
manner. Equivalently, the heteromorphic canon is functorially tenable, if 
and only a colimiting functor exists whose action on the iconic 
schematism functor results in a natural transformation of the identity 
functor. Under these conditions, we say that the unknown categorical 
species is recognized by means of a natural communication monad, in the 
sense that the unveiling of these species emanates from the joint and 
interlinked illuminating capacity of its probes-icons. 

Consequently, the recognition principle of some new categorical 
species of structure, initially taken to be unknown, is expressed as a 
natural transformation of the identity functor on this species by the endo- 
functor acting on the same species, which is obtained by composing the 
colimiting functor with the iconic schematism functor, depending on the 
appropriate selection of an underlying category of probes to act as icons. 
This natural transformation of the identity functor, determines the genus 
of the new categorical species in iconic terms, thereby establishing the 
sought-after recognition principle of this species. It is worth remarking 
that the above recognition-inducing natural transformation of the 
identity functor is equivalent to the conceptual inversion of the iconic 
schematism functor. More precisely, in technical terms, the colimiting 
functor that inverts the iconic schematism functor is called a left adjoint 
to the latter, since it acts on the left of it so that their composition 
provides the determining endofunctor on the unknown categorial species. 
It is precisely this determining endofunctor that plays the role of a 
heteromorphic canon of natural communication; it gives rise to a 
communicability monad between the species of the icons and the 
obstacle-laden species, which bears the capacity to unveil the latter in 
terms of the former. 

We note that the notion of adjoint functors was first conceived, 
abstracted, and formulated more than a decade after the introduction of 
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the category-theoretic framework in terms of categories, functors and 
natural transformations. Before the introduction of this notion category 
theory can be viewed as a useful tool for organizing, systematizing and 
classifying various species of already known mathematical objects. In 
other words, it served more as a theory of taxonomy than as a theory of 
invention and discovery. The notion of adjoint functors transformed its 
role completely and paved the way for forming bridges between seemingly 
unrelated mathematical disciplines; in short, it revealed its natural 
communication underpinnings. It is precisely this notion that discloses 
the philosophical significance of category theory, and at the same time, 
makes it suitable for solving difficult structural problems in the natural 
sciences. 

The formulation of the theory of adjoint functors in category- 
theoretic terms has its roots in homology theory and algebraic topology. 
We arrived at this notion by following another more philosophical route 
involving the objective of heteromorphic natural communication, if 
expressed in terms of the category-theoretic syntax. Since the canonics 
characterizing this kind of natural communication, pertaining to 
categorical species of structure, is not to be taken for a merely taxonomic 
tool, but as a potent instrument of genuine emergent novelty, the basic 
problem posed is the means of recognition of an obstacle-laden 
categorical species in partial or local iconic terms. As we showed, this 
involves first, the setting-up of an iconic schematism functor, after the 
selection of an underlying category of probes in their function as icons, 
ie. partially or locally congruent structural invariant contexts for 
illuminating and connectively resolving an object of the sought-after 
categorial species. The solution to this problem, which a posteriori 
characterizes the suitability of the selected category of probes and the 
sufficiency of the icons, requires the conceptual inversion of an iconic 
schematism functor. This conceptual inversion is equal in effect to finding 
a colimiting functor acting on a corresponding iconic schematism functor 
as a left adjoint, and thus, inverting it. 

In turn, the above inversion embraces and indirectly solves the 
problem posed by means of the heteromorphic canonics establishing the 
natural communication between the categorical species of interest, that 
is, by means of a pair of adjoint functors between these species. In turn, 
the solution amounts to a natural transformation of the identity functor 
on the unknown categorical species, which is thus, recognized 
gnomonically by means of the unique homomorphic termini induced by 
the colimiting functor for each object of the sought-after species. 
Accordingly, the conceptual inversion of an iconic schematism functor 
leads to the genus determination of the initially unknown categorical 
species by means of the established recognition principle. Under certain 
conditions, the natural transformation of the identity functor solving the 
problem of recognition of a new categorical species of structure, can be 
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restricted to a natural isomorphism. In this case, each object of this new 
species is specified uniquely up to equivalence by the corresponding 
colimiting or cobounding object emerging by the left adjoint to the iconic 
schematism functor referring to it. These conditions are usually 
implemented by imposing a particular categorical topology on the 
underlying category of probes, which amounts to localizing an assemblage 
of icons into a sheaf of icons for this topology. 


85 MEASURABILITY: THE PHYSICAL ROOTS OF COORDINATIZATION 


The modus-operandus of physics as a natural science is based on 
observation and measurement. In particular, measurement is the process 
corresponding to a well-defined observational procedure, according to 
which, various attributes or magnitudes are assigned numbers, or more 
generally, “number-like” quantities. In this sense, the general notion of 
number is understood physically as the outcome of a measurement 
corresponding to an observational procedure. The abstraction of the 
measurement process gives rise to the notion of coordinatization or 
arithmetization. The power of the measurement process to arithmetize 
phenomena according to a well-defined underlying observational 
procedure is in essence the objectification of magnitudes, in the sense that 
they can be communicated to other observers, and thus become amenable 
to comparison and transformation, again according to prescribed rules. 
Furthermore, the “number-like” quantities obtained by the 
coordinatization process can be subjected to algebraic operations, so that 
they can form suitable algebraic structures closed under the action of the 
corresponding operations. 

Hence, from a physical perspective, algebraic structures of 
“number-like” quantities of any particular operational form, can be 
thought of as solutions to a physical measurement problem. Most 
commonly, the effectuation of the coordinatization process itself requires 
the conceptual extension of what can function as a “number-like" 
quantity. In turn, this is reflected in the algebraic process of extension of 
scalarity, which precisely extends the notion of a “number-like” quantity 
in a way that preserves the closure requirements under the application of 
algebraic operations characterizing some structure of already known 
"numbers". In categorical terms this means that the algebraic process of 
extension of scalars, solving a physical coordinatization problem, is a 
functorial process. 

We recall that the father of the above described natural philosophy 
is Thales and his theory of measurement based on proportionality of 
magnitudes. The sole purpose of Thales' theory of proportions had been 
the measurement of a not directly accessible magnitude using a gnomon. 
This refers to the height x ofan inaccessible pyramid, given the length 
c of its accessible shadow, as well as, the height a and shadow length 
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b of an accessible object, functioning as a measurement rod. The 
proportion between magnitudes resolving the Thalesian measurement 
problem reads as follows: 


ato b isas x to c 


Symbolically, the above proportion is depicted by the equation 


a x ] : R , 
—=, from which the not directly accessible magnitude x can be 


b c 

obtained indirectly as. x= ac/ b. We remind that the geometric theory of 
proportions for the resolution of measurement problems of the Thalesian 
form, contains the seeds of conception of a group-theoretic structure, 
together with the concomitant formulation of an algebraic equation for 
the determination of unknowns. 

In this mode of thinking, the geometric resolution of the Thalesian 
problem, in terms of proportionality, implicitly anticipates the discovery 
of the multiplicative monoid structure of positive integers, and 
subsequently, the multiplicative group structure of the rationals and the 
real numbers. The meaning of this assertion boils down to the realization 
that the determination of an unknown magnitude in the Thalesian 
setting, interpreted algebraically, requires the introduction of the 
multiplicative group structure of the rational or the reals (standing for 
magnitudes), in order to provide a solution to the associated equation 
expressing the corresponding proportion. Thus, the determination of 
unknown magnitudes by the method of proportion, algebraically entails 
the introduction of the group-theoretic closure structure on magnitudes, 
equipped with the operation of multiplication and possessing an inverse, 
which is division. 

Up to now, we argued that algebraic structures of “number-like” 
quantities of any particular operational form, can be thought of as 
solutions to physical measurability problems. Until recently, these 
algebraic structures have been conceived as sets endowed with prescribed 
operations, like addition and multiplication, satisfying a closure condition 
with respect to the action of these operations on the elements of the 
underlying sets. Gradually the primary significance of considering the 
homomorphisms between algebraic structures of the same kind came to 
collective realization. In particular the existence of an isomorphism 
between two algebraic structures of the same kind essentially came to mean 
that these algebraic structures have exactly the same operational role. 

Thus, the conception of algebraic structures of some kind should 
be considered primarily in terms of the relations between them, 
conceptualized in terms of incoming or outgoing homomorphisms 
(structure-preserving morphisms), and not in the restricted terms of their 
elements. The decisive fact in this conceptual re-articulation of algebraic 
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structures has been the realization that their elements can be thought of 
as special homomorphisms from particular algebraic structures of the 
same kind. 

Note that the notion of homomorphism depends on the kind of 
algebraic structure considered, since it reflects the preservation of the 
operations between structures of the same kind. Here arises the pure 
algebraic notion of a "generalized element" of an algebraic structure 
conceived as an outgoing homomorphism from this algebraic structure 
into some other of the same kind. Of course, simultaneously the dual 
notion of a "generalized element" applies, conceived as an incoming 
homomorphism from some other algebraic structure of the same kind. The 
artifact of this re-conceptualization requires an interpretational shift in 
the semantics of structure. More concretely, it is reasonable to coin the 
term algebraic object of some kind and reserve the structural qualification 
for the environment where these objects are situated and are related to 
each other by means of homomorphisms. This is precisely the semantic 
transition required for the category-theoretic re-interpretation of set- 
theoretic algebraic structures entailed by the primary role of 
homomorphisms (generalized elements and their duals) in the 
determination of algebraic objects of some kind. 

The definition of a category of algebraic objects of some kind with 
arrows being homomorphisms between them, constitutes an abstraction 
of the behavior of functions closed under the associative operation of 
composition. More precisely, the notion of a function is generalized to the 
notion of a homomorphism, whereas the associative operation of 
composition becomes an operation on sets of homomorphisms between 
algebraic objects of the same kind satisfying the same properties that 
functions and compositions satisfy. 

Note that the composition of two functions f, g, denoted as 
fog is defined only in case that the codomain of g is the domain of f. 
Moreover, the composition of a function f with the identity of either its 
domain or codomain gives f again. It is interesting then to notice that 
from a structural set-theoretic viewpoint, a category of algebraic objects 
of some kind, may be thought of as a partial algebra itself. More precisely, 
the elements of this algebra are the homomorphisms, and their 
composition is actually an associative binary operation which is only 
partial, being defined only when the composition of homomorphisms is 
meaningful. Then, the role of the objects is just that of labeling the 
homomorphisms for the determination of the domain of the binary 
operation of composition. 

In a nutshell, the notion of a category of algebraic objects of some 
kind is a conception based on the behavior of functions closed under the 
associative operation of composition, abstracted in terms of 
homomorphisms, which in turn, have been idealized as algebraic 
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"generalized elements" (or their duals) completely determining the 
algebraic objects themselves. Because an obvious duality obtains between 
incoming and outgoing homomorphisms with respect to an algebraic 
object, this is built into the definition of a category so that the operation 
of arrows-reversal leaves the concept of a category invariant, meaning 
that this operation gives again a category in dual or opposite relation in 
comparison to the given one. 

A consequence of this fact is that all categorical constructions 
come in dual pairs corresponding to the dual viewpoints from which 
incoming or outgoing arrows with respect to a constituted algebraic 
object are seen. Apart from the duality property, we have seen above that 
the successful effectuation of the coordinatization process in more and 
more demanding physical measurement problems requires the conceptual 
extension of the meaning of a “number-like” quantity, described by the 
algebraic process of extension. For example, the resolution of the 
Thalesian measurement problem requires the extension of integer 
numbers into the rational numbers so that division becomes possible. 
Notably, the algebraic extension process provides algebraic objects of 
operationally extended "number-like" quantities including the initial 
ones. Note also that since we should always think in a dual way regarding 
the direction of arrows with respect to an algebraic object there is clearly 
an inverse algebraic process called restriction. The semantics of this 
inverse pair of algebraic processes will be explained in detail 
subsequently. 

Now, the design of the categorical framework of reasoning with 
respect to the algebraic process of extension provides the conception of 
the algebraic object of extended "number-like" quantities, of the same 
kind as the initial one, uniquely up to isomorphism by means of a universal 
property. More precisely, each outgoing homomorphism 4— B from 
the initial object A into aset B endowed with the extra structure, 
extends to an outgoing homomorphism 4— B from the algebraic 
object 4 newly constructed by extension (solving a corresponding 
measurement problem) into B. Equivalently stated, every 


homomorphism 4-> B of the previous form uniquely factors through A. 
8.4 NATURALITY: FUNCTORS AND COVARIANT TRANSFORMATIONS 


We have seen that the idea of a category of algebraic objects of some kind 
for which arrows are homomorphisms incorporates from the start the 
basic idea of duality by arrow reversal, emanating from the fundamental 
role played by homomorphisms (algebraic “generalized elements”) and 
their dual distinction into incoming and outgoing kinds with respect to an 
algebraic object completely determined by them. Moreover, 
understanding algebraic objects as providing solutions to physical 
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coordinatization problems, the category-theoretic framework referring to 
algebraic objects of some kind, forces the conception of operationally 
extended objects of the same kind, not in terms of their set-theoretic 
constitution from given elements, but in terms of some universal property 
determining them up to isomorphism within the same category. 

Now, the establishment of the notion of a category of algebraic 
objects naturally raises the difficulty of defining the notion of a function 
whose domain and codomain are categories. Obviously such a function 
should preserve the composition operation binding a category as an 
associatively closed universe of discourse. This is precisely the notion of 
functor between categories. From an equivalent viewpoint, since a 
category may be considered as a partial algebra with respect to the binary 
operation of composition, the notion of a functor corresponds to the 
notion of such a partial algebra homomorphism. A covariant functor is a 
functor which preserves the directionality of an arrow in the domain 
category, whereas a contravariant functor is a functor which reverses it. 


Each object A of a category determines a covariant 


functor y, :2— Sets, called the covariant Hom, -functor represented 
by A, defined as follows: 


i Forallobjects ¥ in A, y (X):- Hom,(.A, X). 


ii For all homomorphisms f:AX y in 2, 
yaQ): Hom, (A, A) > Hom, (A, Y) 
is defined as post-composition with /,viz, Y, (fX): fog. 


The covariant representable functor y, : A Sets, can be thought of 


as constructing an image of 2( in Sets ina covariant way. 
Now, let us consider the opposite category 9(^,andlet A bean 


Homy 


object in this category. Then, the contravariant -functor 


represented by A is the contravariant functor yeu” — Sets , 
defined as follows: 


i For all objects B in A”, y*(B) = Hom o (B, A)- 


ii For all homomorphisms f:C>B in A”, 
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y^(): Hom „(B,A) > Hom. , (C,A) 


is defined as pre-composition with f,viz, y^ (fg): gof. 


The contravariant Hom, -functor represented by A , viz. 


y^ : F” — Sets, is called the functor of generalized elements (incoming 


homomorphisms) of A. Moreover, the information contained in A is 
classified completely by its functor of generalized elements y^. Dually 


the covariant Hom, -functor represented by A, viz. y ,: 92 Sets is 
called the functor of generalized co-elements (outgoing homomorphisms) 
of A . Similarly, the information contained in A is classified 


completely by its functor of generalized co-elements y ,. 
Now, given a locally small category 9L, that is, a category such 
that for all objects B, A, the Hom -class Hom,(B,A) is a set, we 


may consider the Hom, -bifunctor: 
Hom, := y; = A? xA O Sets 


from the product category A? xA to the category of sets, such that for 


objects B, A of A, Yg : A — Sets is the covariant representable 


functor (represented by B), and y^ : A” — Sets is the contravariant 


representable functor (represented by A ). 

Continuing in the same frame of thought, the next question arising 
is the following: Which is the proper notion of morphism to capture the 
notion of a transformation from some functor to another functor having 
both the same domain and the same codomain categories? Defining the 
proper notion of morphism between such functors is important because it 


would allow us to legitimate the notion of a functor category €", where 


the algebraic objects would be functors F:2| € and the morphisms 
would be the sought transformations between such functors. 

The leading idea has to do with the requirement that a 
transformation of the sought form should compare two functorial 
processes having the same domain and the same codomain in a way that 
is not dependent on the specific objects and arrows involved, that is it 
should relate the processes themselves without the intervention of ad hoc 
choices. This is precisely the notion required for the formalization of the 
concept of naturality referring to the relation or comparison of two 
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functorial processes sharing the same source and the same target 
categories. Concomitantly the corresponding notion of morphism 
between functors of the above form is encapsulated in the notion of a 
natural transformation. 

More precisely, if F, G, are functors from the category 2 to 


the category €, a natural transformation r from F to G isa 
function assigning to each object A in 9l a morphism 7, from 
F(A) to G(A) in €, such that for every arrow f:A—>B in 2 


the following diagram in € commutes: 


That is, for every arrow f:A—>B6 in 2 we have: 


G(f)or, 7 ry e F(f) 


A natural transformation 7:F — G is called a natural isomorphism (or 


natural equivalence) if every component 7, is invertible. Obviously, a 
natural isomorphism is an invertible natural transformation in the 
functor category €^. A natural isomorphism of functors defines precisely 
the categorical means of metaphora. Paraphrasing Hermann Weyl, we 
may say that a science can only determine its domain of investigation up 
to a natural isomorphism. In particular, it remains quite indifferent as to 
the “essence” of its objects. In this manner, the notion of a natural 
isomorphism demarcates the insurmountable boundary of cognition, in 
the sense that through the disclosure of natural isomorphisms of functors 
it is possible to transfer any insights gained in one domain to the 
isomorphic domain. 

This is a key concept and justifies a posteriori the whole categorical 
framework, since it captures precisely the criterion of naturality referring 
to the comparison of any two homoeoid functorial processes. For this 
purpose, it is instructive to adopt the following terminology: 

Suppose that F(R) isan expression with an argument œR , such 


that given an object A in 2, the expression F(A) holds for an 
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object in C, and given an arrow f in the set of incoming or outgoing 
arrows from A the expression F(f) holds for an arrow in C. We say 
that F(R) is functorial in R , as R ranges over 9L, if this 
assignment yields a functor from 2 to €. For example for a category 


A the Hom,-set expression Hom (A,B) is functorial in both A 
ranging over A” and B ranging over 2. Thus, the Hom, -set 
expression Hom, (A,B) is bifunctorial over the product category 


AP xA. Moreover, we say that the expressions F(R), F, (R) both 


functorialin R,as R ranges over 2, are naturally isomorphicin R, 
or equivalently, that there exists an isomorphism natural in R, if and 


only if there is a natural isomorphism between the functors F, and F, 


from the category 9( to the category €. 

It is also useful to think of the category of all (locally small) 
categories and functors, denoted by Cat.In Cat forany two categories 
9L, €, we define the operation of exponentiation as follows: 


€” = Functors(2L, €) 
where Functors(2,¢€) is the category of functors from 2 to € and 


natural transformations between them. From the perspective of Cat 
the notion of natural transformation between functors allows to 


transform the Homo -set Hom,(2,€) into a category with 


exponentials. In this setting we define the evaluation functor: 
ev: C7" xA 5 € 


such that for any category © and bifunctor G:2x9| € there is a 
functor G:$ —€* defined by transposition, such that: 


evo(Gx1,) 2 G 


This is clearly the case if we define the functor G, given the bifunctor 
G:9x9L— € as follows: 


G(D)(A) =G(D, A) 
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As a simple application we may take the product category Dx% and 
consider the first projection: 


$x9| >D 


Then, if we transpose it we get a functor: 
A:D> D" 


Foran object D in ®, the functor A(D) is the constant D -valued 
functor, which for any object A of 2 gives the constant value D, 


and for any arrow f of 2 gives the identity arrow on D. 


8.5 CATEGORICAL INVARIABILITY: FUNCTORIAL EQUIVALENCE 
AND DUALITY 


Firstly, we introduce the notion of equivalence of two categories D and 


Xl as follows: An equivalence of two categories D and 2 is defined 
by means of a pair of oppositely directing functors; 


F:292o4l 
G:9( 9 


and a pair of natural isomorphisms; 


Tila  GoF 
O1,2F»G 


where c isanaturalisomorphism of the identityfunctoron D in D? 
and © is a natural isomorphism of the identity functor on 2 in 9X*. 
In this case, the functorial process F:2— 9 is called inverse to the 


functorial process G:A >D. 

The notion of equivalence of categories transcribes the concept of 
similarity, or analogia, in a categorical/functorial context. Furthermore, 
it makes precise the notion of duality between categories. More 


concretely, duality theorems can be expressed in the form 92( ~B”, 
meaning that the category %{ is equivalent to the opposite of the 


category $5. The notion of duality between categories, formalized by 
means of an equivalence as above, is very important because it means that 
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two categories related by a duality transformation are similar in the sense 
that they play the same functional role. 

The interpretational consequences of this notion are far reaching 
and especially interesting from a physical viewpoint. We have argued 
previously that categories of algebraic objects can be considered as 
providing solutions to coordinatization processes (conceived within an 
associatively closed universe of discourse) arising from physical 
measurement problems. If a coordinatization process is modeled 
functorially as a functor F: 9 — 2%, which encodes the information of 
D in terms of a category of algebraic objects 2, then the existence of 
an inverse functorial process G:9[— : decodes the algebraic 
informationof 2 backintothetermsof ©, which in turn, is identified 
as the opposite or dual category of 9. 

In this way, a physical measurement problem presented in terms 
of a category of geometric objects © can be resolved by finding a 
duality, that is by establishing a natural equivalence between a category 


of algebraic objects 21 and the opposite of ©. This frame of thought 
can be extrapolated in formal terms of duality between geometric objects 
and algebraic objects. Then, keeping in mind the encoding functionality 
of a functorial coordinatization process as well as the decoding 
functionality of its inverse (if it exists), we may interpret algebraic objects 
as syntactical objects and their dual geometric objects as semantical or 
phenomenological objects. 

As a particular example we may cite the Stone duality established 
between the category of Boolean algebras (or equivalently Boolean unital 
rings) and the category of compact totally disconnected Hausdorff 
topological spaces (Stone spaces). In the finite case this duality restricts 
to an equivalence of the category of finite Boolean algebras and the 
opposite of the category of finite sets. In this way, each Boolean algebra 
B has an associated topological space S(B), called its Stone space. The 
points of the Stone space S(B) are the ultrafilters of the Boolean algebra 
B, or equivalently the homomorphisms from B to the 2 -element 
Boolean algebra. A basis of the topology of S(B) consists of sets of the 
form (xeS(B)|bex) where be B. Conversely, given any topological 
space X , the collection of subsets of X which are compact open or 
equivalently clopen, that is, both closed and open sets, is a Boolean 
algebra. Now, the assignment of a Boolean algebra to its Stone space is 
functorial, that is it corresponds to the object part of a contravariant 


functor from the category of Boolean algebras to the category of Stone 
spaces: 


Hom,(-,2):B” >T 
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where B, T are the categories of Boolean algebras and Stone spaces 


correspondingly. The functor Hom,(-,2) sends a Boolean algebra B to 
the Stone space S(B):=X,, and a Boolean algebra homomorphism 


F:B—4A to the continuous function Hom,(F',2), whose action is 


defined by precomposition with F , by which we mean that it sends 
H:A-2 of X, to FoH:B—2 of X,. Now, there exists an 


inverse functor: 
Hom,(-,2):T > B” 


which sends a Stone space S to the set of continuous functions from S 
to the Stone space 2, which is endowed with the structure of a Boolean 
algebra, and further identified as the Boolean algebra of its clopen sets. 


Moreover, it sends a continuous function of Stone spaces f :5,  $, to 


the homomorphism of Boolean algebras Hom,(f,2), whose action is 
defined by postcomposition with f correspondingly. 


Note that the duality between the category of Boolean algebras and the 
category of Stone spaces is based on a dual interpretation of the two- 


element set 2, or in other words; as the two-element trivial Boolean 
algebra, or again as a two-point Stone space. Essentially, the functorial 
process of coordinatization corresponding to a measurement problem of 
classical physics can be presented in the form of an information encoding 


functor Hom,(-,2):T — B” , and is resolved by specifying the inverse 
information decoding functor Hom,(-,2):B” — T which establishes 


the equivalence of the geometric phenomenological category 7 with 
the dual of the algebraic category D.Again from a physical viewpoint, the 


geometric category 7 is understood as a category of geometric spaces 
of physical states (geometric state spaces), whereas the algebraic category 


B providing an operational solution to the corresponding measurement 
problem is understood as a category of algebras of observables. Now, the 
distinguished two-element trivial Boolean algebra acts, from the 
perspective of the algebraic category, as an evaluation number-like object, 
that is, as a binary measurement device, for the evaluation of Boolean 
observables. 

Concomitantly, the geometric state space observed by means of such a 
measurement procedure of observables is a Stone space, whose set of 


continuous functions into the Stonespace 2 isidentified as the Boolean 
algebra of its clopen sets. It is also important to notice that the above 
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duality factors through the associatively closed universe of sets, employed 
as a scaffolding. This is also clear from the dual interpretation that the 


two-element set 2 acquires by its conceptualization within the dual 
categories of Boolean algebras and Stone spaces. From this fact we can 
draw two conclusions: Firstly, the category of sets plays the role of 
Aristotelian substance in the categorical framework. The substance 
acquires hypostatic form only in relation to a specific category of algebraic 
objects or its dual category of geometric objects (if it exists) and most 
importantly, this process of form-acquisition is functorial. Then, its form 
is conceived in a dual sense, meaning that its algebraic and geometric 
manifestations are understood as complementary aspects related by 
means of the algebraic/geometric object duality. Secondly, the category of 
sets, understood as a category of Aristotelian substance, and due to its 
functionality for the enunciation of algebraic/geometric dualities, should 
play a fundamental role in the representable elaboration of more 
complicated functorial coordinatization processes. These encoding 
processes may not have an exact inverse decoding process, but still the 
latter can be approximated functorially as will be explained below. 

The purpose of explaining in detail the case of Stone duality, being 
the precursor of other dualities, such as the case of Gelfand duality, or 
Grothendieck duality, has to do with the fact that it is also related to logic. 
Of course, from the perspective of categorical logic, algebra is connected 
with logic, in the sense that logical theories may be understood from the 
perspective of algebraic categories. 

In particular, Boolean algebras correspond to classical proposition 
theories which describe the measurement procedures of classical physical 
theories. Thus, the category of Boolean algebras can be considered as the 
category of logical propositional theories of classical physics, whereas its 
dual category of Stone spaces can be seen as the category of geometric 
state-spaces observed by means of two-valued measurement procedures 
of Boolean observables. Hence, the set of geometric state models 
corresponding to a Boolean algebra in a classical measurement situation 
is obtained by taking homomorphisms from this algebra to the two- 


element Boolean algebra 2, that is the functor: 
Hom,(-,2):B” — Sets 
evaluated at B in B, gives: 
Models, ~ Hom,(B,2) 
Inversely, because of Stone duality, the definition of the appropriate 


topology on the set of geometric state models, gives a topological Stone 
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space, by means of which we are able to retrieve the Boolean algebra B 
by taking morphisms in the category of Stone spaces from that space into 


the Stone space 2, that is: 
B = Hom, (Models, ,2) 


Again, it is instructive to observe the dual role that the two-element set 


2 plays in the algebraic (logical)/geometric (phenomenological) Stone 
duality. By analogia, it is a natural question to ask if such a dual role can 


be played not from a set, like 2 in the case of Stone duality, but from a 


whole category of sets or even a diagram in. Sets. 
For example, if we consider as a dualizing object the small category 


of sets Sets, then a logical theory should correspond to a category £, 
whereas the category of logical theories would be an appropriate category 
of categories. Then, the category of Sets -valued geometric state models 
of the logical theory £, would be a corresponding category of functors 
from £ to Sets, that is: 


Models, ~ Functors(£, Sets) ~ Sets" 


where Functors(£,Sets) is the category of functors from £ to Sets 
and natural transformations between them. Then, the logical theory £ 


could be retrieved from the category of geometric state models Models, 


as the category of suitable functors from Models, to Sets preserving 
the required properties, so that: 


£ ~ Functors(Models, Sets) 


The exercise of treating a diagram in Sets as a dualizing object, and in 
particular, a diagram in the category of finite sets (being equivalent to the 
category of finite Boolean algebras) can be used as a natural starting point 
for the analysis of quantum logic from the perspective of functorial 
duality. In this way, the transition from classical measurement procedures 
to quantum measurement procedures can be understood operationally as 
a transition from a Boolean algebra to a categorical diagram of Boolean 
algebras. This physical viewpoint will be developed in detail as we 
progress. 
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8.6 INDEXICALITY: FUNCTORIAL REFERENCE FRAMES AND GAUGES 


The concept of algebraic/geometric duality also pertains to the 
notion of physical coordinate systems, or more generally, physical 
reference frames. More precisely a global coordinate system x can be 
understood as an isomorphism 23:: M — E between a geometric object 
M in some class and a standard object E in that class. A local 
coordinate system (such as the coordinate charts on a manifold) is an 
isomorphism between a local part of a geometric object in some class and 
a local part of a standard object in that class. 

Thus, keeping in mind the distinction between local and global 
coordinate systems we may use as a standard object E a real Euclidean 
n -dimensional topological vector space. So if we identify the standard 
(local) geometric object as E =", then a (local) coordinate system is a 
(local) isomorphism X:M R^ . We can think of this (local) 
isomorphism as related with an algebraic/geometric duality, where the 
algebraic object is identified as an algebra of observables (corresponding 
to a (local) measurement procedure) evaluated on a dualizing object, such 
that the (local) observable geometric state models of this algebra 
constitute the standard geometric object £E. 

In the particular case that E — R", we can see immediately that 


R” = Hom ,, (C^. R). Thus, the set R plays the role of a dualizing 
R 


object, interpreted algebraically as an MR -algebra (field), and 
geometrically as a Euclidean space. Hence, the set of geometric state 
models corresponding to the algebra of smooth functions C?” yn in a 


classical smooth measurement situation is obtained by taking 


homomorphisms from this algebra to the field R , that is: 


Models ,, ~ Hom (C^ R) 


R” 


R” 2 
Inversely, the set of geometric state models viewed as the Euclidean space 


— pr : o : . : 
E = R”, allows us to retrieve C T by taking morphisms in the category 


of Euclidean spaces from that space into the Euclidean space R , that is: 


C un = Hom,(Models ,, ,R) 


R” 


We have concluded above that the definition of a (local) coordinate 
system (for the example mentioned) is understood as a (local) 
isomorphism: 
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x:M— Models ,.. 


R” 


Thus, generally a (local) coordinate system identifies (in the sense of 
similarity induced by an isomorphism) a geometric object (locally) with a 


standard “number-like" object (like R”), which is understood as a (local) 
space of geometric state models observed by means of evaluating an 


algebra of observables on a dualizing object (like the real numbers R )in 
the sense of functorial duality. Note that generally, the identification 
induced by a (local) coordinate system is not natural. This means that we 
may legitimately define a whole class of (local) coordinate systems 
depending on the operational means of observation. In this class, we may 
define an equivalence relation partitioning it into equivalence classes of 
(local) coordinate systems. 

Thus, arises the necessity to adopt a coordinate-invariant point of 
view, meaning that every expression formed in the descriptive terms of a 
(local) coordinate system should remain invariant under a transformation 
of this coordinate system into another in the same equivalence class. 


Equally, given a (local) coordinate system 2: M — Models, where 4 is 
an algebra of observables suited to a measurement procedure, and 
identifying by duality Y : Models ,, then by an isomorphism /:Y >Y 
of the standard "number-like" object Y , we obtain a new (local) 
coordinate system of the geometric object M inthe equivalence class of 
Y,thatis, /92:M —Y by composition of the two (local) isomorphisms. 


Inversely, every other (local) coordinate system of M, ©:M >Y, is 
obtained in this way. Accordingly, we obtain a group of isomorphisms of 
Y, denoted as G:=Jso(Y), called the gauge group of the class of 
geometric objects. 

Now, instead of taking a single geometric object, we may consider 
an indexed family of geometric objects. The indexing object, in the 
simplest case, is a set of parameters making a parameter space, or base 
space, over which the variation or parametrization of the family of 
geometric objects is conceived. This is equivalent to considering a discrete 
diagram of geometric objects in some appropriate category. Note that, the 
indexing object might be a category itself in the most general case. For 
example, if the indexing category is a set X which parameterizes 
geometric objects in the category of sets, then the functor category Sets* 


is the category of X -indexed sets (category of discrete diagrams of sets). 
So the objects of Sets" are X -indexed families of sets (4) y and 


the morphisms are X -indexed families of functions: 
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(fi: A, 9 Bs Mer > B) 


The functor category Sets' can be described equivalently as the 
"comma" , or slice category of sets Sets over the indexing set X , 
denoted by Sets/ X . In this category, the objects are the morphisms 
Q:4— X and the arrows are the commutative triangles over the 


indexing set X . This is a very important example of an equivalence of 
categories, that is: 


Sets" ~ Sets / X 


The above functorial equivalence is described by means of the following 
inverse functors: 


F:Sets* — Sets / X 
G : Sets / X — Sets" 


such that: 
F(A.) cx) 77:9 A, OX 

called the indexing projection morphism, and in the opposite direction: 
G(a: A> X)- (a Q3). 


The advantage of the functorially equivalent slice category Sets/ X 
where X is an indexing set (base space), is that it conforms with the 
intuition of a X -indexed family of objects of the category Sets, or in 
short, an X -indexed family of sets (considered as geometric objects). 
Moreover, the slice category X/X is meaningful for any object X in 
an arbitrary category (of geometric objects) X conforming also with 
the intuition of an X -indexed family of objects of the category X. 
Now, if the category X is complete, and in particular, it has pullbacks, 
then the process of re-parameterization along an arrow A: X >Y in 
X isrepresented by the pullback (limit) functor: 


ÀhuxlYoxixX 
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In more familiar physical terms an X -indexed family of sets 


(4,.),.y (discrete diagram of sets) constitutes a fiber bundle, where the 


fibers A, axesetsand X is the base space of the bundle. Usually, the 


fibers have some extra structure, and topological or geometrical or 
differential compatibility conditions pertain between the fibers 


depending on the corresponding specification of the base space X . This 
is due to the natural requirement that the kind of variations in the fiber 
should conform to the kind of variations on the corresponding base point. 


The crucial observation is that each fiber 4, in a fiber bundle of 


set-theoretic geometric objects, that is to say each object A, inan X - 
indexed family of set-theoretic geometric objects (4,),., , by virtue of 
belonging to a certain class of geometric objects, can be legitimately 
identified with a standard "number-like" object E in that class. This is 
possible by means of a parameterizing point x-based coordinate system, 
expressed in terms of a point * -basedisomorphism 2: A, > E. 

In this way, we obtain a separate coordinate system for each base 
point x in the base space X . The complete family (X). 
(conforming with the corresponding topological geometrical or 
differential compatibility conditions), if it exists, constitutes a global 


gauge, or global trivialization, for the fiber bundle (4),, . 
Correspondingly, a local gauge refers to a local trivialization for the fiber 
bundle (4,),., obtained in the same manner. Usually, a global gauge is 


not possible or available, but local gauges do exist, trivializing only parts 
of a fiber bundle in a consistent way. Note that the trivial bundle has the 


same fiber E for each point x& X , denoted as (E) <y. Then, a 
function /:X —E has a graph ((xi(x):xeX|)c XxE . The 
analogous notion to the graph of a function /: X > E referring to the 


trivial bundle (£),., is the notion of section referring to an arbitrary 


fiber bundle. 
In this sense, a (local) section of a fiber bundle may be thought of 


as a collection of representative elements 5 —(5,),., from the fibers of 


the fiber bundle (4.),.,. It is precisely sections of a fiber bundle that can 


be represented locally or globally in terms of “number-like" quantities by 
means of a local or global gauge correspondingly. Thus, a (local) gauge is a 


(local) fiber bundle isomorphism x from the bundle (4), , to the 
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trivial bundle (£),.,. Now, analogously to the case of (local) coordinate 


systems of single geometric objects, every family of (local) isomorphisms 


(I) x of (E)... provides a new (local) gauge (I 9X.) thus 


xeX ? 
transforming the (local) gauge (2,),., into the (local) gauge 


(1, oX..), ,. In this case we say that (Z) -y constitutes a (local) gauge 


transformation. 

We may conclude the above discussion by noticing that the notion 
of a gauge corresponds to the notion of a varying coordinate system. In 
the example of fiber bundles presented above, the variation is over a 
parameter space (base space), such that the variation of coordinate 
system is dependent on the location of an observer occupying a point x 
of the base space. In the context of the same example, a gauge 
transformation is a change of coordinate system applied to each such 


location x ofthebasespace X. 

From a categorical perspective, this is an example of a gauge 
theory formulated within the category of discrete diagrams of sets, namely 
the functor category Sets* , or equivalently, the category of X -indexed 
sets Sets/ X (or other set-theoretic geometric objects). The idea of 
gauge should not depend on the indexing object used for its manifestation, 
meaning that the indexing object might be a category itself. As an 
example, we may think of a partially ordered set, considered as a category 
with arrows being inclusions, corresponding to the partial order of the 
open sets on a topological space. Then, it becomes possible to formulate a 
gauge theory within the category of diagrams of sets indexed (or 
localized) by the category of open sets on a topological space. We will see 
later that this functor category is technically called the category of 


(pre)sheaves (of sets) on a topological space X , denoted by Seis 99. 
The analogy with the previous case is going to become evident 
after we prove that we may formulate the theory equivalently within the 
category of (étale) topological bundles, which is the category of O(X)- 
indexed topological spaces denoted by Top/X . Therefore, when 
topology is involved it is appropriate to formulate the notion of a gauge 


O(x y? 


theory within the category Sets , where O(X) is the indexing 


(localizing) category of open sets in the topology of X. 

Hence, in the general case, where the indexing or localization is 
defined by a category, the notion of a gauge is that of a coordinate system 
(or more generally a reference frame) that varies depending on the base 
object of the indexing category over which it is defined. Then, a gauge 
transformation is a change of reference frame applied to each such base 
object of the indexing category, and a gauge theory is a theory describing 
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the behavior of a physical system to which such gauge transformations 
can be applied. Concomitantly, the physical requirement of gauge 
invariance is a statement of the fact that all physical observable attributes 
should transform naturally (or remain invariant) under gauge 
transformations. 

In order to understand the notion of a gauge within a general 


category of the form Sets" , where % is an indexing or localizing 
category, it is instructive to recall that the notion of a (local) gauge 
(coordinate system) for a set-theoretic geometric object in a class is 
understood as a (local) isomorphism with a standard geometric object in 
the same class: 


2: G — Models, 


where the set of geometric state models (geometric state-space 
representing the standard geometric object) corresponding to a 
coordinatizing algebra of observables in a measurement procedure, is 
obtained by taking homomorphisms from this algebra to some appropriate 
dualizing object in the same category 2,denoted by D (like the real 


numbers R ), that is: 
Models , ~ Hom, (A, D) 


Thus, generally a (local) coordinate system identifies (in the sense 
of similarity induced by an isomorphism) a geometric object (locally) with 
a standard geometric object, which is understood as a (local) space of 
geometric state models observed by means of evaluating an algebra of 
observables on a dualizing object in the sense of functorial duality. Now, a 
natural question arising by analogia is the following: If the notion of a 


geometric object G in a class, is substituted by the notion of a 


: op 
contravariant functor G:A” — Sets in a functor category Sets" ,or 
by the notion of a covariant functor G :%\ — Sets in a functor category 


Sets", where %{ is an appropriate category of algebras of observables, 
then can we define a corresponding notion of a functorial gauge for the 


functor G? 


Intuitively, the notion of a functorial (local) gauge for G would 
be a (local) natural isomorphism with a standard object in the same 
category. Again, this standard functor would correspond to a functorial 
geometric state space, obtained as a category of functorial state models 


corresponding to a coordinatizing algebras of observables A , that is: 
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FModels , ~ Hom, (.A, —) 
or equivalently, in the dual formulation: 


FModels , ~ Hom, ,, (—..A) 


where (—) is a varying algebraic object in 9l (to be thought of as a 
varying dualizing object). Thus, intuitively a functorial (local) gauge of 
G:A? — Sets should be expressed as a (local) natural isomorphism 
(invertible natural transformation) of Sets -valued functors: 


G = Hom A) 


"c G, 
when G isacontravariant Sets -valued functor, and dually: 
G = Hom, (A, -) 


when G is a covariant Sets -valued functor. One might ask, why we 
have restricted our attention to the case of Sets -valued functors. The 


reason is that the case of Sets -valued functors is enough in order to 
perform the corresponding gauge formulation in the general case of 
functors valued in an arbitrary category, using the notion of 
parameterized functorial gauge. Conceptually, we have already seen the 
role that the category of Sets plays in the case of functorial duality to 
enable factorization of duality through the scaffolding of the category of 
Sets , interpreted as a category of Aristotelian substance. 


87 ICONICITY: GAUGE REPRESENTABILITY OF FUNCTORS 
Before expanding on the notion of a functorial gauge for a functor of the 
form G:A? — Sets it is essential to provide a brief overview of the 


op ; : F - 
functor category Sets" , where 2% is an indexing or localizing 


category. The functor category Seis" may be thought of as the 
category of diagrams on the indexing category 4X . Technically, it is 
called the category of presheaves on 2. 

For a category 94 the functor category of presheaves (of sets) 


p, ; 
Sets" is the category of all contravariant functors from 2 to Sets 


and all natural transformations between them. A functor P is a 
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structure-preserving morphism of these categories, that is, it preserves 


composition and identities. A presheaf functor in the category Sets" 
can be thought of as constructing an image of 2 in Sets 
contravariantly, or as a contravariant translation of the language of 9f 
into that of Sets. 

Given another such translation (contravariant functor) Q of 
9( into Sets weneed to compare them. This can be done by giving, for 
each object A in & a transformation 7,:P(.A) O Q(A) which 
compares the two images of the object A. Not any morphism will do, 
however, as we would like the construction to be parametric in A, 
rather than ad hoc. Since A is an object in 2 while P(A) is in 
Sets we cannot link them by a morphism. Rather, the goal is that the 
transformation should respect the morphisms of 2, or in other words, 
the interpretations of v:C >A by P and Q should be compatible 


with the transformation under T. Thus, T is a natural transformation 
; op 
in the category of presheaves Sets” . 


An object P of Sets" may be understood as a left categorical 
action of 2” on a set which is partitioned into sorts parameterized by 
the objects of X , and such that whenever v:C >A is an arrow and 
P is an element of P of sort A, then the pullback of p along 
v:C >A, denoted by p':v, is specified as an element of P of sort C. 
Such a left action P isreferred asa A” -variable set. 

The category of elements of a presheaf functor P (or categorical 
diagram of a presheaf functor P ), denoted by f (P,90) , is defined as 
follows: Its objects are all pairs (.A,p) , and its morphisms 
(A', p) 2 CA, p) are those morphisms u:.A' —.A of A for which 
p:u- p'. Projection on the second coordinate of f (P, 2) , defines a 


functor: 
f. [e.> 


f (P,90 together with the projection functor js is called the split 


discrete fibration induced by P, and 9X4 is the base indexing or 
localizing category of the fibration. We note that the fibers are categories 
in which the only arrows are identity arrows. If A is an object of 2, 
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the inverse image under f. of A issimplytheset P(A), although its 
elements are written as pairs so as to form a disjoint union. 

Similarly, fora category 2{ the functor category of copresheaves 
(of sets) Sets" is defined as the category of all covariant functors from 
2 to Sets and all natural transformations between them. 
Analogously, a copresheaf P may be understood as a right action of 2 
on a set which is partitioned into sorts parametrized by the objects of 2 
and such that whenever v:C >A is anarrow and p isan element of 
P ofsort C,then v:p isspecifiedasanelementof P ofsort A.Such 
a right action P is referred as a 9( -variable set. The category of 
elements of a copresheaf functor P (or diagram of a copresheaf functor 
P), denoted by f (P, 21) is defined as follows: Its objects are all pairs 
(A, p) , and its morphisms (A',p')—>(A,p) are those morphisms 
u:A'>A of A forwhich u-p'= p. 

Notice that in both the functor categories of presheaves and 


copresheaves of sets standard objects are present. These are 
correspondingly the following: 


i The contravariant Hom, -functor represented by A, that is: 


y^ - Hom ,, (-,.A):A” > Sets 


QIP 


called the functor of generalized elements (incoming morphisms) 
of A, which classifies completely the information contained in 


A. 


ii The covariant Hom, -functor represented by A, that is: 


y, = Hom, (A, -) : A Sets 


called the functor of generalized co-elements (outgoing morphisms) 
of A. Similarly, the information contained in A is classified 


completely by its functor of generalized co-elements y ,. 
In this way, we obtain simultaneously both a contravariant functor y? 


andacovariantfunctor y, , valued on the category of copresheaves and 


presheaves (of sets) correspondingly as follows: 
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yO : A” — Sets” 


Yo A> Sets” 
which constitute the exponential transposes of the Hom -bifunctor: 
Hom, : A” xA > Sets 


from the product category 2” x2 to the category of Sets with 
respect to each of its arguments. 


The covariant functor Yo :8L 9 Sets*” realizes the Nobuo 


Yoneda embedding of the category 9| into the category of presheaves 


is " 4 "NC 
Sets" . The term embedding means that the functor y, is bijective 


when restricted to each set of morphisms with a given domain and 
codomain, and that it is injective on objects as well. The Yoneda 
embedding constitutes a representation of the category 2 within the 


functor category of presheaves (of sets) Sets” . In detail we have: 


Yo (4) =y" = Hom, ,, > A): A? — Sets 
yo) =y": Hom ,, A) > Hom, ,, C) 


where f:A—C isamorphismin 2. 
The importance of the Yoneda embedding is manifested by the so 
called Yoneda lemma, according to which, for any object A in a 


(locally) small category 9( and any presheaf functor P in Sets" 


there exists an isomorphism: 


A px 
Hom am (y^,P)z P(A) 


Set: 
written equivalently as: 
Nat(y^, P) = P(A) 
which is naturalin both P and A. 


The main application of the Yoneda lemma is the following: Given 
objects A and B in a (locally small category 2 , if 


y 4 (A) = y, (B), or equivalently, y“ zy", then Az B. 
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The advantage of working within the category of presheaves 


Sets" instead of the category $4 is that it is both complete (has all 
small limits) and cocomplete (has all small colimits), and most 


importantly, this is so because the category of Sets is both complete 
and cocomplete. Moreover, for every object A of XA the evaluation 
functor at A, that is: 


QP 
ev,:Sets — Sets 


preserves both all limits and colimits. 
Let us now return to the problem of understanding the notion of a 
functorial gauge  (functorial reference frame) for a functor 


G:A? — Sets, where ( is considered to be an appropriate category of 
coordinatizing algebras of observables. We have argued previously that a 


functorial gauge of G:A” — Sets should be expressed as a natural 


isomorphism (invertible natural transformation) of Sets -valued 
functors: 


G = Hom A) 


AOP C 


where, the standard functor Hom (-,A) in the category of 


presheaves Sets" is physically equivalent to the functorial geometric 
state models of an algebra of observables A, that is: 


FModels , ~ Hom, ,, (-, A) 


In categorical terminology, we find the notion of representability of a 
(contravariant or covariant) Sets -valued functor, defined as follows: A 
representation of a contravariant Sets -valued functor of the form 
G:A? — Sets, where 2 is a (locally) small category, consists of an 
object A in 2 andanatural isomorphism: 


Hom _, (-,A)=G 


QPP 


or equivalently: 


fet 
x 
In 
e 
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where A is called the representing object of the functor 


G:A? — Sets . Thus, G is representable, if and only if such a 
representing object exists. Note that, representations of contravariant 


Sets -valued functors are unique up to a unique isomorphism. Evidently, 
a dual formulation obtains, referring to a representation of a covariant 


Sets -valued functor of the form G: 2 Sets . 
To be specific, the covariant functor G is representable if and only if 
there exists an object A in 9( and a natural isomorphism: 


Hom, (A,-)=G 


or equivalently: 


<< 

= 
IIe 
ea 


It follows immediately from the above that the categorical notion of 
representability of a Sets -valued functor is selfsame as the physical 


notion of a functorial gauge (functorial reference frame) of a Sets - 
valued functor in the intended interpretation. 
Furthermore, if we use the Yoneda lemma, we have: 


Nat(y^,G) = G(A) 
in the contravariant case, which is naturalin both G and A, and dually: 
Nat(y ,.G) =G(A) 
in the covariant case, which is naturalin both G and A. 
If we consider, for instance, the covariant case in more detail, then 
if Y isa natural transformation in Nat(y ,,G), that is: 
Y:y, >G 


theelement y in G(A) corresponding to Y is defined by: 


y=Y,(id,) 
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In the inverse direction, given any element y in G(A) we define a 


natural transformation Y':y, — G as follows: 


Y'50) = (GO))() = hey 


where h isa generalized co-element of A,whichmeans h belongs to 
Hom; (A, D). Thus, as a consequence of the Yoneda lemma, given any 
element y in G(A) we need to know when the induced natural 
transformation Y':y , — G is a natural isomorphism, because in this 


case the covariant Sets -valued functor G is representable, or 
equivalently, there exists a functorial gauge for G. 
This is actually the case if and only if there exists a pair (A,y) in 


[ (9.20. where A in XA and y in G(A), such that, for every pair 
(D,z) with z in G(D), a unique morphism A: A — D pertains, such 
that (G(A))(y) - h- y =z. This is technically called a universal element 
of G and is interpreted as a universal gauge of G . A universal gauge 
(A,y) of G actually acts as an initial object in fc. A). Thus, we 
conclude that given any element y in G(A) the induced natural 
transformation Y":y, — G is a natural isomorphism, if and only if 
(A, y) is a universal gauge of G . Hence, representations, or functorial 
gauges (functorial reference frames) of G , that is, natural isomorphisms 
y 4 ZG, are in bijective correspondence with universal gauges (.4,y) of 
G. 

Precisely analogous conclusions hold in the dual case of a 
contravariant Sets -valued functor G , that is, representations or 
functorial gauges (functorial reference frames) of G , or natural 
isomorphisms y“ =G, are in bijective correspondence with universal 
gauges (.4, y) of G, where a universal gauge (4,y) of G acts now as 
a terminal object in fG, . Note that in the intended physical 


interpretation, a universal gauge of G is provided by a pair (A, y), where 
A isacoordinatizing algebra in 9L, and y in G(A), which is acting as 
an initial (in the covariant case) or as a terminal (in the contravariant case) 


object in the corresponding category of elements [G A). 
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88 UNIVERSALITY: ADJOINT ENCODING-DECODING 
FUNCTORIAL GAUGES 


We have seen previously that the problem of finding a functorial gauge 
for (a covariant or contravariant) Sets -valued functor G is resolved 


by finding a corresponding universal gauge of G . This in turn prompts 
the natural next step to find a concrete methodology with a sound 
physical interpretation by means of which we can define a functorial 


gauge for an arbitrary covariant functor F:€ — £ or contravariant 


functor H:€^ >£. 
A starting point to resolve this problem focusses on the 


observation that given any category %, the morphisms in 2, or 
equivalently the morphisms in A”, can be defined as the elements in the 


values of the Hom, -bifunctor: 


Hom, = y(-,-) = y = A” xA — Sets 


from the product category 2” x2 to the category of sets. This is 
because 2 and 2%” are considered to have the same objects and 


reversed morphisms. The Hom, -bifunctor operates in such a way that by 


fixing an object B in A”: 
Yg : A Sets 


is the covariant representable functor, or representable copresheaf of sets, 
represented by B. Correspondingly by fixing an object A in XA: 


y^ :9l" — Sets 


is the contravariant representable functor, or representable presheaf of 


; , A : : A 
sets, represented by A. It is also instructive to keep in mind that y 


defines a representable left action of 2° ona set which is partitioned 
into sorts parameterized by the objects of 2”, whereas yg defines a 


representable left action of 9l ona set which is partitioned into sorts 


parameterized by the objects of 2. 
Now we may consider oppositely directing functors: 


AP > A 
A> A? 


sil 
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which are tautological on objects and arrows-reversing. This being so, it 


is possible to rephrase the representability property of the Hom, - 
bifunctor with respect to fixing one of its arguments as follows: 


i The bifunctor y(—-) is representable in 9l because for each 


A? -object B there exists a (tautological) 9X4 -object T(B), 
such that y(B,-) isrepresentable in 9X, that is: 


Hom, (T(B), A) = y(B, A) 


which is natural in the argument A in X. 
ii The bifunctor y(—,—) is representablein 2° because for each 


Xl -object A there exists a (tautological) 2’ -object T(A), 
such that y(—, A) isrepresentable in 2°’, that is: 


Hom ,, (B, T(A)) = y(B, A) 


which is natural in the argument B in A”. 


Thus, by combining the above, the representability of the bifunctor 
y(^-) with respect to the categories 9[ and 2°’, or equivalently the 


birepresentability of the bifunctor y(—,—) withrespectto 2 and 2” 
is expressed as follows: 


Hom, (T(B),A) = y(B, A) = Hom ,, (B, T(A)) 


which is natural in both the arguments B in A? and A in XA. 
Although the above is based on tautological functors, it contains 
the seeds for a powerful generalization in the case of general functors 
between categories pointing in opposite directions. This generalization is 
exactly the crucial step needed in order to tackle the problem of defining 
a functorial gauge (functorial reference frame) for an arbitrary covariant 
functor F:€ — £ or contravariant functor H:¢” — £. Since the 
distinction between the two cases can be handled trivially by means of 
tautological functors, from here on we formulate the solution to the 
problem posed above by referring to an arbitrary functor F:¢” >£. 
Before proceeding it is instructive to observe that in the above 
series of natural isomorphisms, the first term refers to morphisms taken 
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in 2l and the last term refers to morphisms taken in 2°. Now, the 
middle term can refer either to morphisms in %{ or to morphisms in 


A? because of the tautological nature of the objects in opposite 
categories. Beyond this, if we temporarily overlook this tautology, it is 
particularly interesting to consider an element of y(B,.A) as a signal- 


transmitter from D in A? to A in 9L, or equivalently, as a signal- 
receiver in the opposite direction. 

Note that, if we overlook again the object tautology of these 
categories, a signal-transmitter/receiver is not a morphism within any of 


the categories 2°, 2, since it transfers a signal from some object in 


AP to some object in 9| . Notwithstanding this fact, a signal- 
transmitter/receiver between objects in different categories can be made 
into a morphism in a new category, namely in the product category 


9L" x90 by considering the embeddings A? ee A”xQM and 
YA co QUP xA. 

The important fact is that the set of signal-transmitter/receivers 
for any objects B in A”? and A in % can be represented as 
morphisms within both the categories in question, 9Í and A”, using 


the oppositely directing functors T, T , by means of the first and the 
last term in the series of isomorphisms. Moreover, since these 
isomorphisms are natural, the translation process effectuating 
representability in both directions becomes possible because there exist 


unctor ial gauges for bot h y and ,Or equivalently, univer sal gauges 
B y 
b, id , 5 j 4 (0) y " y C rrespon in y. 
B (A id f B 0 d gl 


By analogia, it is almost straightforward to proceed in the general 
case of a bifunctor: 


AC): €" x £ 2 Sets 


from the product category €" x£ to the category of sets. The elements 
in the values of AG —) are considered as signal-transmitter/receivers 
between objects of ¢”, £ correspondingly. It is important to notice 
the directionality build into the process of signal transfer, by which we 
mean that it is understood as a transfer from an object of €% to an 
object of £. Again, a signal-transmitter/receiver between objects of €? , 
£ correspondingly, can be made into a morphism in a new category, 
namely in the product category €” x£ by considering the embeddings 
€" co C"? x$£ and Loo EC” xk. 
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We say that the bifunctor: ,(-,-):¢”x£—Sets is 


birepresentable, i.e. it is representable within both the categories €”, £, 
if and only if there exist two functors pointing into opposite directions, 
that is: 


A:C€? >£ 
Age” 
and a series of isomorphisms: 


Hom, (A(C),£)= A(C,L) = Hom , (C, A(L)) 


which is natural in both the arguments C in €? and £ in £. 
Equivalently, we state that the bifunctor: ,(-,—):€” x £ 5 Sets 


is birepresentable, if and only if there exist two functors A:¢” >£, 
A:L— E? together with natural isomorphisms of bifunctors: 


Hom, (AC), > = AG>) = Hom p (| AC) 


In this case, we say that the two oppositely pointing functors A, A 
form a categorical adjunction, which is induced by the requirement of 


birepresentability of the bifunctor: ,(-,-):¢€”x£—Sets , where 


A:¢” > is the left adjoint functor of the adjunction, and 


symmetrically, A:&2—>¢” is the right adjoint functor of the 
adjunction. The notion of a categorical adjunction was conceived and 
formulated by Daniel Kan. 

If we ignore the middle term in the above series, we obtain the natural 


isomorphism of the Hom -bifunctors: 


Y : Hom, (A(-),—) = Hom „(> A(-)) 


where, the bifunctors Hom, (A(-),-), Hom ,,(—A(-)) are obtained 


as follows: 
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TA est 
cr x £ .  Axide , LP x g Home, Sets 


: = 
EP x L ee eee E EP x c Homes Sets 


Equivalently, we obtain the isomorphism: 


V. , : Hom,(A(C), £) = Hom „ (C, A(C)) 


cop 


which is natural in both the arguments C in €? and £L in £. The 


morphisms in £, ¢° related to each other by the above isomorphism 
are called adjoint transposes. Hence, if we consider a morphism 


h : A(C) — L in £, we find by virtue of the adjunction isomorphism, it 


has an adjoint transpose morphism in. €^ , namely: 


Vo) - 8 :C9 A(L) 


In dual correlation, if we consider a morphism g:C > A(L) in €?,we 
again find by virtue of the adjunction isomorphism, it has an adjoint 


transpose morphism in £, namely: 


ue gg :A(C) 9 £ 


Now, we may consider the identity morphism at A(C) in £, that is 
id... belonging to the set Hom, (A(C), A(C)). The adjoint transpose of 


A(C) 


id o is called the unit morphism at C, that is: 


Yezo dai) = dae)” =e 1 > A(A(C)) 


belonging to the set Hom (C, A(A(C))). Since the above is natural on 


the argument C in C^, we obtain a natural transformation of the 
identity functor on €^ , called the unit natural transformation of the 
adjunction: 
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7: id op > AA 


As a further dual correlation, we may consider the identity morphism at 


A(C) in €? , that is id. ,, belonging to the set 


Hom ,, (AGO, A(L)) - The adjoint transpose of id ñ is called the 
counit morphism at £, that is: 

Poe ldo) = (lidz) 7 e; AAL) >L 
belonging to the set Hom, (A(A(L)), L). Since the above is natural on 


theargument £ in {, we obtain a natural transformation of the identity 


functoron £,called the counit natural transformation of the adjunction: 
£: AA id, 


From the unit and counit natural transformations of the adjunction we 
obtain the following identities, called triangular identities: 


The above identities may be written equivalently in equation form as 
follows: 


where, id, idz denote the identity natural transformations on the 


functors A , A respectively. We conclude that the categorical 


adjunction being formed by A, A can be represented equivalently in 
terms of the unit and counit natural transformations obeying the 
triangular identities. 


ADJUNCTIONS 387 


Next, we observe that if we considera morphism /:: A(C) £C. in 
£, by virtue of the unit natural transformation, its adjoint transpose 


morphism in €^, namely: 
Pe (h= 5 :C9 A(L) 


factors uniquely via the unit morphism at C as follows: 


or, more explicitly: 
V.) =k = Alh)one :C > A(L) 
Thus, the pair (A(C), e) constitutes a universal gauge for the functor: 


Hom ,, (C, AC) = Yc oA: £ — Sets 


Equivalently stated, the pair (ACC), e) is an initial object in the 
category of elements of the Sets -valued functor y, oA: L> Sets. 

In dual correlation, if we consider a morphism g:C > A(L) in 
€” , by virtue of the counit natural transformation, its adjoint transpose 
morphismin £, namely: 


Pigcle)=e ACL 


factors uniquely via the counit morphism at £ as follows: 
A(c)9— RAL L 


or, more explicitly: 


V^.(g)78g 72, »A(g): AO 9 £ 
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Thus, the pair (A(L),é,) constitutes a universal gauge for the functor: 
Hom, (A(-),£)=y‘ 0A:€” > Sets 


This is to say that the pair (A(L),é,) is a terminal object in the 
category of elements of the Sets -valued functor y^ o A:€” — Sets. 
Let us focus again on the bifunctor: (~,~): €” x £— Sets. We 


see immediately that if the bifunctor AG —) is birepresentable, then 
the set of signal-transmitter/receivers for any objects C in €” and £ 
in £ can be represented as morphisms within both the involved 


categories £, c", using the left and right adjoint functors A, A of 
the induced adjunction, by means of the first and the last term in the 
series of isomorphisms. Moreover, since these isomorphisms are natural, 
the translation process effectuating representability in both directions 
becomes possible, since there exist functorial gauges for both the 
functors: 


A(C,-):£ > Sets 
AC £): €" 2 Sets 


More concretely, foreach C in €" ,thereexistsarepresenting element 
A(C) in £,such that: 


Oe : Hom,(A(C), L) = A(C.£) 
which is naturalin £.For L= A(C) we obtain: 


©,- : Hom, (A(C), A(C)) = A(C, A(C)) 


C.A(C) 


Now, we may consider the identity morphism at A(C) in £, that is, 


id... belonging to the set Hom, (A(C), A(C)). The image of id- „ in 


KO) AC) 
AC, A(C)) is called the ^ "unit signal-transmitter/receiver at C , that is: 


(id . 


A(C) 


6, xc )26,:C — A(C) 
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belonging to the set A(C, A(C)). Since the above is natural on the 
argument C in ¢°, we obtain a natural transformation of the identity 


functoron €^,calledthe , -unit natural signal-transmitter/receiver: 


We conclude that the pair (A(C), 5.) constitutes a universal gauge for 
the functor: 


A(C,-):£ > Sets 


Equivalently stated, the pair (A(C), 84) is an initial object in the 
category of elements of the Sets -valued functor ACC, -). 
Similarly, for each £ in £, there exists a representing element 


A(L) in €^, such that: 


Oo : A(C,L) = Hom ,, (C, ACC) 


eo 
which is naturalin C.For C= A(L) we obtain: 


Do A(A(L), L) = Hom |, (A(L), A(L)) 


eo 
Now, we may consider the identity morphism at A(L) in €", that is 


id. ,, belonging to the set Hom ,, (ACC), A(L))- The inverse image of 


id in NACL), £) is called the A -counit signal 


A(L) 
transmitter/receiver at L, that is: 


o! (d... 


A(QCLCS ACL) 


)=U,:A(L) £ 


belonging to the set NAL), L). Since the above is natural on the 
argument £ in £, we obtain a natural transformation of the identity 


functor on £, called the ^ ~counit natural signal transmitter/receiver: 


Ü: A id, 


390 NATURAL COMMUNICATION 


We conclude that the pair (A(L),U,) constitutes a universal gauge for 
the functor: 


AG. L): €" Sets 


which again provides that the pair (ACC), Ú.) is a terminal object in the 


category of elements of the Sets -valued functor (-, L). 


Therefore, if we consider a signal transmitter/receiver / œe 


NCL), the corresponding morphisms, induced by the birepresentability 
of the bifunctor: 


AC): €" x £ 2 Sets 
within €”, £ respectively, that is: 


g():C > ACC) 
h(y): &(C) >L 
play the role of conjugates with respect to the signal transmitter/receiver 
Ts 
As a consequence, if  / is the A^ cunit signal- 


transmitter/receiver at C,namely y=6,:C > A(C), then: 


(50) = n. :C > A(A(C)) 
h(5-) = id... : A(C) — A(C) 


A(C) 


are conjugates with respect tothe A -unit signal-transmitter/receiver at 


C. Since the above is natural on the argument C in €^, we conclude 
that: 


2(0)=7: id op — AA 


h(8) -id.:A— A 


Which is to say that the unit natural transformation of the adjunction 7, 


and the A -identity natural transformation id- are functorial 
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conjugates with respect to the A -unit natural signal- 


transmitter/receiver ó:id op > A. Similarly, we conclude that: 
€ 


gúÚ)=2:AA — id, 
h(Ü) - id. :A— A 


meaning that, the counit natural transformation of the adjunction <,and 


the A -identity natural transformation id are functorial conjugates 
with respect to the ^A -counit natural signal-transmitter/receiver 
Ú: A 2 id,. 

Furthermore, if we consider an arbitrary signal 


transmitter/receiver / œ ACL) , we obtain the following 
factorizations: 


X7 h(1)96, 
x=ú eg) 


presented equivalently, as follows: 


h(1)98, = y =U; ° g(x) 


where, /A(y), g(y) are conjugates with respect to the signal 
transmitter/receiver /. Denoting the conjugate of (y), thatis g(y), 


by g(y-h(y), or equivalently, identifying the conjugate of A(y) 
(with respect to the signal transmitter/receiver 7) with the adjoint 
transpose of h(x), we obtain: 


h(y)99, = 7 =U, oh’ y) 


Now, we are ready to tackle the problem of defining a functorial gauge 
(functorial reference frame) for an arbitrary functor. We say that a 


functor F:€? — has a functorial gauge relative to £ if and only if 


the bifunctor: ,(-,-):¢€”x£— Sets is representable within £, that is 


we have a natural isomorphism of bifunctors: 


Hom, (F(-),-) = AC.) 


392 NATURAL COMMUNICATION 


Equivalently, the functor F:¢” — £ has a functorial gauge relative to 
£ ifandonly if the functor: 


A(G 9: £ > Sets 


is representable, that is for each C in € , there exists a representing 
element F(C) in £, such that: 


0, , : Hom, (F(C), £) = A(C, £) 


which is naturalin £. 
Equivalently, the functor F:€” — £ hasa functorial gauge relatively to 


£ ifandonly ifthe pair (F(C),0, : C — F(C)) isa universal gauge for the 
functor A(C,-). 

Symmetrically, we say that an oppositely pointing functor 
G:£— €" has a functorial gauge relative to €” if and only if the 


bifunctor: A(—,—):€" x £ 9 Sets is representable within &"", that is, 


we have a natural isomorphism of bifunctors: 
AC.) = Hom „C GO) 


Equivalently, the functor G: £ — €^ has a functorial gauge relative to 
€^ if and only if the functor: 


AC £): €" > Sets 


is representable, that is for each £ in £, there exists a representing 
element G(L) in €^ , such that: 


0, : A(C,£) = Hom ,, (C,G(L)) 


op 


which is naturalin C. 
Equivalently, the functor G: 2 — €^ has a functorial gauge relative to 


€^ if and only if the pair (G(L),U, :G(L) > L) is a universal gauge 
for the functor AG L). 


We say that an arbitrary functor of the form F:¢” — £ hasa 
functorial gauge if and only if it has a right adjoint functor G: 2 > €^. 
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Equivalently, the functor F:¢” — £ has a functorial gauge if 
and only if each functor yf oF is representable for each object £ in £. 
If this is the case, a functor G:£— €” right adjoint to F:€? >£ 


assigns to each £ in £ an object G(Z) in €” representing the 
functor: 


Hom, (F(-),L)= y^ oF :€¢” — Sets 


Moreover, any other functor right adjoint to F is naturally isomorphic 
with G. 

Equivalently, the functor F:€” — £ has a functorial gauge if 
and only if there exists for each object £ in £ an object G(£) in 


€^ and an arrow £&,:F(G(£)) 9 £L, such that the pair (G(L),é,) 


constitutes a universal gauge for the functor A oF. 

Symmetrically, we say that an arbitrary functor of the form 
G:£-—€” has a functorial gauge if and only if it has a left adjoint 
functor F:¢” >£. 

Equivalently, the functor G: £ — € has a functorial gauge if 
and only if each functor y, ?G is representable for each object C in 
€^ .If this is the case, a functor F:¢” > £ leftadjointto G : £ — €”? 
assigns to each C in ¢” an object F(C) in £ representing the 
functor: 


Hom ,, (C,G(-)) = yc °G : £ > Sets 


Moreover, any other functor left adjoint to G is naturally isomorphic 
with F. 

Equivalently, the functor G: 2 — €^ has a functorial gauge if 
and only if there exists foreach object C in €” anobject F(C) in £ 


and an arrow 7.:C—>G(F(C)) , such that the pair (F(C), ne) 


constitutes a universal gauge for the functor y, oG. 

Finally, we say that two oppositely pointing functors between the 
same categories, that is, F:6" >£, G:£— €^ , have mutual 
functorial gauges with respect to each other if and only if the functor F 
is left adjoint to the functor G and the functor G is right adjoint to 
the functor F, such that, the two oppositely pointing functors A:=F, 
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A:=G form a categorical adjunction, expressed by the natural 
isomorphism of the Hom -bifunctors: 


Y: Hom, (A(-),—) = Hom ,, (= A(-)) 


Equivalently, A, A have mutual functorial gauges with respect to 


each other if and only if the bifunctor ,(-,-):€”x£—Sets is 


birepresentable, that is, we have a series of natural isomorphisms of 
bifunctors: 


Hom, (AO, > = AG> = Hom p (-, A) 


When this is the case, the two oppositely pointing functors A, A form 
a categorical adjunction, induced by the requirement of birepresentability 


of the bifunctor Abs —), where A is the left adjoint functor of the 


adjunction, and symmetrically, A is the right adjoint functor of the 
adjunction. 


Equivalently, A, A have mutual functorial gauges with 
respect to each other if and only if there exist a natural transformation of 
the identity functoron ¢” (unit natural transformation): 


n: id op — AA 


as well as a natural transformation of the identity functor on £ (counit 
natural transformation): 


£: AA > id, 
obeying the following identities: 


id. = £Ao An 
id, = A£onA 
Equivalently, A=F, A=G_ have mutual functorial gauges 


with respect to each other if and only if, each functor y. oF is 


representable (via G ) for each object £ in £, and each functor 
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yc 9G is representable (via F) for each object C in €”, that is, if 
and only if: 


i There exists for each object £ in £ an object G(Z) in €^ 
and an arrow &,:F(G(L)) > L, such that the pair (G(£),£,) 
constitutes a universal gauge for the functor y, oF. 

ii There exists for each object C in €" an object F(C) in £ 
and an arrow 7], :C  G(F(C)), such that the pair (F(C),7,.) 


constitutes a universal gauge for the functor y, »G. 


Equivalently, A-F, A-G have mutual functorial gauges with 
respect to each other if and only if: 


i The functor ACC, -):£—Sets is representable, such that the 
pair (F(C),6,) is a universal gauge for the functor ACC, -). 
ii The functor A(—, D):€" — Sets is representable, such that the 


pair (G(L),U,) is a universal gauge for the functor Als L). 


8.9 COMMUNICABILITY: MUTUAL FUNCTORIAL GAUGES AND MONADS 


Let us now present some important consequences of the existence of 
mutual functorial gauges for two oppositely pointing functors between 
the same categories. As a simple illustration we may consider the diagonal 
functor: 


A:R R” 


For an object K in &,the functor A(X) isthe constant K -valued 
functor, which for any object U ofa (locally) small category 96 gives 
the constant value A, and for any arrow f of I gives the identity 
arrow on XK. Furthermore, if we consider that & is the category of 
Sets ,then Sets” is the functor category of copresheaves (of sets), that 
is, the category of all covariant functors P from 2 to Sets and all 


natural transformations between them, where % is an indexing 
(locally) small category. 


A: Sets — Sets” 
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A(K) : 9( Sets 


Thus, A(X) is the constant XK -valued functor taking each object U 
in 9( totheset K,andeacharrow f:U—V in 2 tothe identity 
morphism id x. Now, if we consider the diagonal functor A asa functor 


of the above form F, then it has a functorial gauge if and only if it has a 
right adjoint functor of the above form G, denoted by: 


O: Sets” — Sets 


Moreover, the oppositely pointing functors A, O have mutual 
functorial gauges with respect to each other if and only if A is left 
adjoint to O and O is right adjoint to A, such that, the functors 
A:— A, A:=O form a categorical adjunction, expressed by the natural 
isomorphism of the Hom -bifunctors: 


V: Hom, a (A(-),-) = Hom, AO) 


Equivalently, A, A have mutual functorial gauges with respect to 


each other if and only if the bifunctor ,(-,-): Sets x Sets” — Sets is 


birepresentable, that is, we have a series of natural isomorphisms of 
bifunctors: 


Hom 4(A(2.2 = AC. = Homsas (-, AO) 


If we consider a signal transmitter/receiver / € AG P), then we 
realize that / is actually a cone. Hence, the corresponding morphisms, 


induced by the birepresentability of the bifunctor A(—-) within 


Sets, Sets" respectively, that is: 


£g): K > A(P) 

h(x): A(K) > P 
are conjugates with respect to the cone signal transmitter/receiver /. 
The morphism /Z(y):A(K) P is a natural transformation in Sets" 


from the constant X -valued copresheaf A(K):2—Sets to the 
copresheaf P:92|(— Sets . The conjugate morphism of A(y) with 
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respect to the cone 7,thatis, g(%):K > A(P) isamorphismin Sets 


(representing the cone 7) from X to the set A(P) — O(P) obtained 


by the application of the sought right adjoint O ona copresheaf P.By 
further taking into account that the functor O (as a right adjoint to A) 


should assign to each P in Sets" an object O(P) in Sets 
representing the functor: 


Hom. «(A(-),P) = y” oA: Sets Sets 


or equivalently that the pair (O(P),é,) should be a universal gauge for 


P 
the functor y © A, we conclude that: 


O(P) = A(P) = Lim(P) 
where 
O=A = Lim Sets” — Sets 


is the sought right adjoint to A. Actually, the identification of the right 
adjoint to A with the functor Lim:Sets" — Sets is immediate from 
the identification of a signal transmitter/receiver / € AK, P) with 
a cone and the requirement of universality of the gauge formed by 
Lim(P) foreach P in Sets”. 

Dually, if we consider the diagonal functor A as a functor of the 
form G, then it has a functorial gauge if and only if it has a left adjoint 
functor of the form F, denoted by: 


A: Sets” — Sets 


Moreover, the oppositely pointing functors A, O have mutual 
functorial gauges with respect to each other if and only if A is right 
adjoint to A and A is left adjoint to A, such that the functors 
A:=A, A:=A form a categorical adjunction, expressed by the natural 
isomorphism of the Hom -bifunctors: 


=:Hom,,,,(A(-),—) = Hom sn C AC) 
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Equivalently, A=A, A-A have mutual functorial gauges with 
respect to each other if and only if the  bifunctor 


AUS Sets" xSets — Sets is birepresentable, that is, we have a series 


of natural isomorphisms of bifunctors: 
Hom, (A(-).-) = AG>) = Hom, (-, AC) 


If we consider a signal transmitter/receiver V «€ A(G,K), then we 
realize that | is actually a cocone. Hence, the corresponding 


morphisms, induced by the birepresentability of the bifunctor Al -) 


within Sets*, Sets, respectively, that is: 


f(y):P > A(K) 
x(y):A(P) 9K 


are conjugates with respect to the cocone signal transmitter/receiver |. 


The morphism f(y):P > A(K) is a natural transformation in Sets" 


from the copresheaf P:9(— Sets to the constant X -valued 
copresheaf A(K):9( Sets. The conjugate morphism of f(y) with 


respect to the cocone V/, viz. x(y): A(P) — K isa morphism in Sets 


(representing the cocone J/) from the set A(P) = A(P) obtained by the 
application of the sought left adjoint A on a copresheaf P toaset K. 
By further taking into account that the functor A (as a left adjoint to 
A) should assign to each P in Sets" an object A(P) in Sets 
representing the functor: 


Hom, si! (P, A(—)) = yp cA: Sets — Sets 


or equivalently, that the pair (A(P),7,) should be a universal gauge for 


the functor y,°A we conclude that: 


A(P) = A(P) = Colim(P) 
where 


A=A=Colim: Sets" — Sets 
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is the sought left adjointto A. Again, the identification of the left adjoint 
to A with the functor Colim:Sets* — Sets follows immediately from 


the identification of a signal transmitter/receiver V € AQP, K) with 
a cocone and the requirement of universality of the gauge formed by 
Colim(P) foreach P in Sets". 

We conclude that the functors Lim:Sets* — Sets , 
Colim :Sets" — Sets are right and left adjoints correspondingly of the 
diagonal functor A. More precisely: 


i The functors A:Sets—> Sets", Lim:Sets" — Sets have mutual 
functorial gauges with respect to each other forming a categorical 
adjunction, induced by the birepresentability of the bifunctor of 


cones (-,—):SetsxSets" Sets , within Sets , Sets" 


respectively: 


Hom, 4(A(-).-) = AC, -) € Hom, (~ Lim(—)) 


Sets 


ii The functors  Colim:Sets" — Sets , A:Sets— Sets" have 
mutual functorial gauges with respect to each other forming a 
categorical adjunction, induced by the birepresentability of the 


bifunctor of cocones A(-,—): Sets” x Sets Sets, within Sets”, 


Sets respectively: 
Hom, (Colim(-), -) = A(-,-) = Hom. , (— A(-)) 


Furthermore, we can show immediately that right adjoint functors 
commute with limits, while left adjoint functors commute with 
colimits. It is instructive to think of these properties of left/right 
adjoint functors as preservation properties induced by the 
requirement that functorial gauges should apply. Obviously, these 
properties can be used conversely in order to prove that a given 
functor does not have a functorial gauge by showing that it does 
not preserve limits or colimits. Finally, the above arguments 
remain valid if we replace the category of Sets by any other 
complete category of algebras for the case [i], and by any other 
cocomplete category of algebras for the case [ii] respectively. 


Along the same lines, we can also show that for any small category 


XA , every presheaf P inthe functor category of presheaves Sets” „isa 
colimit of standard (representable) functors, by which we mean that it 
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constitutes a colimit of functorial gauges. This is expressed as follows: We 
consider the category of elements of a presheaf P in Seis" , that is the 
category fe. A). Projection on the second coordinate of fc. A), gives 


a functor: 
f E f P, 2) > A 


defining the split discrete fibration induced by P,where 2{ is the base 
indexing or localizing category of the fibration. Then, as a consequence of 
the Yoneda lemma we obtain a natural transformation: 


>: Colim(y © f J=P 


which is a natural isomorphism. More precisely, we may consider a signal 


transmitter/receiver from vef) to P , or equivalently from 
P 
Hom([ (-),-) to P. This is actually a cocone, which for every (p, A) 
P 


in f (P, 90), provides a component y ,, and thus, becomes representable 


were opo, ; 
within Sets" in terms of the natural transformation yi P. Now, by 


the Yoneda lemma we have a bijective correspondence between natural 


transformation y, >P and elements p of P(A). Thus, each arrow 


in the cocone of the form y,—P for each A in A is a 
corresponding element p of P(.A).Itis straightforward to see that this 


cocone in Sets" is a universal one, and thus the natural transformation 
Colim(y of.) — P is a natural isomorphism. 

Another important consequence of the existence of mutual 
functorial gauges for two oppositely pointing functors between the same 
categories is the following: We have seen that A:¢” >£, A: LE? 
have mutual functorial gauges with respect to each other if and only if 
there exist a natural transformation of the identity functoron €" (unit 
natural transformation) 7: id op — AA , as well as a natural 


transformation of the identity functor on £  (counit natural 
transformation) ¢:AA-— id, obeying the triangular identities: 
id. —£&AoAn, id. = AéonA. If both the unit and the counit natural 


transformations of the adjunction formed by the functors A, A, are 
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natural isomorphisms then we obtain an equivalence of the categories 


€^, £, that is, we obtain a functorial duality: 


Crap 


Thus, the notion of functorial duality is a consequence of the existence of 
mutual functorial gauges for two oppositely pointing functors between 
the same categories when both the unit and counit natural 
transformations of the formed adjunction are natural isomorphisms. 

We reached the conclusion that two oppositely pointing functors 


between the same categories, A:¢” >£ and A:£—¢€? form a 
categorical adjunction, induced by the requirement of birepresentability 


of the bifunctor AG -), where A is the left adjoint functor of the 


adjunction and symmetrically A is the right adjoint functor of the 


adjunction, or equivalently A and A have mutual functorial gauges 
with respect to each other, if and only if there exist a natural 


transformation of the identity functor on €^ (unit natural 
transformation): 


n zid ,, > AA 


as well as a natural transformation of the identity functor on £ (counit 
natural transformation): 


£:AA > id, 
obeying the following identities: 

id. = £A o AJ] 

id. = AgonA 


The composite endofunctor T:=AA:¢” €? , together with the 
natural transformations @:ToT—->T, called multiplication, and also, 


7:id 2 T, called unit, where id m is the identity functoron ¢°’, is 
€ € 


defined as a monad (T,œ,ņ) on the category €^, provided that, the 


diagrams below commute for each object C of c"; 
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TC «—2€—— pace 


YN 


Wi Wi 
€ 5 TC « [4 


TC 


From the above, we conclude that a monad (T,c,:)) on the category €” 


can be understood as a monoid in the category of endofunctors of €” 
with the morphisms being the natural transformations between them. 

We have another dual relation; the composite endofunctor 
O:AA:£—S$ , together with the natural transformations 


6:0 — O»O , called comultiplication, and also, £:0— id, , called 
counit, where id, is the identity functor on £, is defined as a comonad 


(O,5,¢) onthe category £, provided that the diagrams below commute 
foreach object L of £; 


oô 


oL ——£— oL 


VAN 


O2L Occ , oL 
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Foracomonad (0,0,7) on £,a O -coalgebra (comodule) is an 


object L of £,being equipped with astructural map k : £. — OL ,such 
that the following conditions are satisfied: 


lese kkib-L 
Oxok =6,0K: LOL 


With the above obvious notion of morphism, this gives acategory £o of 


all O -coalgebras. 
By dual correlation, if (T,@,7) isa monad on the category €”, 


we define the category of €”. -algebras (modules) as follows: Its objects 
are pairs (C, le), where, C in €”,and, u:T(C)—C is a morphism 


in €^ , such that, the following conditions are satisfied: 


le = uon, : CC 
ueTu- u0: TCC 


Since an adjunction between two categories ¢°, £, defined by a pair of 
adjoint functors A:¢” — and A:£—¢€”? always gives rise to a 


monad on the category €”, viz. (T= AA,o = AcA,n), as well as toa 
comonad on the category £, viz. (O= AA,O= AnA, £),wesaythat A 


and A have mutual functorial gauges with respect to each other, if and 
only if a monad-comonad pair exists as above. 
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CANONICS 

OF FUNCTORIAL 
RELATIONS: 

SIEVES AND 
REPRESENTABILITY 


9.1 FUNCTORIAL COORDINATIZATION: CATEGORIES OF RINGS 
OF OBSERVABLES 


The first fundamental notion, which is necessary for the intelligibility of 
the modeling process of any natural system's behavior is representation. 
Representation is expressed categorical as a canonical functorial 
relation for formulating the bidirectional process of categorical structural 
correspondence between natural systems and formal symbolic systems. 
The concept of a natural system refers to a deliberate abstraction that 
schematizes the external world in terms of a dyadic relationship between 
the former and its environment. 

Hence, it is suitable to adopt a flexible, non-rigid notion of what a 
natural system actually is which, eventually, allows a variability in the 
determination of the separating boundary between what constitutes a 
natural system and what its environment. The essential aspect of this 
relation amounts to representing a natural system, conceived in the above 
sense, by means of an appropriate formal system, capable of being 
effectively used for providing predictions about the behavior of the 
former. The notion of a formal system is formulated in the algebraic terms 
of rings capturing the structure of attributes of natural systems, encoded 
by means of generalized number-like quantities, called observables, 
where, the notion of observable signifies a physical attribute that, in 
principle, can be measured. 

The basic hypothesis underlying the bidirectional process of 
representation of natural systems by mathematical formal systems, is that 
the behavior of the former can be adequately understood by establishing 
an appropriate functorial congruence between the structures of 
phenomena corresponding to the behavior of natural systems and some 
suitable algebraic structures of generalized number-like quantities. The 
latter are enriched with the semantics of observable attributes of natural 
systems in various measurement situations. Hence, the essential aspect of 
representation amounts to a structure preserving process of 
coordinatization or arithmetization of attributes in terms of observables. 
The strategy of arithmetization will prove to be successful, if and only if, 
a formal system becomes capable of providing predictions about the 
behavior of the natural system which represents. 

Of course, as a condition required to substantiate that possibility, 
observables must amount to more than mere amorphous collections of 
coordinates; they must also be amenable to collective manipulations 
under the fundamental arithmetic operations of addition and 
multiplication, such that, the collection remains closed under these 
operations, preserving the algebraic morphe of such a structure of 
observables. Most significantly, the form of coordinatization of 
phenomena in the above sense, should not depend structurally on any 
particular natural system depicted in the external world. This means, that 
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the form of the arithmetization process, effectuated in terms of an 
appropriate associatively closed universe (category) of algebraic 
structures of observables, should be constructed covariantly with respect 
to a corresponding associatively closed universe (category) of natural 
systems abstracted from the external world. 

Categorically speaking, we mean that arithmetization should be 
properly expressed as a functorial process. More specifically, 
arithmetization is defined as a functor from the abstract category of 
natural systems to a concrete category of formal systems, identified 
algebraically, with structures of observables closed under the operations 
of addition and multiplication (rings). Note that, the notion of an 
observable denotes a physical attribute that, in principle, can be 
measured. The quantities admissible as measured results should belong to 
a number field, or more generally, to a ring of scalar quantities to be 
interpreted as generalized numbers in some context of observation. The 
latter defines the valuation codomain of observables in terms of 
measurement scales, conforming to the algebraic specification of, at least, 
the ring-theoretic structure. Note also that, the designation of both, the 
observables and the measurement scales, should be structurally on an 
equal footing, meaning that they should both be algebraic structures 
(rings) in a category of objects of the same kind (category of rings). 

In this sense, the process of measurement is precisely formalized 
by means of a surjective morphism of rings, within the corresponding 
category of formal systems. It is important to note that, from this 
perspective, an abstract ring of number-like elements (scalars) 
simultaneously incorporates a dual role within the categorical 
environment where it operates. More concretely, if it stands on the 
domain of a surjective morphism of rings it is interpreted as a closed 
algebraic structure of observables measured by means of a closed algebraic 
structure of the same form consisting of measurement scales or numbers 
in the codomain of this morphism, within that category. 

Equally, if it stands on the codomain of the rings morphism, it is 
interpreted as an algebraic structure of number-like values, which 
measure the observables belonging in the domain-ring. The essence of 
this duality of roles amounts to a symmetrization of the notions of 
observer and observed in an algebraic categorical framework of reasoning 
based primarily on the concept of structure preserving transformation 
between objects. 

From this perspective, the same algebraic object can serve 
simultaneously, as both an observer and as an observed, depending on the 
context of interpretation of morphisms in the algebraic category 
emulating formal systems. In more detail, the positioning of a ring of 
number-like elements in the codomain of a surjective morphism acquires 
the semantics of an observer, that coordinatizes the observables of the 
system it measures in terms of distinguishable measurement scales. On 
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the other hand, the positioning of that ring in the domain of a surjective 
morphism in the algebraic category, acquires the semantics of an 
observed, measured by means of evaluation of its observable attributes at 
the measurement scales of the codomain-ring. 

In this sense, we are able to capture the natural duality between 
the symmetric functional roles of observer-observed in a categorical 
context of interpretation of surjective algebraic morphisms of rings. 
According to this relational categorical framework, the description of 
attributes related to the behavior of a natural system should be covariant 
with respect to all rings of measurement scales implemented as 
observational means, or equivalently, covariant with respect to the base 
ring (of observer's measurement scales) change. 

We conclude that, arithmetization or coordinatization constitutes 
a directed functorial process E: S — F of encoding attributes related 
to an abstract category of natural systems S, in terms of a concrete 
category of formal systems F , constructed algebraically as a category of 
rings of scalar number-like quantities (coordinates), interpreted as 
observables of natural systems, which can be measured by means of 
surjective morphisms (evaluations) in the latter algebraic category. We 
say that the modeling of the abstract category of natural systems by the 
concrete category of formal systems is proper, if an inverse functorial 
process D: F — 5$ of decoding exists, which can be used for making 
predictions about the behavior of natural systems, such that, the pair of 
functorial processes (E,D) constitutes a categorical adjunction: 


E:S@F:D 


Thus, the bidirectional functorial process of representation of natural 
systems by formal systems is defined accurately as a proper categorical 
relation of metaphora, according to the previous adjunction. Finally, the 


encoding arithmetization functor E:S— F is said to define an 
equivalence between the categories of natural systems and formal 


systems respectively, if a decoding functor D: F — S exists, such that 


the composite functor DE is isomorphic to Id, and the composite 


functor ED is isomorphic to Id,. 


92 REPRESENTABLE FUNCTOR: MEASUREMENT AND COMMUNICATION 


Let us now concentrate our attention on the category of formal systems 
F ,in an attempt to describe explicitly its representational functionality. 


The category F is defined as a category of unital rings of observables 
that coordinatize structurally the attributes of natural systems. The 
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observables are measured by means of evaluation morphisms in 
appropriately specified rings of measurement scales in the same category 
F.A ringin F is commutative if and only if the multiplication is 
commutative. 

We will restrict ourselves intentionally to the case of commutative 
rings of scalars. This is due to the fact that the hypothesis of 
commutativity of the observable attributes of a natural system can be 
satisfied at least locally within the categorical environment for all natural 
systems, even if, globally their rings of observables are only partially 
commutative, or even non-commutative. 

For the sake of completeness, we should recall that, a ring is a 
division ring, if and only if, every non-zero element has a multiplicative 
inverse, whereas, in case that it is also commutative, it is called a field. 
Moreover, a commutative ring without non-trivial divisors of zero is 
called an integral domain. According to our previous comments, the 


morphisms in F are considered to be the additive and multiplicative 
identity-preserving homomorphisms of commutative rings. The 


surjective morphisms in F formalize the structure preserving process 
of measurement of observables (contained in the domain of a rings- 
morphism) with respect to observers’ measurement scales (contained in 
the codomain respectively), according to the preceding physical 
interpretation. 

The essential aspect of casting the measurement process in a 
categorical form, as above, is twofold: Firstly, the categorical framework 
provides the means to state precisely a criterion of complete 
determination of a natural system’s behavior, formulated in terms of its 
coordinatization ring of observables, by way of measurements in variable 
rings of measurement scales, according to the Yoneda-Grothendieck 
philosophy. Secondly, the same framework, seen from a dual categorical 
perspective, permits the geometric encoding of the information acquired 
by evaluating a physical attribute at a measurement scale, in terms of the 
notion of state. Thus, it becomes possible to conceptually and technically 
unify, through duality transformations in the category of formal systems, 
the algebraic information acquisition by measuring observables at scales, 
together with, the geometric representation of that information in terms 
of state-spaces. 

The covariant description of the measurement process of natural 
systems in relation to the above two-fold interpretational schema renders 
a functorial formulation of that process. In turn, this is to be achieved 
using the machinery of representable functors. More precisely, we 
consider the category of formal systems restricted to surjective 
morphisms of unital commutative rings of observables, and let A bea 
ring of observables of a corresponding natural system. Then, the functor 
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represented by A is the covariant functor y,:* — Sets , defined as 
follows: 


i Forallrings A in F, y4(X):- Hom;(A, X). 
ii Forallrings-morphisms f:X >V in F, 


y 4G): Hom, (A, A) > Hom;(A, y) 
is defined as post-composition with f, viz., y CX) = fog. 


The covariant representable functor y4 : F — Sets, can be thought of as 


constructing an image of F in Sets covariantly, or equivalently, as a 
covariant translation of the information induced by measurement 
procedures in the category F into that of Sets . The important thing 
to notice is that, if we set up some measurement procedure of the 
observables of a natural system, represented formally as a surjective 
morphism of rings f: A-— B , then we get an induced morphism of 


representable functors (natural transformation) y,:yg >Y, by pre- 
composing with f. 

Subsequently, the implementation of the Yoneda lemma in the 
current setting, gives that, if 7:Y,; — y , is any natural transformation 
of covariant representable functors, then, there is a measurement 
procedure, a morphism of rings f:A— B, such that, 7=y,. This 


implies, in particular, that if two rings of observables represent 
isomorphic functors, then the corresponding formal systems themselves 
are isomorphic. 

The importance of this fact, constituting the cornerstone of the 
Yoneda-Grothendieck philosophy, is that a formal system conceived 
within the associatively closed structure of a category of objects and 


structure-preserving morphisms of the same form F , encoded 
algebraically as a ring of observables of a natural system, can be classified 
completely up to unique isomorphism, by analyzing the set-valued 
functor that it represents. More precisely, the information encoded in the 
ring of observables of a natural system, can be recovered completely by 
means of all measurement procedures applied to that ring, incorporated 
in the definition of the corresponding representable functor as ring- 
morphisms from that ring of observables towards variable rings of 
measurement scales of observers within the same category. 
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Consequently, this realization means that the behavior of a 


corresponding natural system within S, can be reproduced in its 
entirety, by studying the totality of variable observational perspectives 


imposed upon it within S, or equivalently, the totality of its interactions 
with all other natural systems within S.Note that, the notion of variable 
observational perspective on a natural system in S, is operationally 
realized by the instantiation of measurement procedures of the 
coordinatization ring of observables A of that natural system with 


respect to variable rings of measurement scales in F , and consequently, 
modeled by means of the corresponding covariant representable functor 


Y4 : F > Sets. In the same vein of ideas, we may say conclusively that, 
the abstraction related to the notion of a natural system, within a closed 


categorical environment S, is completely understood by the system of all 
relational referential viewpoints on it (variable observational 


perspectives) instantiated within S, encoded as variable measurement 
procedures of its coordinatization ring of observables with respect to 
variable rings of measurement scales within the modeling category of 
formal systems F .Thisis finally translated covariantlyin Sets viathe 
corresponding representable functor of that ring of observables. 


9.3 FUNCTORIAL SPECTRUM: SIEVES AND MULTI-LAYERED RESOLUTION 


At a further stage of development, the operational role of the covariant 
representable functor of a ring of observables, classifying it completely up 
to unique isomorphism, is equivalent to the functorial process of 
translating geometrically the information collected by all evaluations of 
that ring at all rings of measurement scales, in sum, the information 
collected by the totality of variable measurement procedures as above. In 
this manner, the geometric encoding of the information related to the 
behavior of a natural system is being generated functorially through the 
functioning of the covariant representable functor of the ring of 
observables arithmetizing the former. 

The key concept that explicates the geometric representation of 
natural systems in appropriate functorial terms is the notion of state. 
Subsequently, the geometric representation of natural systems in terms 
of state-spaces is generated functorially. Generally speaking, a state of a 


ring of observables A over a ring of measurement scales D (called a 


B -state of A ) signifies the geometric encoding of the information 
acquired by evaluating the physical attributes contained in the former 


ring at the measurement scales of the latter. Thus, any B-stateof A is 
a geometric representation of a morphism of rings f:A— B in the 


intended semantic interpretation. 
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Consequently, the set of all morphisms of rings f : A — B , where 


the domain ring is considered as a ring of observables and the codomain 
ring as a ring of measurement scales, should be tautosemous with the set 


ofall B-statesof .A.Thissetiscalled the B-spectrum of the unital ring 


of observables A, where the ring B is called the coordinatizing frame 
of that state. The geometric semantics of this connotation denotes the set 


of elements which can be B-observed by a measurement procedure on 
A . Eventually, that set of elements, constituting the B-spectrum of A 
, are properly identified with the B-coordinatized points of a geometric 


state-space that can be observed by means of the ring A . Obviously, the 
above conception of a geometric state-space of a natural system is 
functorial, since it admits a covariant description with respect to 


variation of the evaluation ring of measurement scales B inthe category 
F . This fact effectively means that, the geometric state space of a natural 
system is identified with the covariant representable functor 
y,:F Sets of the coordinatization ring of observables of that natural 


system. 


For this reason, y, is called the functorial spectrum of A , 


denoted by Spec,, which gives rise to a spectral sieve of A . It describes 
functorially the multi-layered geometric state-space related to the 
behavior of a natural system under variable observational perspectives, 
where its evaluation at a layer D, constituting the B -spectrum of the 
ring of observables .A, gives the set ofall B-statesof A. In this vein of 
ideas, each ring of measurement scales, where the evaluation of a ring of 
observables takes place, by the effectuation of a corresponding 
measurement procedure, is the spectral carrier of a specific geometric 
layer of spatiality, corresponding to the ontological observational 
perspective of point-schematization dictated by the nature of 
measurement scales contained in that ring. 


9.4 RELATIVIZATION: MODULES AND REPRESENTABILITY 
OF COMPOSITION 


A natural question arising in this categorical setting is the following: Is it 
possible to express the notion of a module of a commutative unital ring of 


observables A in the category F , intrinsically with respect to the 


information contained in the category F ? This can be accomplished by 
using the method of categorical relativization, which is based on the 


passage to the slice category F/A. More concretely, the basic problem 
has to do with the possibility of representing the information contained 


inan A-module, where A isa commutative unital ring of observables 
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in F , by means of a suitable object of the relativization of F with 
respect to A, namely with an object of the slice, or comma category 


FIA, 


For this purpose, we define the split extension of the commutative 


ring A by an A-module M , denoted by ARM , as follows: The 
underlying set of .ACDM is the cartesian product AxM , where the 


group and ring theoretic operations are defined respectively as; 


(a,m) * (b,n) :— (a - b, m n) 
(a,m) e(b,n) = (ab,a-n+b-m) 


Note that the identity element of .ACDM is (1 40y), and also that, the 
split extension .ACDM contains an ideal 0,xM:=(M) , that 


corresponds naturally to the A-module M . Thus, given a commutative 
ring A in F, the information of an A-module M , consists of an 
object (M) (ideal in .ACBM ), together with a split short exact 


sequencein F; 
(M) A®M >A 


We infer that the ideal (M) is identified with the kernel of the 
epimorphism 4@ y+» A: 


(M)= Ker(A® M — A) 


From now on we focus our attention to the comma category F/A, 
noticing that id A :A- A is the terminal object in this category. If we 


consider the split extension of the commutative ring of observables A, 
byan A-module M, that is ACM, then the morphism: 


A: AM > A 


(a,m) — a 
is obviously an object of F/A. Moreover, it easy to show that it is 


actually an Abelian group object in the comma category F/A. This 
equivalently means that for every object & in F/A the set of 
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morphisms Hom;,, (5,4) is an Abelian group in Sets. Moreover, the 
arrow y:«<—>A isamorphism of Abelian groupsin F/A ,ifandonly 
if for every € in F/A the morphism: 


7. : Hom, (č, k) > Hom, (5,4) 


is a morphism of Abelian groups in Sets. We denote the category of 
Abelian group objects in F/A by the suggestive symbol [7 /.A],,. 
Based on our previous remarks, it is straightforward to show that the 
category of Abelian group objects in F/A is equivalent with the 
category of A -modules: 


[F/ A], 2 M^? 


Thus, we have managed to characterize A -modules intrinsically as 
Abelian group objects in the relativization of the category of commutative 
unital rings of observables J^ with respect to A, and moreover, we 
have concretely identified them as kernels of split extensions of A. 

Let us now consider two .A -modules M , N . The tensor 


product of M and N over A, denoted by M®),N is the unique 
object in [F/A] > M , which satisfies the following universal 


property: There exists a bilinear morphism T -MxN>M®&,N such 
that given any A -module S and any bilinear morphism 
f:MxN-S there exists a unique A -modules (linear) morphism 
g:M@®,N—S_ such that the bilinear morphism admits the 
factorization f — gor . Consequently, factorization via the tensor 
product of two A -modules M , N , that is, MQ9JN , should be 
understood as the universal way to linearize any bilinear morphism form 
MxN toanyother A-module $.Note that, since the tensor product 


construction is defined by a universal mapping property it is unique up to 
unique isomorphism, as a consequence of Yoneda's lemma. 


The tensor product oftwo A -modules M, N ,viz. MQN, is 
generated by elements of the form m®n. This means that every element 
of MG))N is of the form Yam @n,, where m EM, n €N for 


1<i<k. Moreover, if M, N are free A -modules of finite rank m, 
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n correspondingly, then their tensor product over A, M(&) „N isa 


free A-module of finite rank mn. 
The tensor product in the category MM‘ is an associative, 
commutative and unital operation, that is: 
i If M, N, P are A-modules, then: 
(M@,N@,P=M@,N@,P) 
ii If M, N are A-modules, then: 


M@,N=N@M 


iii The commutative ring A isa unit for the tensor product, that is, 


forany A -modules M: 
AQ,M =MQ,A=M 


Most importantly, the tensor product is a functorial operation, meaning 
thatif M isan A-module, then: 


M®,-: MA > MY 
is a functor, defined on objects as: 
(M@,MN)=MQ@,N 
and on morphisms f:N—>L in M as follows: 
(M®, Mf) 7-19 £F: MQ, N >MQ),L 
It is also defined on generators by: 


(169 f£)(m @n)=m® f(n) 


The functor M(),-: M®  M™) is right exact. More precisely, if we 


consider a short exact sequence of A -modules: 
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05 N,2N2N,90 


then, tensoring by M over A, we get the right exact sequence of A- 
modules: 


MQ N À MGQ),N >MQ, N: ^50 


Note that, in general, the above sequence of A -modules is not left exact 
as well. In case that the tensor product functor MQ) ~: MA > AU 


is exact (meaning that it is left exact as well) then the A -module M is 
called a flat module. 
The conceptual meaning of the tensor product functor 


MQ&,-: MC? — MC? and consequently of the tensor product 
operation on the category of A -modules MC? arises if we consider 


the covariant representable functor in the category [F/A], eM 


valued in the same category, that is the covariant functor: 


Hom |.) (M,—): M” — MY 


represented by the A-module M , defined as follows: 


i For all A -modules N in M%®, the covariant Hom ,- 
functor maps N tothe A-module Hom, |, (M,N). 


ii Forall A-modules f:N—>P in M™, 
Hom w (f): Hom w (M, N)> Hom w (M, P) 


is defined as post-composition with f , viz, 
Hom a (/Xg):7 Seg 


The advantage of considering the covariant representable functor in the 
category MM‘), that is, Hom | ,,(M,-) , is that, by virtue of the 


categorical equivalence [F/ A], £M? , we retain the physical 


interpretation of the Hom -functor (enriched in the category of A - 
modules) in terms of measurement procedures relativized with respect to 
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a fixed ring of observables A , according to the Yoneda-Grothendieck 
philosophy explained previously. 

The covariant representable functor in the category VC, viz. 
Hom , A) (M,-) is a left exact functor. More precisely, if we consider a 


short exact sequence of A -modules: 
0>N>N>N,>0 


then, applying the covariant Hom 4) -functor, we get the left exact 
M 


sequence of A -modules: 


0— Hom, (M,N,) 9 Hom (M,N) Hom |, (M, N;) 


Note that, in general, the above sequence of A -modules is not right 


exact as well. In case that the covariant Hom, A) -functor is exact 


( 


(meaning that it is right exact as well) thenthe A-module M iscalled 
a projective module. Analogously we may consider the contravariant 
representable functor in the category MM’, that is, Hom yA (,M). If 


the latter functor is exact then the A-module M is correspondingly 


called an injective module. Another immediate observation is that: 


Hom w (A,N)=N 


The above properties of the covariant Hom -functor, 


uA) 
Hom , 4; (M ,—), and the corresponding properties of the tensor product 


functor (M(&) ),-) imply that they stand for inverse functorial processes 
in the category of A -modules (4). This reveals the presence of an 
adjunction, that is, MQ, and Hom a (M.-) are adjoint 


functors, described by the natural isomorphism: 


Hom (4) (M®,N.P)= Hom (4) (M, Hom, (N, P)) 


for any .A-modules M, N and P, where the tensor product functor 
is the left adjoint and the covariant Hom yy -functor is the right adjoint 


of the [8 e Hom] |, adjunction. 
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Consequently, the physical meaning of the tensor product 
operation in the category of A -modules M® =[F/A],, is obtained 


as follows: We consider the interpretation of the covariant Hom - 
functors Z,:- Hom, (a (M,-) and Z,:- Hom |, (N>) (enriched 


in the category of A -modules) in terms of corresponding measurement 
procedures on the rings A@)M and .AQDN relativized with respect 
to the fixed ring of observables A. 


Then, the composition of the covariant Hom -functors Z m and 


Zy , by which we mean the composition of the corresponding 


measurement procedures with respect to the fixed ring A , becomes 
representable in the category of .A -modules by the tensor product 


entanglement of M and N ,thatis we have the natural isomorphism: 
Hom, MOQ, N.P) = Zu »Z,(0D)— Hom (4 (M, Hom, (N, P)) 


9.5 COMPARISON OF THE FUNCTORIAL WITH 
THE CLASSICAL REPRESENTABILITY 


At this stage, a brief discussion of the formal model of a natural system 
idealized by classical theories will serve to throw light on the connection 
with the categorical generalization implied by the previous analysis. The 
basic postulate of classical theories stipulates in advance that the form of 
observation be globally expressible by real number representability, and 
subsequently, observables are modeled by real-valued functions 
corresponding to measuring devices calibrated to register real numbers. 
At a further stage of development of this idea, two further 
assumptions are imposed on the structure of observables: the first of them 
specifies the algebraic nature of the set of all observables used for the 
description of a natural system, by assuming the structure of a commutative 


unital ring, which is, a commutative unital algebra A over the real 
numbers. The second assumption restricts the content of the set of real- 
valued functions corresponding to physical observables to those that admit 
a mathematical characterization as measurable, continuous or smooth. 
Thus, depending on the means of description of a physical system, 


observables are modeled by R -algebras of measurable, continuous or 
smooth functions corresponding to suitably specifiable measurement 
environments in each case. Usually the assumption of smoothness is 
postulated because it is desirable to consider derivatives of observables 
and effectively set-up a dynamical framework of description in terms of 
differential equations. Moreover, since we have initially assumed that 
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real-number representability constitutes the prefixed form of observation 
in terms of the readings of measuring devices, the set of all R -algebra 
unital morphisms A — R , assigning to each observable in A , the 
reading of a measuring device in R , encapsulates all the states-related 
information collected about a system in measurement situations in terms 
of algebras of real-valued observables. 

Mathematically, the set of all R -algebra morphisms .A — RR. is 
identified as the R -spectrum of the unital commutative algebra of 
observables A. The physical semantics of this connotation denotes the 
set that can be R -observed by means of this algebra. It is well known 
that, incase A stands for a smooth algebra of real-valued observables, 
R -algebra morphisms A— R canbe legitimately identified (thanks to 
the Gelfand duality) with the R -coordinatized points of a space, which 
can be observed by means of A . These are the points of a compact real 
differential manifold that, in turn, denote the states of the observed 
system. From this perspective, geometric state spaces in classical theories 
are compact real differential manifolds M consisting of sets of points 


being R -observed by means of unital R -algebras of smooth real- 


valued functions, denoted by C” (N). 

If we attempt a comparison of the functorial with the classical 
case, outlined above, we notice that, according to the generalized 
definition of a geometric state introduced previously, each state of a ring 
of observables A may have a different coordinatizing frame, depending 
upon the ring of scales employed for measurement. Thus, the new notion 
of a geometric state-space, is a multi-valued one, in the sense that its 
generalized points may be coordinatized by means of different scales, 
namely scales belonging to different rings. Thus, in contradistinction to 
the classical conception, the notion of generalized state introduced, 
rejects the absolute representability principle of the classical theory over 
the coordinatizing field of real numbers, rather to allow, in this sense, the 
geometric representation of states, in terms of generalized points of a 
multi-valued geometric state space, as well as, the evaluation of 
observable attributes at those points. This is achieved by the 
relativization of representability over a multitude of measurement scales, 
belonging to different coordinatizing rings, giving eventually rise to the 
above multi-valued geometric state space. 


9.6 THE GEOMETRIC QUALIFICATION OF THE SPECTRUM FUNCTOR 


We have already concluded that, in the context of the functorial approach 
to modeling a natural system's behavior, the geometric state space of a 
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natural system is identified with the covariant representable functor 


y,:F Sets of the coordinatization ring of observables of that natural 
system. For this reason, the functor y, is called the spectrum of A, 


and denoted as, Spec re 


It is essential to examine the geometric semantics of the Spectrum 
functor in some detail. If we consider the opposite of the category of rings 
of observables, that is, the category with the same objects but with arrows 


reversed F”, each object in the context of this category can be thought 
of as the locus of states of a ring of observables, or else it carries the 
connotation of space. The crucial observation is that, any such space is 
determined, up to canonical isomorphism, if we know all morphisms into 
this locus from any other locus in that category. For instance, the set of 


morphisms from the one-point state locus to the locus 4 in the 
categorial context of F” determines the set of point-states of the locus 
A. The philosophy behind this approach amounts to treating any 
morphism in F” with the locus Á for target as a generalized point 
stateof 4. 

Let us consider the category of loci of states F”, andlet A be 


an object in this category. Then, the functor represented by 4 is the 


contravariant functor y“ : F? — Sets, defined as follows: 


i For all loci of states B in F”, y*(B):= Hom (B, A). 
ii For allloci-morphisms f£:C— B in F”, 
y^(f): Hom oy (B, A) > Hom o (C, A) 


is defined as pre-composition with f , viz., A (fXg):- gef. 


The functor y^ : F”? — Sets being represented by the locus of states 4, 


is called the functor of generalized point states of A. Moreover, the 


information contained in the locus of states A is classified completely 


by its functor of generalized point states y^. Hence, the functor y“ 
gives a geometric form to the abstract extension of the spatial locus of 
states A in the environment of 7". From the above, the direct 
conclusion is that the Spectrum functor can be specified equivalently in a 
dual manner: it can be specified by means of the contravariant 
representable functor from the category of loci of states to the category of 
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sets, or equivalently, via the covariant representable functor from the 
category of rings of observables to the category of sets. Thus, it admits a 
well-defined operational determination in terms of measurement 
procedures referring to a coordinatization ring of observables, according 
to our preceding remarks. 


97 QUANTUM SYSTEMS: FUNCTORIAL GEOMETRIC SPECTRA 


At this stage there is every need to distinguish between classical and 
quantum systems. A category of classical natural systems, according to 
the above general description, admits a representation in terms of a 


category of formal systems (commutative, unital IR -algebras of 
observable attributes) whose qualitative features are well understood and 
can be simultaneously determined with precision by means of valuations 
to the field of real numbers. 

In this sense, a category of systems is characterized as a category 
of quantum systems in relation to the global complexity of the 
corresponding representing formal systems, with respect to those used to 
model the behavior of classical systems. This aspect of global complexity 
is, according to quantum theory, due to the inability of simultaneous 
precise measurement of all the attributes of the corresponding natural 
system within the same local measurement context. 

More concretely, Heisenberg's uncertainty principle sets the limits 
of simultaneous precise measurement of incompatible observables by 
means of valuations in the field of real numbers, like position and 
momentum, within the same measurement context. On the other hand, 
maximal families of compatible observables can be simultaneously 
measured precisely within some appropriate measurement context, but 
these families stand in a complementary relation to each other with 
respect to the property of incompatibility of their observables. Thus, the 
behavior of a quantum system can be approximated in terms of maximal 
compatible families of simultaneously measurable observables within an 
appropriate local commutative measurement context, considered 
together with the notion of complementarity between such families. 

In this frame of reasoning, the functorial conception of natural 
systems proves to be particularly relevant for the representation of 
quantum systems. More specifically, in striking contrast to the global 
classical conception, the notion of generalized state of a natural system, 
rejects the absolute global and simultaneous representability of all 
observables of the classical theory over the coordinatizing field of real 
numbers, rather it allows, in this sense, the geometric representation of 
states, in terms of generalized points of a multi-valued geometric state 
space, as well as, the evaluation of observable attributes at those points. 
This is achieved by a process of local relativization of physical 
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representability with respect to a multitude of measurement scales, 
belonging to different local commutative coordinatizing rings, leading 
eventually to the above multi-valued geometric state space. 

In relation to quantum theory, if we further assume that local 
commutative rings of measurement scales, corresponding to maximal 
families of compatible observables, can co-finally be translated 
simultaneously into the field of real numbers by means of suitable event- 
registering measuring devices, then the representation of quantum 
systems can be made possible by means of diagrams of simultaneously 


determinable commutative and unital local R -algebras of compatible 
observables. 

This essentially means that the transition from the classical to the 
quantum representation of natural systems, is effectuated by the 


replacement of a category of commutative unital IR -algebras of 
observables evaluated globally and simultaneously to the field of real 
numbers, by a category of appropriate diagrams of local commutative 


unital IR -algebras of compatible observables, amenable to a local 
simultaneous translation into the field of real numbers. Most importantly, 
such a semantic transition becomes possible only via the functorial 
representational framework of natural systems, which entails the 
relativization of physical representability of observable attributes of 
natural systems with respect to varying local commutative coordinatizing 
frames of scale coefficients. 

The force of this present line of argument will be missed without a 
precise indication of the sense in which the qualifications of global and 
local nature are used here. We have seen that in the environment of the 
functorial representation of natural systems, a representing formal 
system stands for a structure specified concretely as a coordinatizing 
unital ring of observables of some corresponding natural system. Thus, 
the distinction between classical and quantum systems should also be 
reflected in the appropriate qualification of their corresponding rings of 
observables. 

The crucial distinguishing requirement with respect to the 
coordinatizing rings of observables has to do with the property of global 
commutativity. In this line of thought, a classical system is being globally 


represented by a commutative ring ( R -algebra) of observable attributes, 
whereas, a quantum one is represented by a ring of observables attributes 
which is only partially commutative, and thus, globally non-commutative. 
The conceptual underpinning of this distinction, referring to the property 
of commutativity of observable coordinates, has to do with the fact that, 
a globally non-commutative or partially commutative ring of observables 
determines an underlying diagram of commutative rings. Then, each 
commutative ring can be locally identified with a ring of commutative 
scalar coordinates. Thus, there exists the possibility that the information 
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contained in a ring of a quantum system's observables may be 
approximated or recovered by a sheaf-theoretic pasting construction 
referring to diagrams of commutative subrings, identified locally with 
commutative rings of compatible observables. 

The implications of these considerations are the following: Firstly, 
we claim that observational complexity is a property of a system’s 
behavior that is conceived topologically as a global attribute, admitting an 
algebraic description in terms (globally non-commutative but locally 
commutative) of its observables. Secondly, the behavior of a quantum 
system can be modeled in terms of well-defined families of local 
commutative algebras of compatible observables, such that the globally 
complex aspect of its behavior is due to the non-trivial interlocking of its 
local manifesting icons in commutative localization measurement 
environments. Thirdly, a suitable representational framework of 
quantum systems, taking into account the functorial interpretation of the 
measurement processes of natural systems, should not be a category of 
non-commutative rings of observables, but a category of appropriate 


diagrams of local commutative unital R -algebras of compatible 
observables. This means that the behavior of a quantum system in relation 
to the measurement processes is not captured by a rigid non-commutative 


IR -algebra of observables, but by diagrams of local commutative unital 


R -algebras of compatible observables. In turn, this is equivalent to the 
preconditional requirement for local variation of the coordinatizing 
frame-ring of coefficients to enable the capture of quantum phenomena, 
together with the requirement of amalgamation of locally compatible 
information into diagrams of such a form. Fourthly, according to the 
above, physical representability of observables of quantum systems 
should be relativized or localized with respect to local commutative 
reference frames of measurement, since simultaneous global 
determination of their attributes into the field of real numbers is 
impossible. We shall see later that the mathematical transcription of these 
ideas requires the explicit adoption of a topos-theoretic model of the 
physical continuum for the description of quantum phenomena, realized 
as a category of (pre)-sheaves over a base localizing category of 
commutative measurement contexts. 

By taking into account the previous distinction, we represent a 
category of quantum systems by means of a cocomplete category of formal 


systems Z, such that: Its objects (called quantum objects), Z , are 
quantum information structures, identified as partially commutative 


unital rings ( IR -algebras) of observables, whereas, its arrows are the 
structure-preserving morphisms between them. 

The basic idea is that the behavior of a quantum system can be 
comprehended in terms of a local to global contravariant functorial 
construction referring to its Spectrum functor. This can be realized for 
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each quantum structure Z in Z,asan interlocking family of incoming 
morphisms from the loci of intentionally depicted commutative 
measurement structures, which, characterize the behavior of simple, 
sufficiently understood local systems. From this perspective, we consider 


a locally small category Y , whose objects, Y,are intentionally selected 


commutative unital rings ( R -algebras) of scalar coordinates, called 
partial or local information carriers, whereas its arrows are structure- 
preserving maps of these carriers. Their role is inextricably connected 
with the philosophy illustrating their attachment to a quantum 
information structure as localization devices, or information filters or 
even as modes of perception. 

The epistemological purpose of their introduction is, eventually, 
the construction of a covering system of a quantum information structure 
with respect to commutative domains of measurement. The notion of a 
covering system signifies an intentional structured decomposition of a 
globally non-commutative information structure in terms of partial or 
local commutative carriers, such that the functioning of the former can be 
approximated, or completely recovered, by the interconnecting machinery 
governing the organization of the covering system. Evidently, each local 
or partial information carrier, includes the amount of information related 
to a filtering process, objectified by a specified context, or a localization 
environment, and thus, it represents the abstractions associated with the 
intentional aspect of its use. A further claim, necessary for the 
development of the proposed functorial model, has to do with the 
technical requirement that the category of quantum information 
structures must meet a condition, phrased in category- theoretic 
language, as cocompleteness. This condition means that the category of 
quantum information structures has arbitrary small colimits. The 
existence of colimits expresses the basic intuition that a quantum object 
may be conceived as arising from the structured interconnection of 
partially or locally defined information carriers in a specified covering 
system. 

We recall that the formal system corresponding to a quantum 
system is completely determined by its Spectrum functor in the 


corresponding representing categorical environment Z . From the 
preceding discussion we have concluded that the Spectrum functor can 
be specified equivalently, either by, the contravariant representable 
functor from the category of partially commutative loci of states to the 
category of sets, or by means of, the covariant representable functor from 
the category of partially commutative rings of observables to the category 
of sets. 

The crucial thing to remember is that any locus of states of a 
quantum system is determined, up to canonical isomorphism, if we know 
all morphisms into this locus from any other locus in the same category. 
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For our purposes we consider the description of alocus Z in terms of all 
possible morphisms from all other objects of Z” as redundant. For this 
reason, we may restrict the generalized point states of Z to all those 


morphisms in Z^ having as domains loci corresponding to 
commutative subrings of the globally non-commutative ring of 
observables of a quantum system. Variation of generalized point states 


over all loci of the subcategory of Z” , consisting of commutative 
measurement loci, identified with Y”, produces the Spectrum functor of 
Z restricted to the subcategory of commutative loci. 

The Spectrum functor of Z , specified as above, stands as an object 
; . op ; 
in the category of presheaves (variable sets) Sets” , representing a 
quantum object in the variable environment of the topos of presheaves 
over the category of its commutative subobjects. This methodology 
proves to be successful by the establishment of an isomorphic 
representation of Z in terms of its generalized point states Y >Z, 


considered as morphisms in the same category, and further, amalgamated 
by sheaf-theoretic means. 
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COMMUNICATION 10 
TOPOI: QUALIFYING 

THE PHYSICAL 
“CONTINUUM” 


10.1 LOCALIZATION AND OBSERVATION 


The codomain of evaluation of physical attributes with respect to some 
measurement scale is usually identified with the concept of the "physical 
continuum”. In standard approaches, the model used to represent these 


values is the real line R and its powers, specified as a set- theoretic 
structure of points, to be identified under instantiation as events, which 
are independent and distinguishable with precision. 

The standard model of the "physical continuum" identifying 
events globally with the point-elements of the real line faces serious 
shortcomings when cases of subjective uncertainty, as in standard 
probability theory, or cases of objective uncertainty and 
indistinguishability, as in quantum mechanics, have to be taken into 
account. In these case, the notion of the physical “continuum” does not 
rely on an assumed preexisting set-theoretic structure of points on the 
real line. Rather, the evaluation of observables require the prior 
instantiation of well-defined local measurement frames, or even local 
contexts of observation, that depend on the prior infiltration or 
percolation of events through these pertinent local frames of 
measurement, or spectral observation. It is precisely in the extensive 
correlations among these local frames that continuity of observables can 
be assigned and part-whole or local-global relations can be meaningfully 
formulated. 

In this sense, particular attention is needed in the clarification of 
what is meant by localization, and concomitantly, how it affects our model 
of the “physical continuum”. The basic premise is that only through a 
consistent localization process does it become possible to discern 
observable events and assign an individuality to them. Generally, such a 
process should not depend on the existence of points, and moreover the 
standard notions of space and time should be derivative from localization, 
rather than the other way round. 

Thinking in physical measurement terms, localization is 
tantamount to a process of filtering or percolating observables through an 
appropriate category of frames, such that the ordered structure of events 
emerging by their evaluation, fibers over the underlying local frames 
including their extensive correlations. In this sense, and from the 
reciprocal viewpoint, an event bears the depth of a sieve of local spectral 
frames through which it percolates, that resolve it compatibly at various 
frames of resolution through local observables. In turn, the latter defines 
a homologous physical procedure of observation or measurement. 

Since it is assumed that frames together with their structural 
morphisms give rise to a category, the localization process should be 
understood in terms of an action of the category of frames on the global 
structure of observed events, according to the above. Then, the event 
structure is qualified in terms of a partition spectrum; it is partitioned into 
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sorts parameterized by the objects of the category of frames. Thus, 
localization can be represented by means of a fibered structure, 
understood geometrically as a variable set over the base category of 
frames. The fibers are qualified, analogously to the case of the action of a 
group on a set of points, as the generalized orbits of the action of the 
category of frames. The notion of functional dependence incorporated in 
this action, forces the ordered structure of physical events to fiber over 
the base category of frames. 

The partition spectrum emerging out of this action is 
characterized by uniformity. More precisely, for any two events observed 
over the same frame, the structure of all frames that relate to the first 
cannot be distinguished in any possible way from the structure of frames 
relating to the second. Given this uniformity, the ordering relation 
between events should be induced from the base category of frames, that 
is, by lifting relations between frames at the base to the fibers. 


10.2 FUNCTORIAL LOCALIZATION: SHEAVES OF GERMS OF OBSERVABLES 


In order to clarify the functioning of a localization process we will 
describe in detail the important case of localization of a commutative, 
unital R -algebra of observables of a natural system over a base 
localizing category O(X), consisting of open loci U of a topological 
space X, the arrows between them being inclusions. In this case, the 
frames are defined in terms of the openloci U of X ,partially ordered 
by inclusion. 

Since observables are conceived as global functions on the R - 
coordinatized state-space of this system, the process of localization forces 


the replacement of the algebra of observables A by an algebraic 
structure which will give us all local and global functional information 
together. All these functional elements should interlock compatibly 
together in an appropriate manner, which serves to respect the extension 
from local to global, as well as the restriction from global to local implied 
by the localization process. The structure at issue is precisely formalized 


by the notion of a sheaf of germs of a commutative, unital IR -algebra of 


observables, denoted by A, which, incorporates all compatible local and 
global information together. Let us first introduce precisely the 
categorical notion of a sheaf on an abstract topological space, and then, 
examine its applicability in the current situation. 

For this purpose, we consider the category of open sets O(X) in 


an abstract topological space, partially ordered by inclusion. If. O( X) 


is the opposite category of O(X), and Sets denotes the scaffolding 
provided by the category of sets, we define: 
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A presheaf of setson O(X) isacontravariant set-valued functor 


on O(X),denotedby P:O(X)” 2 Sets. For each base open set U of 
O(X), P(U) isa set, and for each arrow F:V >U, P(F):P(U)>P 
(V) is a set-function. If P is a presheafon O(X) and peP(U), the 
value P(F)(p) for an arrow F:V >U in O(X) is called the 
restriction of p along F and is denoted by P(F)(p):=p-F.A 
presheaf P may be understood as a right action of O(X) ona set. This 
set is partitioned into sorts parameterized by the objects of OVX), and 
has the following property: If F:V —U isaninclusionarrowin O(X) 
and p is an element of P of sort U,then p.F is specified as an 


element of P of sort V. Such an action P is referred as an O(X)- 
variable set. A variable set of this form is entirely determined by its 
category of elements. 


The category of elements of a presheaf P, denoted by fe. O(X)), 
is described as follows: The objects of [e,o are all pairs (U, p), 
with U in O(X) and peP (U). The arrows of [r, ow, that is, 
(U', p) > (U, p), are those morphisms Z:U'—U in O(X), such that 
p' - P(ZY(p):» p-Z . Notice that the arrows in exces) are those 
morphisms Z:U'—U in the base category O(X), that pull a chosen 
element pe P(U)backinto p'eP(U?). 

The category of elements fe, O(X)) of a presheaf P, together 
with, the projection functor f. : fe, O(X)) > O(X) defines the split 
discrete fibrationinducedby P,where ©(X) isthe base category of the 


fibration. We note that the fibers are categories in which the only arrows 
are identity arrows. If U is an open reference locus of OY), the 
inverse image of U under f. ,is simply the set P (U), although its 
elements are written as pairs so as to form a disjoint union. 

From a physical viewpoint, the purpose of introducing the notion 
of a presheaf P on ©O(X), is the following: We identify an element of 
P of sort U,thatis peP(U), with a local observable, which, can be 
observed by means of a measurement procedure over the reference locus 


U „being an open set of a topological space X . This identification forces 
the interrelations of local observables, over all reference loci of the base 
category O(X), to fulfill the requirements of a uniform and homologous 
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fibered categorical structure. We recall that the latter is understood 
according to the following requirements: 


a The reference loci used for observational purposes, together with, 
their structural morphisms, should form a mathematical category. 
b For any two local observables, both amenable to a measurement 


procedure, over the same open domain of measurement U , the 
structure of all reference loci that relate to the first cannot be 
distinguished, in any possible way, from the structure of loci 
relating to the second. According to this, all the localized 
observables, within any particular reference locus, should be 
uniformly equivalent to each other. 


The split discrete fibration induced by P, where O(X) is the base 


category of the fibration, provides a well-defined notion of a uniform 
homologous fibered structure of local observables in the following sense: 
Firstly, by the arrows specification defined in the category of elements of 


P, any local observable p, determined over the reference locus U , is 
homologously related with any other local observable p' over the 
reference locus U' , and so on, by variation over all the reference loci of 
the base category. Secondly, all the local observables p of P, of the 
same sort U , determined over the same reference locus U , are 
uniformly equivalent to each other, since all the arrows in [Ea X) 
are induced by lifting arrows from the base category O(X), formed by 
partially ordering the reference loci. We conclude that the topological 
localization process is consistent with the physical requirement of 
uniformity. 

The next crucial step of the construction, aims at the satisfaction 
of the following physical requirement: Since, we have assumed the 
existence of reference contexts (open observational domains) locally, 
according to the operational requirements of a corresponding physical 
procedure of measurement, the information gathered about local 
observables in different measurement situations should be collated by 
appropriate means. Mathematically, this requirement is implemented by 


the methodology of completion of the presheaf P , or equivalently, 
sheafification of P. 

A sheaf is characterized as a presheaf P that satisfies the 
following condition: If U=|J U,, U, in O(X), and elements p, € 
P(U), a e l:index set, are such that for arbitrary a, b e I, it 
holds: 
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Pa |U,, =P, [Un 


where, U,:-U, p» and the symbol | denotes the operation of 
restriction on the corresponding open domain, then there exists a unique 
element peP(U), such that p|U, =p, foreach a in J. Then, an 
element of P(U) is called a section of the sheaf P over the open locus 


U . The sheaf condition means that sections can be glued together 
uniquely over the reference loci of the base category O(X). In particular, 
the sheaf-theoretic qualification of a uniform and homologous fibered 
structure of observables, as above, makes the latter also coherent, in terms 
of local-global compatibility of the information content it carries, under 
the operations of restriction and collation. 

Thus, we form the following conclusion: The structure of a sheaf 
arises by imposing on the uniform and homologous fibered structure of 
elements of the corresponding presheaf the following two requirements: 


i Compatibility of observable information under restriction from 
the global to the local level, and 
ii Compatibility of observable information under extension from the 


local to the global level. 


According to the first of the above requirements, a sheaf constitutes a 
separated presheaf (monopresheaf) of local observables over a global 
topological space, meaning that two observables are identical globally, if 
and only if, they are identical locally. In turn, according to the second 
requirement, locally compatible observables can be collated together in 
some global observable, which, is also uniquely defined because of the first 
requirement. 

Furthermore, it is obvious that each set of sort U , P(U),can be 
endowed with the structure of an œR -algebra under pointwise sum, 
product, and scalar multiplication, denoted correspondingly by A(U);in 
that case, the morphisms A(U)— A(V) standfor œR -linear morphisms 
of R -algebras. In this algebraic setting, the sheaf condition means that 
the following sequence of R -algebras of local observables is left exact; 


0>AU) >] [ 40) >] L, ^U) 
As an important example of the above, if A is the contravariant functor 


that assigns to each open locus U c X ,the set of all real-valued continuous 


functions on U , then we will show that A is actually a sheaf. 
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Finally, it is important to explain the construction of the inductive 
limit (colimit) of sets (or rings, or œR -algebras) A(U), denoted by 
Colim[ A(U)], in order to explicate the physically important notions of 
stalks and germs of a sheaf. For this purpose, let us consider that x isa 
point of the topological measurement space X . Moreover, let K bea 
set consisting of open subsets of X , containing x, such that the 
following condition holds: For any two open reference domains U, V, 
containing x, an open set W € K exists, contained in the intersection 
domain U (Y. We may say that K constitutes a basis for the system 


of open reference domains around x. We form the disjoint union of all 
A(U), denoted by; 


Do) := [I], AW) 


Then, we can define an equivalence relation in D(x), by requiring that 
P~q, for peA(U), qeA(V), provided that, they have the same 


restriction to a smaller open set contained in K . Then we define; 
Colim,[A(U)] = D(x) ^», 
Note that, if we denote, the inclusion mapping of V into U by; 
yy V oU 
and also, the restriction morphism of sets from U to V by; 
(y : A(U) AV) 


we can introduce well-defined notions of addition and scalar 
multiplication on the set Colim,[A(U)], making it into an R -module, 


oreven,an 7 -algebra, as follows: 


[2;]*[a,]:-7 [Ow (Py) + Ow (q)] 
uq, |= Lua, ] 


where, p, and q, areelementsin A(U) and A(V),and weR. 
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Now, if we consider that K and A aretwo bases for the system 
of open sets domains around x € X ,we can show that there are canonical 


isomorphisms between Colim,[A(U)] and Colim,[A(U)] . In 


particular, we may take all the open subsets of X containing x: 
Indeed, we consider first the case when K  isarbitrary and A isthe set 


of all open subsets containing x. Then A 5 K induces a morphism; 
Colim, [A(U)] > Colim, [A(U)] 


which is an isomorphism, since whenever V is an open subset 


containing x, there exists an open subset U in K contained in V. 
Since we can repeat that procedure for all bases of the system of open sets 
domains around x€ X , the initial claim follows immediately. 


Then, the stalk of A at the point x€X , denoted by A,, is 
precisely the inductive limit of sets A(U): 


Colim,[A(U)]:7 [ [„ „AUY ~x 


where K isa basis for the system of open reference domains around x, 
and ^, denotes the equivalence relation of restriction within an open 


setin K.Note that the definition is independent of the chosen basis K . 
For an open reference domain W containing the point x, we obtain an 
morphism of A(W) into the stalk at the point x: 


iy, A(W) > A, 
For an element peA(W) its image: 
iy (p):7 p, = germ,p 
is called the germ of p atthe point x. 


The fibered structure that corresponds to a sheaf of sets A isa 
topological bundle defined by the continuous mapping 9: 4 — X, where; 


4- ]L..^. 


9 (xX)2A,-7 Colim „u; [A(U)] 
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The mapping 6 is locally a homeomorphism of topological spaces. The 
topology in A is defined as follows: for each pe A(U) , the set 


Ut X€U] is open, and moreover, an arbitrary open set is a union of sets 
of this form. Obviously, the same arguments hold in the case of a sheaf of 
sets A endowed with some algebraic structure, for example rings or 


F -algebras (where F isa field). 
With respect to the physical interpretation, we remind that we 


have identified an element of A of sort U ,thatisalocalsectionof A, 
with a local observable p, which can be observed via a measurement 


procedure over the reference locus U . Then the equivalence relation, 


used in the definition of the stalk A, at the point xe X signifies the 


following: 
Two local observables pe A(U), q«&A(V), induce the same 


contextual information at x in X , provided that they have the same 
restriction to a smaller open locus contained in the basis K . Then, the 


stalk A, is the set containing all contextual information at x, that is, 


the set of all equivalence classes. 
Moreover, the image of a local observable p< A(U) at the stalk 


A,, that is, the equivalence class of this local observable p, is precisely 
the germ of p atthe point x. Next, if we consider a local observable 
p € A(U), it determines a function: 


p:xe germ p 


whose domain is the open locus U and its codomain is the stalk À,,for 

each x e U. 

We may consider instead, the disjoint union A- TI "T as the 
XE. ^ 


codomain of the function jp . From this perspective, every local 
observable p €e A(U), gives rise to some partial function: 


piU A 
which, is defined on the open locus U c X . Hence, all local observables 
p € A(U), admit a functional representation, established by means of the 


following correspondence: 


AU): p> p 
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Stated equivalently, each local observable p< A(U) canbe legitimately 
considered a partial function: 


p:U—A 


defined over the open reference locus U , the value of which, at a point 
x € U,thatis, germ,p, is the contextual observable information 
induced at x by the local observable p. Furthermore, such a partial 
function p:U — A is identified with a cross section of the topological 
bundle of germs, defined by the continuous mapping 9:4 X, such 
that, 


9 (xX)2A,-7 Colim „u [A(U)] 


Note that the mapping # is locally a homeomorphism of topological 
spaces, and thus, the bundle is étale. 

The previous discussion can be formalized categorically in terms 
of an adjunctive correspondence, defined fundamentally, between the 


category of presheaves of sets Sets?” on the category of open loci 
O(X) ofatopological space X , and the category of topological bundles 


B(X) over X ,as follows: 
rT:B(X)e Sets” A 


where, in the above adjunction, the functor T : B(X) — Sets?" , called 
the cross sections-functor, assigns to each bundle p: 4— X the sheaf of 


all cross-sections of Á , while its left adjoint functor 
A: Sets???" —> B(X), called the germs-functor, assigns to each presheaf 


A the bundle of germs of A . The adjunction is characterized 
completely by the unit and counit natural transformations, defined 
respectively as follows: 


1, : A>TAA 
Ü,: ATA A 


Moreover, if A isa sheaf, then, the unit 7], is an isomorphism, while, 


if A is étale, then, the counit U, is an isomorphism. For these reasons, 
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the above adjunction is restricted to a natural equivalence between the 
categories of sheaves Sh(X) on O(X), and the category of étale 


topological bundles £T (X) over X ,as follows: 
T:£T(X)e3Sh(x):^ 


Note that the above adjunction (natural equivalence) is still valid if we 
consider instead of presheaves (sheaves) of sets, presheaves (sheaves) of 


rings, or R -algebras. Moreover, as a consequence of the categorical 
equivalence between sheaves on a topological space X and étale 


topological bundles over X , every sheaf can be considered as a sheaf of 
cross-sections. 

Itis also instructive to notice that the previous arguments can help 
us to understand the process of completion (or sheafification, or 
germification) of a presheaf. For this purpose, we realize that the notions 
of germ, stalk and étale bundle make sense for a general presheaf. More 
precisely, the germ at a point stands for an equivalence class of elements 
of the presheaf corresponding to open loci around that point, under the 
equivalence relation which follows from having the same germ. The stalk 
over this point is the set of all germs at this point. The étale bundle is the 
disjoint union of all stalks. The first crucial observation is that by the 
definition of a topology on the étale bundle, as described previously, it is 
legitimate to consider continuous sections of the étale bundle. 

Stated equivalently, this procedure amounts to transforming the 
elements of the presheaf into partial continuous functions (continuous 
sections) valued into the étale space. Hence, we manage to functionalize 
the initial presheaf, by defining a new presheaf, called the presheaf of 
sections of the initial presheaf as follows: It is the presheaf, which 
associates to each open locus of the base topological space the set of 
continuous sections from that open locus into the étale space. Now, there 
is an obvious morphism from the initial presheaf to its presheaf of 
sections, which maps each element of the category of elements of the 
initial presheaf to the continuous section, which sends each point in an 
open locus of the base space to the germ of this element at that point. 

The second crucial observation is that the associated 
functionalized presheaf of sections of a presheaf is actually also localized 
(locally determined), meaning that it is a sheaf, identified as the sheaf of 
cross-sections of the corresponding étale topological bundle. Thus, the 
latter sheaf is called the sheaf associated to the initial presheaf. Moreover, 
the process of completion of a presheaf into the sheaf of cross-sections of 
the corresponding étale topological bundle is functorial, meaning that for 
each presheaf there is a functor sending it to its completion, that is, to its 
associated sheaf of sections, called the sheafification functor. As a 
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corollary, we conclude that a presheaf is a sheaf, which means a complete 
presheaf, if and only if the morphism to its associated functional presheaf 
of sections is an isomorphism. 

Thus, the process of completion of a presheaf is equivalent to the 
combined processes of functionalization and localization of its elements. 
Consequently, the associated sheaf of sections of a corresponding 
presheaf, contains by its construction, the totality of local contextual 
information compatible with the one available from the initial presheaf 
due to its restriction property, and in this sense, it constitutes its 
completion. 

Now, let us consider a sheaf of œR -algebras of local observables, 
identified as a sheaf of real-valued continuous cross-sections of the 
corresponding étale bundle. Then, the set of germs of all these sections at 
a point, the stalk at this point, is also an œR -algebra. Most importantly, 
the stalk at this point is a local R -algebra, meaning that it has a unique 
maximal ideal. In turn, this maximal ideal consists of all germs vanishing 
at the point in question. The quotient of the stalk by this maximal ideal is 
isomorphic to the field of real numbers. Equivalently, this means that the 
morphism evaluating a germ of the stalk at a point to the real numbers, 
which provides a real value at the corresponding non-vanishing 
equivalence class of sections at the base point of interest, is a surjective 
morphism of 7 -algebras taking as kernel the maximal ideal of the stalk 
at this point: 


ev cA 2A / u, ER 
germ, p> ev, (germ, p) = p(x) 


Thus the evaluation morphism of a germ of the stalk at a point of the base 
space isan œR -valued measurement of this observable germ, interpreted 
as an observed event of the corresponding natural system, and 
subsequently encoded by means of an œR -state of its topological state- 
space. 

At a next stage of development of these ideas, the sheaf of germs 
of real-valued continuous functions on a topological space X is an 
object in the functor category of sheaves Sh(X) on varying reference 
loci U , being open sets of X , partially ordered by inclusion. The 
morphisms in Sh(X) are all natural transformations between sheaves. 
Itis instructive to notice that a sheaf makes sense only if the base category 
of reference loci is specified, which is equivalent in our context to the 
determination of a topology on the space X . The functor category of 
sheaves Sh(X), provides an exemplary case of a construct known as 
topos. 
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A topos can be conceived as a local mathematical framework 
corresponding to a generalized model of set theory, or as a generalized 
algebraic space, corresponding to a categorical universe of variable 
observable information sets over the multiplicity of the reference loci of 
the base category. We recall that, formally a topos is a category, which has 
a terminal object, pullbacks, exponentials, and a subobject classifier, 
which in turn is understood as an object of generalized truth values. The 
particular significance of the sheaf of real-valued continuous functions on 


X ,isdueto the following isomorphism: The sheaf of germs of continuous 


real-valued functions on X , is isomorphic to the object of Dedekind real 
numbers in the topos of sheaves Sh(X) . The aforementioned 
isomorphism validates the physical intuition which reads a local 
observable as a continuously variable real number over its locus of 
definition. 


10.3 TOPOS-THEORETIC RELATIVIZATION OF REPRESENTABILITY 


The transition in the semantics of the physical continuum from the topos 
of Sets to the topos of sheaves Sh(X) is an instance of the principle 
of topos-theoretic relativization of physical representability referring to 
the interpretation of observed events. We initially notice that, in the 
former case, observables are identified with (continuous) functions 
determined completely by their values at points. In the latter case, 
observables are identified with local continuous sections of the étale 
space determined completely by their germs. 

In order to analyze in more detail the transition in the semantics, 
we note that, in the former case, a continuous function from a base 


topological space X to the topological space R can be considered as 
a continuous section from X tothe product space X x &.This product 
space is set-theoretically isomorphic to a space containing a copy of the 
coordinatizing frame-field R at each point, being the inverse image of 


the projection from X xR tothe base X.The value that is taken at a 
point is the value taken by the function. Thus, this type of modeling the 
notion of an observable is only appropriate in capturing its point- 
properties. 

In contrast, in the latter case we obtain local properties of 
observables. This is due to the fact that in the sheaf-theoretic local 
environment, we associate not with the value that a section takes at a 
point of the base space, but its germ. In this sense, instead of the product 
total space X xR, we have the étale topological space, such that the 
inverse image of each point of the base space is not a copy of the 


coordinatizing frame-field 7, but the stalk at that point. 
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This essentially means that the transition of semantics from the 
topos of sets Sets tothe topos of sheaves Sh(X) amounts to shifting 
the focus from point-wise behavior of observables to local behavior of 
observables. Obviously the étale topological space is a much richer and 
bigger space than the rigid space X xR , since the étale space provides 
information about the local behavior of observables around each point of 
the base space in terms of germs, instead of merely point-wise behavior of 
observables in terms of their values in the real numbers. 

Thus, observed events are not determined by the values of 
continuous functions at points of the base space, but by the evaluation 
morphisms of germs at those points, according to our previous remarks. 
We conclude that the meaning of the principle of topos-theoretic 
relativization of physical representability as effectuated by the transition 
from the topos of sets Sets tothe topos of sheaves Sh(X) amounts to 
a relativization with respect to the local behavior of physical observables 
as opposed to their point behavior. 

It is worth explaining in some further detail the important notion 
of relativization of physical representability by shifting the semantics of 
observables from the topos of sets Sets to the topos of sheaves Sh(X). 
The absolute representability principle is based on the set-theoretic 
conception of the real line, as a set of infinitely distinguished points 
coordinatized by means of the field of real numbers. Expressed 
categorically, this is equivalent to the interpretation of the algebraic 
structure of the reals inside the absolute universe of Sets , or more 
precisely inside the topos of constant Sets. 

It is also well known that algebraic structures and mechanisms can 
admit a variable reference, formulated in category-theoretic jargon in 
terms of arrows-only specifications, inside any suitable topos of discourse. 
The relativization of physical representability with respect to the topos of 
sheaves Shv(X), amounts to the relativization of both the notion and the 
algebraic structure of the real numbers inside this topos. Regarding the 
notion of real numbers inside the topos Shv(X), this is equivalent to the 
notion of continuously variable real numbers over the open reference 
domains of X , or else, equivalent to the notion of real-valued continuous 


functions on X , when interpreted respectively inside the topos of Sets. 
Equivalently stated, the internal object of Dedekind reals 
constructed within the logic of the topos Shv(X) is isomorphic to the 


sheaf of germs of continuous real-valued functions on the space X . 
Regarding the algebraic structure of the reals inside the topos Shv(X), 
they form only an algebra in this topos, which is identified with the sheaf 


of commutative R -algebras of germs of continuous real-valued 
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functions on X , where R corresponds in that case to the locally 


constant sheaf of germs of real numbers over X. 
From a physical perspective, internally in the topos Shv(X) the 


valuation algebra of real numbers is relativized with respect to the base 


category of open sets of a topological space X . As a consequence it 
admits a description as a sheaf of of germs of continuous real-valued 


functions on X . In particular, for each open reference context U of 


X , we obtain a unital commutative algebra of continuous real-valued 
local sections. In this way, the semantics of localization of observables is 
transformed from a set-theoretic to a sheaf-theoretic one. More 
concretely, it is obvious that inside the topos Sets the unique 


localization measure of observables is a point of the R -spectrum of the 

corresponding algebra of scalars, which is assigned a numerical identity. 
By contrast, inside the topos Shv(X), the former is substituted by 

a variety of localization measures, dependent only upon the open sets in 


the topology of X . In the latter context, a point-localization measure, is 
identified precisely with the ultrafilter of all opens containing the point. 
This identification permits the conception of other filters owing their 
formation to admissible operations between opens as generalized 
measures of localization of observables. In a wider context, the 
relativization of representability effected in Shv(X) is physically 
significant, because the operational specification of measurement 
environments exists only locally and the underlying assumption is that 
the information gathered about local observables in different 
measurement situations can be collated together by appropriate means; a 
process that is precisely formalized by the notion of sheaf. 

Conclusively, we assert that localization schemes referring to 
observables may not depend exclusively on the existence of points, and 
thus should not be tautosemous with the practice of conferring a 
numerical identity to them. Therefore, the  relativization of 
representability with respect to the internal reals of the topos of sheaves 
Shv(X), amounts to the substitution of point-localization measures, 
represented numerically, with localization measures fibering over the 
base category of open reference loci, represented respectively by local 
sections in the sheaf of internal reals. 

The transition in the semantics of physical representability under 
relativization from the topos Sets to the topos Shv(Y) can be 
formalized via the concept of an admissible transformation between topoi, 
called a functorial geometric transformation, or simply a geometric 
morphism. More concretely, a functorial geometric transformation from 


the topos Sets to the topos Shv(Y) is defined as a pair of adjoint 
functors: 
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F^: Sets > Shv(Y) 
F_:Shv(Y) > Sets 


where the functor F_ is right adjoint to the functor F^, which in turn 
is left exact. Then, the functor F.. is called the direct image part of the 


functorial geometric transformation, while the functor F^ is called the 
inverse image part. 
The terminology arises from the simple realization that a 


continuous morphism between topological spaces X and Y, denoted 
by h:X >Y induces a functorial geometric transformation between the 


categories of their sheaves as follows: 


H”: Shv(Y) > Shv(X) 
H.: Shv(X) > Shv(Y) 


such that: 
Shv(X) = Shv(Y) 


form an adjoint pair of functors, where, if A isasheafon X ,and U 


is anopenlocusin Y,then: 
H.(AXU) = A(Q XU) 


called the direct image of the sheaf A under the morphism /. On the 
opposite side, the inverse image of a sheaf B under the morphism /, 
denoted by H'(B) is defined as the sheafon X such that the stalk at 
any point xe X isthestalkat A(x). 

Most importantly, anp functorial geometric transformation 
between the topos of sheaves on X and the topos of sheaves on Y 
necessarily arises from a unique continuous function between these 
spaces. The above is particularly useful, and can be demonstrated by a 
simple example as follows: the topos Sets can be considered as the 
topos of sheaves over the |-point topological space, that is, Shv(1). 
Thus, a point y of a topological space, ie. a continuous morphism 
y:1— Y, gives rise to a geometric morphism described by: 
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y :Shw(Y) > Shv(1) 
y.:Shv(1) > Shv(Y) 


such that: 
Shv(1) 2 Shv(Y) 


form an adjoint pair of functors, where if A is a sheaf over the one- 
point topological space |, which is just a set,and U is an open locus in 
Y , then: 


y {A)U) = A((y (0) 


that is, the direct image of the set A under y, gives the value A if 
yeU and the value | otherwise. The sheaf y(A) on Y is the 
skyscraper sheaf at the point y , which is a totally discontinuous sheafon Y. 
Thus, if A is the sheaf of internal reals on |, that is, the set of real 
numbers, then the skyscraper sheaf y.(A) on Y consists of a copy of 
the real numbers at the point y and is | at all other points. On the 


opposite side, the inverse image of a sheaf B under the morphism y, 


denoted by y (B) , is precisely the stalk of B atthe point y. Thus, if 
B is the sheaf of internal real numbers in the topos Shv(Y), then its 
inverse image under y is the stalk of the internal real numbers at y, 
that is, the set (local ring) of germs of continuous real-valued sections at 
y . This means in turn that the notion of a continuously variable real 


number over Y, which is a real number from the perspective of Shv(Y), 


is transformed via the inverse image functor y corresponding to 
y:1— Y, into the notion of a germ of continuous real-valued sections at 
y from the perspective of Shv(1). 

This simple example illustrates the first fundamental aspect of the 
principle of relativization of physical representability with respect to the 
internal reals of a topos of the form Shv(Y), where Y is a topological 
space. More precisely, since the sheaf of internal real numbers in the topos 


Shv(Y) is perceived via y by the set (local ring) of germs of 


continuous real-valued sections at y in Y , this means that the 
transition in the semantics of observable representability at a point of a 
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base topological space, as reflected within the topos of sets, amounts to 
the substitution of a point-localization measure of an observable, that is 
its real value at that point, encoding point-wise information, by its germ 
at the same point, encoding local information. 

The second fundamental aspect of the principle of relativization of 
physical representability with respect to the internal real numbers of a 
topos of the form Shv(Y), where Y is a topological space, is 


implemented by means of the following functorial geometric 
transformation: 


Shv(Y) 2 Sets 
F^: Sets > Shv(Y) 
F_:Shv(Y) > Sets 


where, 
F_:=T :Shv(Y) > Sets 


is the global sections functor, which assigns to a sheaf A in Shv(Y) 


its set of global sections (global elements) T(A) ^ Nat(1, A), where 1 is 
the terminal objectin Shv(Y). 

In particular, if A is the sheaf of internal real numbers in the topos 
Shv(Y), then its set of global sections is the set of real-valued continuous 
functions on Y. This means that the notion of a continuously variable 


real number over Y, that is, a real number from the perspective of 
Shv(Y), is transformed by the inverse image functor F.:-I' to the 


notion of a real-valued continuous function on Y from the perspective 
of Sets. 

Consequently, the semantics of observable representability globally, as 
reflected within the topos of sets, remains invariant under the 
relativization with respect to the internal reals of a topos of the form 
Shv(Y). Hence, the relativization of physical representability as above, 
forces the encoding of local observable information in terms of germs, and 
thus transforms the semantics of observables from the point level to the 
local level, while it leaves invariant their global interpretation. 

In the opposite direction, the functor: 


F:-A:Sets > Shv(Y) 
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assigns to each set 5 the corresponding constant presheaf A(S):— AS. 
This constant presheaf sends each open set U of Y tothesameset S. 
In particular, if $ is the set or real numbers R , then the constant 
presheaf sends each open set U of Y tothesetofrealnumbers R. 

Thus, the corresponding étale space of the constant presheaf AR isthe 
projection Y xIR —Y . Therefore, for each open locus U of Y, 
AR(U) is the set of continuous functions from U to the discrete space 
R. This is exactly the set of locally constant functions from U to R. 


In this sense, the sheaf AR is called the constant sheaf corresponding to 
the set of real numbers. 
A particularly interesting application of the above arises even in 


the case that the base topological space Y is discrete, considered as an 
infinite set. We may consider the counit natural transformation of the 
corresponding pair of adjoint functors: 


Ü:F.F Id,., 
Üü:EFSoS 


If S isthe setor real numbers R , then we obtain: 
Ú :FFR >R 


Note that the domain of the counit, is the set of global sections of the 


constant sheaf AR in Sets as previously. This set is identified as the 
set of sections of the projection morphism from the cartesian product 


YxR (viewed as a set) to Y. Itis denoted by IR”, while its elements 


NE R' are mappings y:Y — R. Therefore, we obtain: 
Ú :R” >R 


This is precisely the evaluation morphism of the set IR" to the set of 
real numbers, that is, the morphism evaluating the set of global sections 


IR” of AR ata point y of the base space Y to the set of real 


numbers. The result of evaluating the set IR” ata point y of Y is 
equivalent to the process of identification of functions y:Y —R in 


IR” under the condition that their values at y are the same; in short, 


we may define an equivalence relation on the set JR’ as follows: 
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LNY 
if and only if: 


zo) 7v») 


This means in turn that the set, 
Ui eY:xo)-viy 
belongs to the principal ultrafilter of y , that is, to the set: 
V,={UcY:yeU} 


Now, if we identify the point y with its principal ultrafilter, we may 
reformulate the equivalence relation as follows: 


Xr Y 


y 


if and only if: 
EY x) 7 vi ev, 


Consequently, the result of evaluating all the elements of the set IR” at 


the point J, or equivalently, at the principal ultrafilter V,,, is the set of 


equivalence classes of IR” modulo the equivalence relation ~, . This 


y 


set is obviously isomorphic to the set of real numbers, that is: 
R'/ Pug e R 
and the evaluation morphism is actually the following: 
Ú R” OR'/~, ~R 


The above procedure also give us the possibility of evaluating the set of 
global sections IR" of AR at an arbitrary ultrafilter V of the base 
space Y, thought of as a virtual point of Y . More specifically, an 
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ultrafilter V isapointofthe compactification of Y .In this way, we may 


define the following equivalence relation on the set R”: 


Ay V 


if and only if: 


{y, EY: zo) =y eV 


Similarly, the result of evaluating all the elements of the set R” at the 
ultrafilter (virtual point) V , is the set of equivalence classes of IR” 
modulo the equivalence relation ~,. This set is not isomorphic to the 
set of real numbers, and is called the ultrapower of IR” with respect to 
the ultrafilter V . Moreover, the set of real numbers can be naturally 
embedded in the ultrapower of JR” with respect to the ultrafilter V .In 
this sense, the ultrapower of IR” with respect to V , denoted by Da 
contains the real numbers and additionally contains new generalized 
elements. 

Consequently we can imagine the elements of the ultrapower Y, asreal 


numbers surrounded by a cloud of objective thickness. Of course, this 
procedure provides the possibility of a generalized interpretation of 


measurement states of the corresponding ring of global observables IR", 
by means of the surjective morphism of rings: 


R’ >Y, 


Which is to say the legitimate consideration of Y, -states of IR”. 


Essentially, this means thatthe ring Y, canactasaring of measurement 


scales for the evaluation of the observables in JR’ . This is another 


indication of the fact that absolute representability with respect to R - 
measurement scales should be abandoned, and instead a covariance 
principle referring to all legitimate rings of measurement scales should be 
substituted in its place for the evaluation of observables. 

Based on the above conclusion, we may extend these ideas by 
taking into account the following: Firstly, the set of global sections IR” 
of AR is actually a commutative R -algebra as can easily be verified. 
Secondly, an injective correspondence exists between the proper ideals of 


the R -algebra JR” and the filters of the discrete space Y 
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(considered as an infinite set). More concretely, if we recall that the 


elements 7€ R' are mappings y:Y —R, then we can define the zero 
setofanelement / as follows: 


Züp-iveY|Ixo)-0j 


Furthermore, if we denote by J an idealin the R -algebra R”, and 


by F a filter on the infinite set Y we obtain the injective 
correspondences: 


Ie F= {ZDE} 
Fi 4,7 x ER" |Z()eF) 


The above correspondences are order-preserving and idempotent under 
iteration. It follows that every reduced power algebra IR’ /.7, where J 


is an idealin the R -algebra IR" is of the quotient form: 
A, 7R'/4, 


for a unique generating filter F ontheindexset Y. 
Next, we note that reduced power algebras of the above form can be 


related to each other as follows: For two filters F, G on Y,suchthat 


F c G, we obtain the surjective morphism of IR -algebras 


A, > A; 
1*4, P ds 
from which we conclude that the algebras As and A. (I G NI r) are 
isomorphic. A degenerate case refers to the power algebras obtained when 


a filter F on Y is generated by a non-empty subset x of Y,that is, 


in case that „F ={K cY |K D2}. Then, we obtain the power algebras of 
the form: 


Further, if x isa finite subsetof Y having n21 elements we obtain: 
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A, 7 =R' 
Consequently, the n-dimensional Euclidean spaces are power algebras 


of IR’ of the form R*, where x isa finite subset of Y having n- 
elements. The exclusion of all the degenerate cases, leading to the 
formation of power algebras, amounts to restricting the generating filters 


to those that are supersets of the Maurice Frechet filter on Y . The 
Frechet filter on Y , denoted by Fr is a cofinite filter on Y , where a 
cofinite filter on Y consists of all subsets of Y having finite 


complement in Y. Thus, non-degenerate reduced power algebras of IR” 
are of the form: 


A, =R'/ I, 


for a unique generating filter F onthe index set Y,suchthat F > Fr. 
Moreover, because of the relation Frc F , every non-degenerate 


reduced power algebra A, of IR” is the surjective image of the 
reduced power algebra A, corresponding to the Frechet filter on Y, 


and moreover, it is isomorphicto Ay, / (J, / Jp), that is: 


A ew. ds Fs) 


The two most important properties of all the non-degenerate reduced 


power algebras of JR’ are that they have zero divisors, unless the 
dividing ideal is prime, and that they are non-Archimedean. Still, they can 
legitimately act as rings of measurement scales for the evaluation of the 
observables in JR”. Thus, once again the absolute representability with 
respect to R -measurement scales should be abandoned in favour of a 


covariance principle with respect to all legitimate rings of measurement 
scales for the evaluation of observables. 


10.4 DIFFERENTIAL RINGED SPACES OF STATES 


The transition in the semantics of the physical continuum from the topos 
of Sets tothe topos of sheaves Sh(X) as an instance of the principle 


of topos-theoretic relativization of physical representability, entails a 
transition in the semantics of observables from (continuous) functions 
determined completely by their values at points, to local continuous 
sections of the étale space of a sheaf determined completely by their 
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germs. Thus, in the latter case of localization within the environment of 
the topos of sheaves Sh(Y) we are naturally led to the introduction of 
the notion of a commutative ringed space of states. We note that the 
notion of ringed spaces is used extensively in Algebraic Geometry, in the 
theory of Abstract Differential Geometry, and in the theory of C”- 
differentiable spaces. 

A commutative ringed space of states isa pair (X,R) consisting 
of a topological space X and a sheaf of commutative rings of 
observables R on X. The space X is called the underlying state- 
space of the ringed space, while the sheaf R is called the structure sheaf 
of observables. Now, for any open locus U c X , the pair (U,R|;) is 
also a ringed space, called an open subspace of states of (X,R). A 
morphism of ringed spaces H —(h,9) from (X,R) to (Y,Q) consists 
of a continuous morphism of topological spaces /:: X Y and also a 
morphism of sheaves of rings 9: H (Q) >R. 

We recall that if R is the field of real numbers, then an IR - 
algebra of observables A is a ring A together with a morphism of 
rings R—> A (making A intoa vector space over R ) such that, the 
morphism .A— IR isa linear morphism of vector spaces. Notice that the 
same holds if we substitute the field R with any other field, for 
instance, the field of complex numbers C. 

Next, we introduce the notion of a commutative (locally) IR - 
ringed (or IR -algebraized) space of states asa pair (X,A) consisting of 
a topological space X and a sheaf of commutative R -algebras of 
observables A on X , such that the stalk A, of germs is a (local) 
commutative R -algebra for any point xe X. A morphism of R- 
ringed spaces 7H —(h,$) from (X,A) to (Y,B) consists of a 
continuous morphism of topological spaces /A:X —Y and also a 
morphism of sheaves of R -algebras $: H' (B) > A, such that for every 
x€X the induced morphism of stalksat x,thatis, ¢,:B,,) >A, isa 
morphism of R -algebras. We denote the category of commutative 
(locally) R -ringed (or R -algebraized) spaces of states by Aj. 

At this stage, we are able to introduce the notion of a category of 
models as a subcategory of the category Ap , denoted by Mg, which 
satisfies the following conditions: 


452 NATURAL COMMUNICATION 


i The base locus U of an object (U,A) of M, is some model 
topological space; 

ii If (U,A) is an object of M}, and V cU an open locus, then 
(V,A|V) is also an object of M, , and the injection 
(V, A|V)ee (U,A) isamorphismin Mg. 


We say that given a category of models M}, an R -ringed (or R- 


algebraized) space of states (Y,B) isan M,-manifold if the following 
conditions are satisfied: 


i Every point yey has an open locus U together with an 


isomorphism of R -ringed spaces, that is: 
H =(h,):(U,B|U) > (U, A) eM, 


We call the above isomorphism an Mi -coordinate chart, or 


reference frame of (Y,B) with respect to the category of models 
Mi; 


ii For any pair of M, -coordinate charts: 


H, =(h,,9,):(U,,B|U,) >(U,,A,) 
H, =(h,,):(U,,B|U,) > (U,, Ay) 


with U, QU, +Ø, the induced isomorphism: 


A, = H, eH, :(U A, | U,,) > (U,,,A, | U,) 


ba? 


is a morphism in the category of models Mi, where: 
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The isomorphism H, inthe category of models Mọ is called a 
gluing datum between overlapping Vl, -coordinate charts of 


(Y,B) with respect to the category of models Mg; 


iii The following cocycle relations are satisfied whenever they are 
defined: 

o H7 

2 H, = Ha” 

5 H p° Hy 5Ha 


From the above, we conclude the following: Given a gluing datum 


between overlapping Mg -coordinate charts of (Y,B) with respect to 


the category of models Mg, we consider the disjoint union: 


IL. U.A) 


with its natural structure as an M, -manifold, where I is a 
corresponding indexing set. Then, we introduce on al j(U,,A,) a 
aec. 


relation defined as follows: 


(U,,A ) (,,5,) ~ Ops) €(U,, A) 


if and only if: 


i (y,,5,) eU, c U, 

ii (y,,5,) €U,, CU, 

iii (Vassa) = H4(,5,)) 

Then, according to the cocycle relations of the given gluing datum we 


obtain that: Because of (1) the relation is reflexive, because of (2) 
the relation is symmetric, and because of (3) the relation is transitive. 


Hence the relation ^ defined on ll ,(U,.A,) is an equivalence 


relation, giving rise to a groupoid. The quotient space 


IL. A^ 
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with respect to this equivalence relation has the induced structure of an 


M; -manifold, such that the natural projection 
p: U4) > [UA y~ 


is a morphism of Mp -manifolds. Moreover, the set {p(U,,A,)}.., is 
defined as an. M, -coordinate atlas on IlL. (U,,A,)/~. 


An immediately obvious application of the notion of an Mg- 


manifold becomes clear if we consider as a category of models M, the 


sm 


smooth category of models, denoted by M,"”". The category Me™ has 


as objects pairs of the form (R",C* pa) where Cs denotes the sheaf 


of real-valued smooth functions of class C^ on R”. We notice that in 


this case morphisms (R”,C” )2(R",C*,) are just smooth maps 


pR” 
R” — R” . 
Then, given the category of smooth models M,°",an R -ringed 


(or IR -algebraized) space of observables (Y,B) is called a smooth IR - 
manifold if it satisfies the conditions [I], [II], [III] given previously. We 


also notice that the structure ofa smooth R -manifold is obtained by the 
equivalence relation on the disjoint union of its coordinate charts induced 
by the corresponding gluing datum with respect to the category of smooth 


models. We denote a smooth R -manifold by the pair (Y,O,), where, 
for every open subset U of Y, (0,)(U)- C^,(U) is the ring of 
smooth functions on U. 


A morphism between smooth IR -manifolds is called a 
diffeomorphism when it is an isomorphism of the corresponding R -ringed 
spaces. In this sense, some smooth functions u,,...u, € C ,(U) define a 
smooth coordinate system on U if the corresponding morphism 
(u,,...,u,):U — R” induces a diffeomorphism of U onto an open locus 


of the model smooth topological R” for some appropriate 7 € N. 
An interesting observation has to do with the fact that the 


definition of a smooth R -manifold as an R -ringed (or R- 


algebraized) space of states (Y,O,) obtained by means of a gluing 


datum with respect to the category of smooth models M,””, takes into 
account the principle of relativization of physical representability with 
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respect to the internal reals of a topos of the form Shv(Y), where Y is 
a topological space. We emphasize the significance of this principle 
concerning its dual aspect referring to both the local and the global 
behavior of observables. 


From the other side, we know that a smooth R -manifold, is 


completely determined by the ring ( IR -algebra) of all global smooth 
functions (assuming that it is a Hausdorff topological space with a 


countable basis). This means that the semantics of asmooth R -manifold 
is completely determined by the information encoded in the global 
observables only, or equivalently, its semantics is completely understood 


with respect to the constant topos of sets Sets. 

We consider this fact as a serious drawback which affects the 
interpretation of our current physical theories to a very significant 
degree, on which we shall expand later. Most importantly, the localization 
properties of observables expressed in terms of observable germs are 
actually overlooked. In this sense, it is necessary to understand the 


procedure by means of which the R -ringed (or R -algebraized) space 
of states (Y,O,) can be reconstituted from the ring (R -algebra) C^, 


of global real-valued smooth functions on Y. 


Firstly, the set Y is recovered as the R -spectrum of global 
observables (global real-valued smooth functions) C”,, that is the set of 


all surjective morphisms of R -algebras: 
y:C,9R 
Thus, we have that, set-theoretically: 
Y = RSpec(C^,) = Hom, ,, (C^, R) 


We recall that the R -algebra (field) R is called the coordinatizing 


frame of each state of the formed state-space RSpec(C^,) . The 
geometric semantics of this connotation denotes the set of elements 


which can be R -observed by a measurement procedure on the ring of 


observables Cs Eventually, that set of elements, constituting the R- 


spectrum of C^,, are identified with the R -coordinatized points of a 
geometric state-space that can be observed by means of the ring of global 


real-valued functions C^,. The next task is to endow the set (state- 
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space) RSpec(C”,) with an appropriate topology, so that it bears the 
structure of a topological space. We consider the Israel Gelfand topology 


on RSpec(C ,), which is defined by the requirement that it is the 
smallest topology such that: 
f :RSpec(C^,) >R 
f)y- Y()eR 


is continuous for any f € C^,. Thus, we get a morphism of R -algebras: 


C^, > Hom, (IRSpec(C",), R) 
fef 

fM=rfeR 
where the Hom -set contains morphisms between continuous state 
spaces. Now, according to the Gelfand representation theorem, if Y isa 
separated smooth R -manifold whose topology has a countable basis, 
then the above morphism of R -algebras is an isomorphism, and the 


morphism: 


À:Y > RSpec(C”,) 


is a homeomorphism of topological state-spaces. Note that if Y is a 
smooth R -manifold each point yey defines a morphism of of R - 


algebras ( IR -evaluation): 


A,:C',9R 
AG)- fo) 


Equivalently stated, each point y € Y , defines a maximal ideal 4, of 


C^,, that is: 


L, = AerA, cA eU V FY 


Consequently, we obtain a natural morphism 
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À:Y > RSpec(C”,) 
My) =A, *: ui, 


which is a homeomorphism of topological spaces. Thus, identifying the 
topological space Y with the topological space RSpec(C”,) via 4, the 
topology of Y coincides with the Gelfand topology, the morphism of IR 
-algebras C^, > Hom,,,,,,(RSpec(C”,),R), where fb f. such that, 


states 
fy) =y(f)eR is an isomorphism, and the evaluation morphism 4, 
is the same as 7, being identified with the maximal ideal 4, for each 
R-state y in Y. 

Furthermore, if U is any open set in Y = RSpec(C”,), then we 


require that O,(U) =C”(U), where: 
C=C |U 


is the algebraic localization of C^,, or ring of fractions of C^, with 
respect to the multiplicative set of all global real-valued smooth functions 
without zeros in U , that is: 


C(U)-C,|U-CQ)JU-(flg:f.geC | g(y) #0, Vy eU) 


The localization of C^, with respect to the multiplicative set of all 
global real-valued smooth functions without zeros in U corresponds to 
the localization of C^, at the ideal {ly of all real-valued smooth 
functions vanishing at a closed subset K of Y (zero-set of the ideal 


Hx), complementary to U , that is: 


K={yeY:g(y)=0,Vg € uy} 


In this way, given the ring ( R -algebra) C^, of global real-valued 
smooth functions on Y , we finally obtain a topological space 
RSpec(C^,) identified with Y, viz. the R -spectrum of C”,, together 


with a structure sheaf of rings (IR -algebras) O y identified with 


ed 
RSpec(C y 
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the completion (sheafification) of the presheaf of rings ( IR -algebras) 


U—>C*U(U), denoted by C°, =0 , such that: 


RSpec(C^ y) 


rc”, -TO e. 


RSpec(C” y) 


Consequently, we have constructed the R -ringed (or R -algebraized) 
space of observables 


— 


RSpec(C”,),O n ):- (RSpec(C”,),C’,) 


RSpec(C^ y) 


from the ring (IR -algebra) C^, of global real-valued smooth functions on 
Y, where Y - RSpec(C^,). If we apply this procedure to the ring ( R - 


algebra) en , we obtain the local smooth model R -ringed space 


(R", C” gn ), as an object in the smooth model category Mg”, by means 


of which we have defined the notion ofa smooth R -manifold previously 
within the topos of sheaves. 
An extremely significant observation has to do with the fact that 


the procedure of reconstitution of the R -algebraized space of states 
(RSpec(C^,),C^,) from the ring ( R -algebra) of observables C^, , 
where Y isasmooth R -manifold, can be applied for an arbitrary R - 
algebra of observables A. Of course, in this case the R -spectrum of 
A, that is, RSpecA is not a smooth R -manifold any more, meanong 
that it is not modeled on the local smooth model R -ringed space 
(R",C*.,). Still, the associated R -ringed space (RSpec.A,A) can be 


an M, -manifold for an appropriate choice of a category of models Mọ. 


A natural issue that arises in this setting is the conceptualization 


of an R -ringed space (IRSpecA,A) as an M, -manifold, where the 


category of models has objects (local models of an M, -manifold) of the 


form (RSpec(D),D), where D isa quotient of C^ by an ideal ¢ 
R” 


of C^ ,thatis: 
R” 


D:=C° sé 


pR” 
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for some natural number n. Obviously, D refers to the completion of 
the presheaf U Œ D(U) for U open locus in IRSpec(D) obtained 
by the procedure of algebraic localization of the R -algebra D. We 
think of the ideal £ as the ideal of all elements of c vanishing at a 


closed subset [2], of R",that is: 


[f]; = ER": f(x) =0,Vf eo} 


Then, evidently RSpec(P) is identified with the zero-set of the ideal 4, 
that is: 


RSpec(D) = RSpec((C^,.,)/ 8) -[$], = x ER": f(x) 26, Vf Es} 


We notice that, by analogia to the local smooth model case, we may call 
(IRSpec(D), D) a local differential model. This is due to the fact that, 


although RSpec(D) - [£], is nota smooth manifold, it can be interpreted 
as a differential space, whose global algebra of differentiable functions is 
D. 1E. In this sense, differentiable functions on RSpec(D) - [2], 


are thought of as restrictions of smooth functions on R". This is due to 


the existence of the surjective morphism of R -algebras: 


OO ET 


R” 


which is interpreted as a restriction morphism, that is for any f eC” , 
: R 


the equivalence class [f] em /& is said to be the restriction of the 
smooth function f to the differential function [f], or else, the 
restriction of f to the differential subspace [E], of the smooth space 
R”. In this manner, the notion of differentiability induced by local 
differential models of the form considered, and subsequently, the notion 
ofan Mi -differential manifold obtained, is much more general than the 


notion of smoothness induced by local smooth models and the associated 
smooth manifolds. Moreover, the notion of differentiability supersedes 
the notion of smoothness, which in turn, is obtained as a special case of 
the former. 

Motivated by the previous observation, we say that an ideal of a 
differentiable algebra is closed if and only if its quotient by this ideal is 
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also a differentiable algebra. In particular, since C^, is a differentiable 
algebra, and the quotient algebra e /& is also a differentiable algebra 
by restriction, the ideal & is closed. We also say that an R -algebra Z 
is simple if 0 is the unique element of Z vanishing at any point of 


RSpec(Z). This is equivalent to saying that the morphism of R - 
algebras: 


Z — HOM 5 ies (RSpec(Z), R) 


fof 


is injective, so that any simple R -algebra is isomorphic to an algebra of 
real-valued continuous functions on the topological space RSpec(Z). It 


is clear that if Z is of the form Z=D=C” A /é where é denotes 


the closed ideal of all elements of C” yn vanishing at a closed subset [6], 


of R',then Z issimple. Now, we are ready to consider an extension of 
differentiable algebras to non-simple ones. 


Intuitively, these algebras are still of the form Cs /&, where £ 
is a closed ideal, but now they contain nilpotent elements. This equivalently 
means that the ideal is of the form €=¢€" for some power r. For 
example, if //, is the (maximal) ideal of all smooth functions of Cr, 
vanishing at x in R”, then C” yn / u? is considered a differential 


algebra containing nilpotent elements. Note that: 
RSpec(C".., /uj)- RSpec(C".., / u) = {3} 


but C° / uj contains nilpotent elements. In this sense, we can 
a f 


consider local differential model spaces of the form 


(hC a) 


pR” 


interpreted as the [r —/h infinitesimal region of x] differential space, 
being a differential subspace of (R',C*,,). These differential spaces 


have an interesting physical interpretation, since the restriction of a 
smooth function f eC” , to a differential space of the above form is 
R 
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equivalent to the r—/h Taylorexpansionof f at x.Thisis called the 


r—th-jetof f at x and we obtain: 


(r1) 


Je We" n, 


p" 


According to the preceding analysis we can now conceptualize an IR - 


ringed space (RSpec.A, A) asan Ml, -manifold, called a differential R - 
ringed space, where the category of models has objects (local models of an 
M, manifold) of the form. (IRSpec(D), D). 


Inthis context, 7? stands for a differentiable algebra, since it is 
a quotient of e by a closed ideal £ of E , that is: 


D= Ië 


p 
for some natural number n. In order to achieve the greatest generality 
we give the following preliminary definition: 

A (locally R -ringed space (Y,O,) is called an affine 
differential R -ringed space of states if it is isomorphic to a differential 
IR -ringed space of the form (RSpecD,D), where D isa differentiable 
algebra of observables. Then, we consider as a category of models M,” 
the category of affine differential R -ringed spaces. 

Then, a differential R -ringed space of states (X,O,) is defined 
as an M,” -manifold. This means that any point xe X has an open 
neighbourhood U in X , called an affine open locus, such that 
(U,O, |U) isan affine differential IR -ringed space of states. Such open 
lociof X arecalled affine open sets and they naturally define a basis for 
the topology of X . The sections of O, on an open locus U in X 


are said to be differentiable (observable) functions on U . The value of a 
differentiable function at a point x€U is identified with the residue 


class of its germ f, at x,thatis with f(x) €O, / ui, ^ R. Then, any 
differentiable function f € O,(U) determines a continuous morphism 


f :U > R, where f(x) = f(x), although f is not determined by d 
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An immediate consequence is the following: If ¢ isa closed ideal 
of a differentiable algebra D , then (RSpec(D/Z),D/C) is a closed 
differential subspace of (IRSpecD, D). Inversely, any closed differential 
subspace of (IRSpecD,D) is defined by a unique closed ideal of D. 

For brevity of notation, if a differentiable algebra is denoted by 
D , then we denote the corresponding affine differential R -ringed 
space by 2D. Now, there exists a categorical natural equivalence 
(duality) between the category of (commutative and unital) differentiable 
R -algebras of observables D , and the category of affine differential 
(commutative) R -ringed spaces of states 7? , which is defined 
functorially, as follows: 


RSpec:D £2 D:T 


where, RSpec: D > D is the real spectrum functor, which assigns to a 
commutative and unital differentiable R -algebra of observables D its 
dual affine differential R -ringed space of states (IRSpecD,D), and, 
DT:2—.70D is the global sections functor in the opposite direction, which 
assigns to the structure sheaf D over the real spectrum topological space 
RSpecD, its R -algebra of global sections I(IRSpecD,D) := D(IRSpecD), 
identified with the differentiable R -algebra of differentiable functions 
D. 

The conceptual importance of this natural equivalence lies in the 
fact that the notion of a differential model object, incorporates a 
fundamental categorical duality, which, when interpreted physically, 
unifies the algebraic encoding of differentiable observable information 
expressed in terms of (commutative and unital) differentiable R - 
algebras of observables, together with, the geometric-topological 
representation of these model objects in terms of affine differential 
(commutative) IR -ringed spaces of states. Moreover, both, the algebraic, 
and, the equivalent dual geometric representation of differential model 
objects, implement and reciprocally respect faithfully the bidirectional 


localization-globalization process of observation within the topos of 
sheaves. 


105 DIFFERENTIAL OBSERVABILITY AND LOCALLY FREE MODULES 
In order to clarify the meaning of the observation process within the 


localization environment of a topos of sheaves it is instructive to use again 
the principle of relativization of physical representability. Let us consider 
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a commutative and unital coordinatization ring, thought of asa R- 
algebra of observables, whose representability is relativized with respect 
to the topos of sheaves Shv(Y), Then, the open sets of the global 


topological space Y, play the role of a category of extensional reference 
contexts of observation, partially ordered by inclusion. Consequently, the 
right action of this category on the ring of observables, partitions it into 
sorts parameterized by the base local contexts, inducing the uniform 
homologous fibered information structure of a presheaf of local 
observables over the base category of localizing contexts. In this sense, 
the geometric classification of the total information content included in 
the representation of the corresponding natural system by a formal 
system of the above form, through observation, which in addition respects 
the requirements of a coherent localization-globalization process, can be 
performed in a dually equivalent manner. 

More precisely, observable information organized in the form of a 
presheaf can firstly be contextualized at base points by application of the 
germs-functor, and then, glued together (by taking the disjoint union of 
the fibers and topologizing the formed space as an étale bundle), such that, 
the set of cross sections constitutes a sheaf obtained by the subsequent 
application of the cross-sections functor. Alternatively, observable 
information organized in the form of a presheaf can firstly be made 
compatible with respect to restriction from the global to the local, as well 
as, extension from the local to the global, by application of the 
sheafification functor, and then, be contextualized at the base points of 
the equivalent étale bundle, by subsequent application of the germs- 
functor on the sheaf of local observables formed from the sheafification of 
the presheaf we started with. 

Thus, observation of natural systems preserving the requirements 
of a coherent localization-globalization process, can be implemented 
equivalently, given the initial organization of observable information in 
the form of a presheaf of rings of local observables, either, by firstly 
contextualizing information at base points of a topological space in terms 
of observable germs, and then, gluing appropriately, or, by firstly making 
locally observable information compatible with respect to restriction and 
extension, and then, contextualizing at those perspectives. Again, there is 
a key concept that unlocks the meaning of this equivalence, referring to 
the sequence of the operations needed, in order to make observation of 
natural systems preserving the requirements of a coherent localization- 
globalization observation process; It is that, any sheaf of local observables 
can be conceived as a sheaf of cross-sections of its corresponding 
equivalent by duality étale bundle. 

The formalization of the above takes place, when we first recollect 
that there is a categorical natural equivalence between the categories of 
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sheaves Sh(Y) on O(Y), and the category of étale topological bundles 
ET(Y) over Y as follows: 


A:Sh(Y)e2 er(v):r 


Now, the crucial fact that a sheaf of local observables is identified as a 
sheaf of cross-sections of the corresponding étale bundle, is expressed 
functorially by the requirement that the unit natural transformation of 


this adjunction (natural equivalence) is an isomorphism 7], : A O TAA. 


Moreover, in the case at issue, the counit Ü, :ATA— A is also an 
isomorphism. Thus, the cross sections-functor I': £7 (Y) — Sh(Y) and 
the germs-functor A:Sh(Y) — ET (Y) can be conceived as inverses to 
each other. 

Let us now extend this line of thought, by considering the above 
R -algebra of observables as a differentiable IR -algebra D 


corresponding to a model differential space of states D. We intend to 
conceptualize the procedure of model differentiable observable 
information acquisition constituting a corresponding model differential 
observation process. The reason that we focus our attention on the notion 
of a model differential observation process is that we can extend it for the 


case ofan M,” -manifold by means of a gluing datum. 
We claim that a model differential observation process should be 


conceived categorically as a natural transformation of the identity of D, 
enacted through the multitude of all variable localization domains of its 
real spectrum topological space, which classifies its total information 


content. This natural transformation of the identity of D is expressed 
concretely, by the counit of the adjunction between the category of 


(commutative and unital) differentiable R -algebras of observables D, 
and the category of affine differential (commutative) R -ringed spaces 


of states D. 

Moreover, since the adjunction is actually a categorical natural 
equivalence (duality), the counit natural transformation is an 
isomorphism. In this sense, a model differential observation process, 
enacted through the multitude of all variable localization domains of its 
real spectrum topological space classifying its total information content, 
according to the localization-globalization process, is conceived as the 
operational implementation of the counit isomorphism: 


Ú, :TRSpecD > D 
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In this sense, the composite endofunctor: 
II: TRSpec: D > D 


may be called a model differential observation. Note that any 


differentiable R -algebra of observables can be considered as a fixed 
point of a model differential observation functor II. 


Next, let us consider a commutative (locally) R -ringed (or R - 
algebraized) space of states denoted by the pair (X,A). An A-module 
E is called a locally free A -module of finite rank m, if for any point 
xeX thereexists an openlocus U of X such that: 


E|U=(A|U)" 


where (A|U)" denotes the m-th -direct sum of the sheaf of R - 
algebras of observables A restricted to U , for some meN. 
Furthermore, if A is a constant sheaf of R -algebras, then any locally 


free A -module of finite rank m, for some néN, stands for a local 
system of coefficients. 


In case that we view a smooth R -manifold as an IR -ringed (or 
R -algebraized) space of states (Y,O, — C^,) obtained by means of a 


sm 


gluing datum with respect to the category of smooth models M}™, then 
a (smooth) locally free C", -module of finite rank corresponds bijectivelp 


to a (smooth) vector bundle on Y. 
It is worth explaining the above stated bijective correspondence 


between locally free C”,-modules of finite rank and vector bundles on 
Y asfollows: 


Firstly, we notice that since sections of C^, are smooth functions 
on Y, we may think of the corresponding sections of the C^, -module 
(C^,)" asvector-valued functions. 

Secondly, we notice that if we have a general locally free C^,- 


module E of finite rank, then by definition, it is locally isomorphic to 


(C^,)" forsome meN.We bearin mindthat,if y isapointof Y,and 
Hy is the ideal of (C^,), consisting of germs of smooth functions at y, 


vanishing at y , we may consider for any f €(C^,), its image in 
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(C^,), / u,. Then, the evaluation morphism (C^,), >R, which takes 
any smooth function f toitsrealvalue f(y), provides an isomorphism 
of (C^,), / 4, with IR . Hence, the evaluation morphism of a smooth 
function f is equivalent to considering the image of f in (C^,), / 44. 
This observation leads us to the conclusion that, by analogia, the R - 
vector space £, — E,/ E, is the vector space in which the sections of 


E take values at the point yeY. 
Thirdly, we notice that the essential difference between the case 


referring to C^, and the case referring to a locally free sheaf E lies in 


the fact that in the latter case the vector space ¢,=E,/,E, associated 


with yeY depends on the point y in comparison to the former case 
where such a dependence is not existent. Put differently, there is no 
natural isomorphism of these R -vector spaces at two different points 


y, and y, of Y. 

Of course, we may consider the set-theoretic union of all £, , viz., 
¿= Us. We notice that s has a natural projection morphism z into 
Y, such that z^(y)- E,. Moreover, for any yey there exists an open 
locus U such that E|U is isomorphic to (C^,)", so that 2 (U) 
may be identified with U xR”, just as we may identify the morphism 
cT (U)—U with the projection U xR" —U . In particular, the set 


-1 : 
7 (U) can be endowed with the smooth structure of the product space 
UxR”. Then it is straightforward to construct an appropriate gluing 


datum and thus obtain a corresponding M. -manifold if we consider as a 
category of models M} the smooth category of vector models, denoted 


by M,”". The category M,”" has as objects pairs of the form: 


(U xR” CR’ ie Cu VRC” yr ) 


Then, given the category of smooth vector models M,™, we may 
construct a smooth M," -manifold satifying the conditions [I], [II], [IIT] 


given previously. Again, we note that the structure of a smooth M,””"- 


manifold is obtained by the equivalence relation on the disjoint union of 
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its coordinate charts induced by the corresponding gluing datum with 
respect to the category of smooth vector models. 


Now, the datum (z,Y,z), consisting of a smooth M,™ -manifold e 
(which is an +m -dimensional JR -manifold), a smooth n- 
dimensional R -manifold Y and a smooth projection morphism 
7:€—Y with the above described properties instantiates a smooth 
vector bundle over Y of rank m. 

Thus, for any locally free C^,-module E of finite rank we can 
construct an associated smooth vector bundle (£,Y,z) of the same rank. 
Inversely, the sheaf of sections of any (smooth) vector bundle on Y isa 


locally free C^, -module of finite rank. Thus, the correspondence is 


bijective, and consequently, we can identify locally free sheaves of C^,- 
modules with sheaves of (smooth) sections of their associated vector 
bundleson Y. 

This bijective correspondence between locally free sheaves of 


C^, -modules with sheaves of (smooth) sections of their associated vector 


bundles on Y, where (Y,O, - C^,) is a smooth R -manifold, has 
received such close attention in order to provide the necessary geometric 


intuition underlying the general notion of a locally free sheaf of A - 
modules of finite rank. 


Note that the definition of a locally free sheaf of A -modules (of 
finite rank) holds with respect to an arbitrary commutative (locally) R - 


ringed (or IR -algebraized) space of states denoted by the pair (X,A). 


Thus, it can be applied for example to the case of an affine differential R - 
ringed space of states, which is by definition, isomorphic to a differential 


R -ringed space of the form (IRSpecD,D), where D isa differentiable 
algebra of observables, or even to the case of a general differential R - 


ringed space of states (X,0 m since it is definition an M, if -manifold, 


but one which equally retains the analogous geometric intuition by means 
of associated differential vector bundles. 


Next, let us consider the category of differential IR -ringed spaces 


of states (X,O,), and let X be an object in this category. Then, the 


functor represented by £ is the contravariant functor y! : Æ 5 Sets, 
defined as follows: 


i For all differential spaces Y in V, y^ (Y): Hom (Y, ba 
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ii For all differential spaces-morphisms /: Z>Y i $ : 
y (S): Hom,(f, X) > Hom,(Z, X) 
is defined as pre-composition with /, that is, y! (fX): g»f. 


The functor y! : £ 5 Sets represented by the differential spaces of 
states X , is called the Grothendieck functor of generalized points 
(states) of £ . Moreover, the information contained in the differential 
space of states .Y is classified completely by its functor of generalized 


points (states) y^. 

In this sense, it is possible to extract geometric information 
without knowing whether there is actually a differential space in 
possession of a functor of the above form as its functor of generalized 
points. Pursuing the functorial approach one step further, we notice that 
the functor of generalized points of an IR -ringed differential space of 


states is completely determined by its restriction to the subcategory of R 
-ringed affine differential spaces of states, together with, the gluing 
datum between any two R -ringed affine differential spaces belonging 
to the covering family of that differential space. 

In this manner, it is specified by means of the contravariant 
representable functor from the category of R -ringed affine differential 
spaces to the category of sets, or equivalently, via the covariant 


representable functor from the category of differentiable IR -algebras of 
observables to the category of sets (modulo the compatibility conditions), 
thus admitting a well-defined operational determination in terms of 
model differential observation processes, as previously outlined. 
Furthermore, the appropriate implementation of the corresponding 
gluing conditions, should again respect the localization-globalization 
process, conceived in this generalized categorical context. 

Hence, there is every need to secure compatibility of information 
under the operations of restriction (from the global to the local level) and 
extension (from the local to the global level), where, the notions of local 
and global receive a meaning only with respect to a suitable notion of 
topology (categorical Grothendieck topology) defined on the category of 


differential IR -ringed spaces of states. Conclusively, at this stage, we 


may say that a differential IR -ringed space of states constitutes the 
sheafification of the model differential observable information encoded in 


its functor of generalized points (restricted to affine differential R - 
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ringed spaces of states), with respect to a topology that explicates the 
localization-globalization process in a categorical context. 

Further on, we are going to examine in detail the semantic role of 
the notion of a categorical Grothendieck topology. At the moment, we 
should take note that, in relation to the functorial viewpoint on 


differential IR -ringed spaces of states, the Gelfand topology, which has 
enebled the sheafification of observables (taking values in the affine 
differential IR -ringed spaces of states), gives rise to a Grothendieck 
topology on the category of differential IR -ringed spaces of states. 


10.6 TOPOLOGY OF SIEVING: COMMUNICATION SITES 


The notion of a categorical Grothendieck topology requires, first of all, 
the abstraction of the constitutive properties of localization in 
appropriate categorical terms, and then, the effectuation of these 
properties for the definition of localization systems. The crucial 
observation has to with the fact that the concept of sheaf, in terms of 
coverings, restrictions, and collation, can be defined and used not just in 
the spatial sense, namely on the usual topological spaces, but in a 
generalized spatial sense, on more general topologies (Grothendieck 
topologies). In the usual definition of a sheaf on a topological space we use 


the open neighbourhoods U of a point in a space X ; such 
neighbourhoods are actually injective topological maps U œ% X . The 
neighbourhoods U in topological spaces can be replaced by morphisms 


V — X not necessarily injective, and this can be done in any category 
with pullbacks. 

In effect, a covering by open sets can be replaced by a new notion 
of covering provided by a family of morphisms satisfying certain 
conditions. These conditions abstract the constitutive properties of a 
well-defined localization process in appropriate categorical terms. Our 


presentation applies to any small category B , consisting of base 
reference categorical objects B, with structure-preserving morphisms 
between them, as arrows. Of course, in the classical topological case, 5 


is tautosemous with ©(X) and the reference contexts B are 


tautosemous with the open sets U of X , partially ordered by 
inclusion. 


For an object B of B, we consider indexed families: 


S={y,:B > Bie I} 
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ofmapsto D,and we assume that for each object B of B wehaveaset 
A(B) of certain such families satisfying conditions to be specified later. 


These families play the role of coverings of B under those conditions. 
For the coverings provided, it is possible to construct the analogue of the 
topological definition of a sheaf, where as presheaves on D we consider 


the functors P: B^ — Sets. 
According to the topological definition of a sheaf on a space we 


demand that for each open cover {U,,i €I} ofsome U ,every family of 
elements (p, €P(U,)} that satisfy the compatibility condition on the 
intersections U, OU ,,Vi, j , are pasted together as a unique element 
p € P(U). Imitating the above procedure for any covering S of an object 


B, and replacing the intersection U; YU, by the pullback B,x, B, in 


the general case, according to the diagram; 
Bj x BB; —B98 , Bj 
hij vj 


Vi 


B; ——— B 


we effectively obtain for a given presheaf P :B” — Sets a diagram of 
sets as follows: 


P( 


P(B;xpB;)-— 5 P(B;) 


P (hij) P(v;) 


In this case the compatibility condition for a sheaf takes the form: if 
ip, cP,icl) is a family of compatible elements, namely satisfy 
Pih; = p;g;, Vi, j , then a unique element peP(B) is determined by the 
family such that p:V, — p, VieI, where the notational convention 


p-w,=P(y,)(p) has been used . Equivalently this condition can be 


COMMUNICATION TOPOI 471 


expressed in the categorical terminology by the requirement that in the 
diagram: 


IL;P(BxsB) t — —— ILP(3) «——5— P(B) 
the arrow e, where: 
e(p) - (pv, eT) 

is an equalizer of the maps: 

(p,i eI) (phi, j e IxI) 
and 

(p,i eI) > (pg;;i, j eIxI) 
correspondingly. 


The specific conditions that the elements of the set A(B), or else 


the coverings of B, have to satisfy naturally lead to the notion of a 
Grothendieck pretopology on the category D as follows: 

A Grothendieck pretopology on B is an operation A which 
assigns to each object B in B a set A(B). Each A(B) contains 


indexed families of 5 -morphisms with codomain P. 
S-ivy,:B, > Biel 
such that, the following conditions are satisfied: 


i Foreach B in B, {id,}<A(B) ; 
ii If CO B in B and $-1y;: B, Ó Bjielj e A(B) then: 


lu, :Cx, B, 2 Biel} e X(C) 


Note that V, isthepullbackin B of W; along CB; 
iii If S- (y, : B, O Bjiel)j e A(B), and foreach i&l: 
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Wie Cy UE Bk € Kj € A(B.) 
then 


iy, ow, :C, >B, > B,i € I;k e K} e A(B) 


Note that C, is an example of a double indexed object rather 


than the intersection of C; and C,. 


The notion of a Grothendieck pretopology on the category B is a 
categorical generalization of a system of set-theoretical covers on a 


topology T, where a cover for U eT isa set (U,:U,eT,iel]) such 


that UU, =U. The generalization is achieved by noting that the topology 
ordered by inclusion is a poset category and that any cover corresponds 


to a collection of inclusion arrows U, >U . Given this fact, any family of 
arrows of a pretopology contained in A(B) isa cover as well. 
Now, the notion of a Grothendieck topology on a small category 


D, consisting of base reference categorical objects B , can be presented in 
terms of appropriate covering devices admitting a  functorial 
interpretation. We emphasize that the notion of a Grothendieck topology 
requires, first of all, the abstraction of the constitutive properties of 
localization in appropriate categorical terms, and then, the effectuation of 
these properties for the definition of localization systems. Regarding 
these objectives, the sought abstraction is implemented by means of 
covering devices on the base category of reference contexts, called in 
categorical terminology covering sieves. The constitutive properties of 
localization abstracted categorically in terms of sieves, qualified as 
covering ones, satisfy the following basic requirements, as we will see 
subsequently: 


i The covering sieves are covariant under pullback operations, that 
is, they are stable under change of a base reference context. Most 
importantly, the stability conditions are functorial; 

ii The covering sieves are transitive. 


From a physical perspective, we benefit from thinking of covering sieves 
as generalized measures of localization of states. The operation assigning 
to each reference context of the base category a collection of covering 
sieves satisfying the closure conditions stated previously, gives rise to the 
notion of a Grothendieck topology on the base category of contexts. The 
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construction of a suitable Grothendieck topology on the base category of 
contexts is significant for the following reasons: Firstly, it lays out 
precisely and unambigously the conception of the local in a categorical 
measurement environment, such that this conception becomes detached 
from its restricted spatial connotation in terms of geometric point-spaces, 
rather finding expression exclusively in relational information terms. 
Secondly, it permits the collation of local information into global by 
utilization of the notion of a sheaf for a suitable Grothendieck topology. 
Firstly, we shall explain the general notion of sieves, and 
afterwards, we shall focus more narrowly on the notion of covering sieves. 


A BD-sieve with respect to a reference context B in B, isa 
familp S of B -morphisms with codomain P, such that if C— B 
belongs to S and DC is any B -morphism, then the composite 


D—+C-B belongs to S. We may think of a B -sieve as a right B- 
ideal. We notice that, in the case of O(X), since O(X)-morphisms are 


inclusions of open loci, a right U -ideal equates to a downwards closed 
U -subset. 


It is important to realize that a P -sieve is equivalent to a 
subfunctor See y[B] in Sets®” , where y[B]:= Hom, (-, B), denotes 


the contravariant representable functor of the reference locus B in B. 


More specifically, givena B-sieve S, we define: 


S(C)- ig/g:C >B, g €S) c y[BYCO) 


This definition yields a functor S in Sets" , Which is obviously a 
subfunctor of y[5]. Conversely, given a subfunctor Sco y[B] in 


Sets®” , the set: 
S={g/g:C—7>B,ge€S(C)} 


for some reference loci C in B,isa B-sieve. Thus, epigramatically, we 
state: 


< B-sieve: $ 5 -( Subfunctorof y[B]: See y[B] Y 


Wenoticethatif S isa B-sieveand h:C — B isanyarrow to 
the locus B, then: 


k (S) - (f! cod(f)=C,(he f) eS] 
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is a C -sieve, called the pullback of S along h, where, cod(f) 
denotes the codomain of f. Consequently, we may define a presheaf 


: op : : : : "m 
functor Q in Sets” ,suchthatitsaction onloci B in B, is given by: 


Q(B) = (S/ S: B—sieve) 
and on arrows h:C  B,by h'(-) :Q(B) > O(C), given by: 


Wr (S) - (f /cod(f)=C,(he f) eS) 


We notice that fora context B in B, the set of all arrows into D,isa 
B -sieve, called the maximal sieve on B, and denoted by, (B): f,. 

At a next stage of development, the key conceptual issue to be 
settled is the following: How is it possible to restrict Q(B), that is the set 
of all B -sieves for each reference context B in B, such that each B- 


sieve of the restricted set can acquire the interpretation of a covering B- 
sieve, with respect to a generalized covering system? 
Equivalently stated, we wish to impose the satisfaction of 


appropriate conditions on the set of B-sieves foreachcontext B in B, 
such that, the subset of B -sieves obtained, denoted by Q, (B) : 
implement the constitutive properties of localization in functorial terms. 
In this sense, the B -sieves of 9, (B), for each locus B in D, to be 
thought as covering B -sieves, can legitimately be used for the 
implementation of localization processes. The appropriate conditions 
depicting the covering B -sieves from the set of all B -sieves, for each 


reference context B in B, are the following: 


i We interpret an arrow C —>B,where C, B arecontextsin B, 
as a figure of B, and thus, we interpret B as an extension of C 
in B. It is a natural requirement that the set of all figures of B 
should belong in Q(B) foreach context B in B. 


ii The covering sieves should be stable under pullback operations, 
and most importantly, the stability conditions should be expressed 
functorially. This requirement means, in particular, that the 
intersection of covering sieves should also be a covering sieve, for 


each reference context 3B, in the base category B. 
iii Finally, it would be desirable to impose: (i) a transitivity 
requirement on the specification of the covering sieves, such that, 
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intuitively stated, covering sieves of figures of a context in 
covering sieves of this context, should also be covering sieves of 
the context themselves, and (ii) a requirement of common 
refinement of covering sieves. 


If we take into account the above requirements we can define a 
generalized covering system, called a Grothendieck topology, in the 
environment of 5 as follows: 

A Grothendieck topology on B is an operation J, which assigns 
to each reference context B in B, a collection J(B) of P -sieves, 


called covering B -sieves, such that the following three conditions are 
satisfied: 


i For every reference context B in D, the maximal P -sieve 
íg:cod(g)- B) belongsto J(B) (maximality condition). 

ii If S belongs to J(B) and /:C— B is a figure of B, then 
h(S)-(f:C—B,(hof)eS) belongs to J(C) (stability 
condition). 

iii If S belongs to J(B), and if for each figure h: C, >B in S, 
there is a sieve R, belonging to J(C,), then the set of all 


composites hog, with heS,and g ER, , belongs to J(B) 


(transitivity condition). 


As a consequence of the definition above, we can easily check that any 
two B -covering sieves have a common refinement, that is: if $, R 
belong to J(B),then SAR belongsto J(B). 

It is important to notice that given a pretopology A we can 
define a topology J giving rise to the same sheaves on B. More 
specifically, we say that for any B €B ,we have R belongs to J(B) if 
and only if R contains a pretopology covering belonging to A(B). 

As a first application we may consider the partially ordered set of 
open subsets of a topological space X , viewed as the base category of 
open reference domains, O(X). Then we specify that S is a covering 


U -sieve if and only if U is contained in the union of open sets in S. 

The above specification fulfills the requirements of covering sieves posed 

above, and consequently, defines a topological covering system on. O( X). 
Obviously, a categorical covering system, ie. a Grothendieck 


topology J exists as a presheaf functor Q, in Sets?" , such that: by 
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acting on contexts B in B, J gives the set of all covering B -sieves, 


denoted by C (B), whereas by acting on figures h:C — B, it gives a 
morphism /'(-) : Q, (B) > Q, (C), expressed as: 


h (S) - (f / cod(f) * C, (ho f) 5), for S eQ,(B). 


Asmallcategory B together with a Grothendiecktopology J,is 
called a site, denoted by, (B,J). 


A sheaf on asite (B,J) isa contravariant functor P : B" — Sets, 
satisfying an equalizer condition, expressed, in terms of covering B- 
sieves S, asin the following diagram in Sets: 


IL.;csP(dom(o)) $— —— ILesP(dom(f)ce——*— P(B) 

If the above diagram is an equalizer for a particular covering sieve 
$, we obtain that P satisfies the sheaf condition with respect to the 
covering sieve S. The theoretical advantage of the above relies on the 
fact that it provides a description of sheaves entirely in terms of objects 
of the category of presheaves. 

A Grothendieck topos over the small category D is a category 
which is equivalent to the category of sheaves Sh(B,J) onasite (B,J). 
The site can be conceived as a system of generators and relations for the 
topos. We note that a category of sheaves Sh(6,J) ona site (B,J) isa 


full subcategory of the functor category of presheaves Sets”. 
The basic properties of a Grothendieck topos are the following: 


i It admits finite projective limits; in particular, it has a terminal 
object, and it admits fibered products. 

ii If (Kj),, is a family of objects of the topos, then the sum 
ILK: exists and is disjoint. 

iii There exist quotients by equivalence relations and have the same 


good properties as in the category of sets. 


10.7 QUANTUM-CLASSICAL COMMUNICATION: MODULATION VIA 
BOOLEAN FRAMES 


The appropriate mathematical structure associated with the modelling of 


events is an ordered structure. In the Hilbert space formulation of 
quantum mechanics, events are considered as closed subspaces of a 
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separable, complex Hilbert space. In this case, the quantum event 
structure is identified with the lattice of closed subspaces of the Hilbert 
space, ordered by inclusion, and carrying an orthocomplementation 
operation which is given by the orthogonal complement of the closed 
subspaces. In consequence, the quantum event structure is modelled in 
terms of a complete, atomic, orthomodular lattice. 

The quantum event structure is isomorphic to the partíal Boolean 
algebra of closed subspaces of the Hilbert space of the system or, 
alternatively the partial Boolean algebra of projection operators of the 
system. It models the event structure of a quantum mechanical system, 
just as the event structure of a classical system is modelled in terms of a 
Boolean algebra isomorphic to the Boolean algebra of Borel subsets of the 
phase space of the system or, equivalently the Boolean algebra of 
characteristic functions on the Borel subsets of the phase space. 

The notion of an event is considered to be equivalent to a 
proposition regarding the behaviour of a physical system. The quantum 
logical formulation of Quantum theory is based on the identification of 
propositions with projection operators on a complex Hilbert space. 
Furthermore, the order relations and the lattice operations of the lattice 
of quantum propositions are associated with the logical implication 
relation and the logical operations of conjunction, disjunction, and 
negation of propositions. In effect, a non-classical, globally non-Boolean 
logical structure is induced which has its origins in Quantum theory. 

On the contrary, the propositional logic of classical mechanics is 
Boolean logic. This means that the class of models over which validity and 
associated semantic notions are defined for the propositions of classical 
mechanics is the class of Boolean logic structures. We stress that Boolean 
logic refers to a Boolean algebra of propositions in which the Boolean 
lattice operators of join, meet, and complement, correspond to the logical 
operations of disjunction, conjunction and negation respectively. 
Moreover, the ordering in the lattice is interpreted as a logical relation of 
implication between the propositions of the algebra, and also, 1 and 0 are 
used to denote the greatest and lower elements of the lattice respectively. 

It is a standard practice pertaining to the quantum-logical 
formalizations of quantum event structures that, due to the identification 
of quantum events with projection operators on a complex Hilbert space, 
the derived non-Boolean lattice structure is contrasted with the Boolean 
lattice structure referring to classical events. Although this is indeed the 
case globally, the pertinent problem is that every single observed event in 
the quantum domain requires taking explicitly into account the complete 
Boolean algebra of projection operators, which spectrally resolves the 
observable that this event refers to. Most significantly, such a complete 
Boolean algebra bears the status of a logical structural invariant 
characterizing a whole algebra of observables commuting with the one in 
question, and thus, potentially may give rise to the same event. 
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In other words, a complete Boolean algebra of projections is the 
logical structural invariant of a commutative subalgebra of observables, 
meaning that it instantiates the simultaneous spectral resolution of all 
these commuting observables. Given that observables exist which do not 
commute with any particular commutative subalgebra of observables, we 
encounter a multiplicity of possible Boolean algebras of orthogonal 
projections, which play the role of an invariant only in the context of all 
commuting observables that can be simultaneously resolved spectrally by 
this invariant. 

In sum, the conceptual peculiarity characterizing a quantum event 
structure pertains to the fact that in the quantum domain there is no such 
thing as a unique and universal logical structural invariant with respect to 
which all possible observables can be spectrally resolved simultaneously. 
On the contrary, there exists a multiplicity of spectral invariants 
associated with commutative subalgebras of observables. Therefore, 
although a quantum event structure is globally non-Boolean, it can be 
spectrally qualified only in terms of Boolean event structures attached to 
it, in their function as logical structural invariants of co-measurable 
families of observables. Since these spectral invariants are not global, we 
consider them local, where the locality requirement refers precisely to the 
physical context of all commuting observables that can be simultaneously 
resolved spectrally by an invariant of this form. 

We conclude that a complete Boolean algebra of projection 
operators in its function as a local spectral invariant of a commutative 
subalgebra of quantum observables plays the role of a Boolean frame with 
respect to which a quantum event can be qualified, and thus, lifted to the 
empirical level. Equivalently, each local Boolean frame serves as the local 
pre-conditioning invariant logical structure for the evaluation of events 
of all co-measurable observables in this frame. Due to the non-availability 
of a global uniquely defined Boolean frame, we must by default take into 
account all possible local Boolean frames together with their 
interrelations. The crucial problem is whether it is possible to identify a 
universal way to specify a quantum event structure through the literal 
adjunction of local Boolean spectral invariants to it, objectified in terms 
of local Boolean logical frames. 

The existence of a universal solution essentially renders the global 
orthomodular lattice structure of quantum events physically and 
empirically vacuous without the gnomonic adjunction of local spectral 
invariants to it, effecting the quantum-classical communication through 
observability and measurement. The role of each locally adjoined Boolean 
frame is the instantiation of a partial or local structural congruence with 
a Boolean event structure pertaining to a context of measurement. The 
multiplicity of applicable local Boolean frames effects the filtration, 
percolation, and separation of several resolution sizes and types of 
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quantum observable grain depending on the character of the 
corresponding spectral orthogonal projections. 

The objective of a universal solution is the derivation of the non- 
directly accessible quantum kind of event structure by means of all 
possible partial or local structural congruences with the directly accessible 
Boolean kind of event structure, forced by means of adjoining local 
spectral invariants as probing frames to the former. In this setting, the 
major role is subsumed by all possible structural relations allowed among 
the probing Boolean frames, the spectra of which may be disjoint or 
nested or overlapping and interlocking together non-trivially. It is the 
realization that distinct Boolean frames may have non-trivial 
intersections, or more generally, non-trivial pullback compatibility 
relations that it is at the heart of the so called “quantum paradoxes”. 

The universality of the required solution poses the need to 
formulate the problem in functorial terms, to circumvent dependence on 
the artificial choice of particular Boolean frames. In turn, it requires a 
category-theoretic framework of interpretation, based on the 
aforementioned notion of partial or local structural congruence, which 
locally allows the conjugation of a quantum event structure by means of 
the spectral invariants adjoined as frames to it. 

A Boolean categorical event structure is a small category, denoted 
by B,which is called the category of Boolean event algebras. The objects 
of B are complete Boolean algebras of events, and the arrows are the 
corresponding Boolean algebraic homomorphisms. 

A quantum categorical event structure is a locally small co- 
complete category, denoted by £ , which is called the category of 
quantum event algebras. The objects of £ are the non- directly 
accessible global quantum event algebras, and the arrows are the 
corresponding quantum algebraic homomorphisms. 

We consider a Boolean shaping functor of L, M:B  £, which 
is to say a forgetful functor assigning to each Boolean event algebra the 
underlying quantum event algebra and to each Boolean homomorphism 
the underlying quantum algebraic homomorphism. Because of the fact 
that an opposite-directing functor from £ to B is not feasible, since a 
quantum event algebra cannot be realized within any Boolean event 
algebra, we seek for an extension of D into a larger categorical 
environment, where any such realization becomes possible. 

This extension should conform to the intended physical semantics 
adopted in adjoining a multiplicity of Boolean spectral invariants to a 
quantum event algebra, objectified as probing Boolean frames of the 
latter. For this reason, it is necessary to extend the probes from the 
categorical level of B to the categorical level of diagrams in B, such 
that the initial probes can be embedded in the latter extended category. 
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This is accomplished by means of the Yoneda embedding y : B —^ Sets" , 
which constitutes the free completion of B under the adoption of 
colimits of diagrams of Boolean structure probes, that is, of spectral 
invariants to be adjoined on a quantum event algebra. 

An object P of Sets®” is thought of as a right action of the 
category B on a set of observables, which is partitioned into a variety of 
Boolean spectral kinds parameterized by the Boolean event algebras B 
in B.Suchanaction P is equivalent to the specification of a diagram in 
B, simply considered asa 6 -variable set, called a presheaf of sets on B. 
For each probe B of B, P(B) isa set, and for each arrow f:C — B, 
P(f):P(B) > P(C) is a set-theoretic function such that if p e P (B), the 
value P(f)p) foranarrow f:C—B in D iscalledtherestriction of 
p along f andisdenotedby P(/)(p)=p-f. 

Each Boolean probe B in B gives rise to a contravariant 
representable Hom-functor y^:- y[B]:- Hom,(-,B) . This functor 
definesa B -variable seton D,represented by B.The functor y isa full 


and faithful functor from B to the contravariant functors on B, i.e.: 
op 
y:Bo Sets? , 


giving rise to the Yoneda embedding Bo Sets?" . 

The category of presheaves of sets on Boolean probes, denoted by 
Sets" , has objects all functors P : B — Sets, and morphisms all natural 
transformations between such functors, where 6” is the opposite 
category of b, meaning all the arrows are inverted. In the setting of the 


BP . : I 
functorcategory Sets it becomes possible to realize a quantum event 


algebra L in £ in terms of a distinguished presheaf of Boolean event 
algebras, which models the spectral capacity of the latter to act as locally 
invariant logical probing frames of a quantum event algebra. These 


Boolean frames of an L in £ are objectified as L -targeting 
morphisms in £: 


y, :M(B) 9L, 


being interrelated by the operation of restriction. Explicitly, this means 


that for each Boolean homomorphism f:C  B,if V,:M(B)—L isa 
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Boolean frame of L, the corresponding Boolean frame WY, :M(C)>L 
is given by the restriction or pullback of V, along f, denoted by 
V,:f ^V. . Thus, we obtain a contravariant presheaf functor 
R(L)(-):=R, (-) = Hom,(M(-),L), called the functor of Boolean frames 
of L.Since the physical interpretation of the functor R(Z)(—) refers to 
the functorial realization of a quantum event algebra L in £ in terms 
of Boolean probes B in B,wethink of R,(-) asthe variable Boolean 


spectral functor of L through the Boolean frames adjoined to it as local 
invariants. 

Due to the categorical Yoneda Lemma, an injective 
correspondence obtains between elements of the set P(B) and natural 


transformations in Sets®” from y[B] to P and this correspondence 
is natural in both P and B, for every presheaf of sets P in Setse” 
and probe B in B. The functor category of presheaves of sets on 
Boolean probes Sets" isa complete and cocomplete category. Thus, 


the Yoneda embedding y:5— Sets"" constitutes the free completion 


of B under colimits of diagrams of Boolean probes. 
The significance of this boils down to the fact that, if we consider 
a Boolean shaping functor M:B — £L there can be precisely one unique, 


: : "E : F op 
up to isomorphism, colimit-preserving functor M: Sets? +L, such 
that the following diagram commutes: 


B 
y M 
Sets g bs .£ 


Consequently, every morphism from a Boolean probe B in B toa 
quantum event algebra L in £ factors uniquely through the functor 


op "NE s . 
category Sets?” and the specification of the colimit-preserving functor 


M: Sets®” — L is instrumental for understanding how the underlying 


structure of L in £ emerges through communication, emerges in 
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other words, through the canonics of adjoining Boolean probes as local 
spectral invariants to it. 


More precisely, the functor M plays the role of a left adjoint L, 
and thus serves as a colimit-preserving functor, from Sets" to L. 
Equivalently, the functor M-L is the left adjoint of the categorical 
adjunction between the categories Sets®” and £L, where the right 


op 
adjoint R:L — Sets” , is interpreted as the realization functor of L in 
terms of variable Boolean probing frames. 

More specifically, the variable Boolean probes-induced realization 


functorof L in Sets"" is defined as follows: 


R:£ Sets" , 


such that the contravariant presheaf functor 
R(L)\(-):=R,(-)= Hom,(M(-),L) in the image of R into in Seis?" , 


forafixed L in L, is the presheaf functor of Boolean frames of L. 
We conclude that the problem of specification of a quantum event 


algebra L in £ by means of diagrams of Boolean probes B has a 
universal solution, which is provided by the left adjoint functor 


L: Sets®” — £ to the realization functor R: £ Sets®” . Equivalently, 
the existence of the left adjoint functor L paves the way for an explicit 


inductive synthesis of a quantum event algebra L in £ by means of 
appropriate diagrams of Boolean probes in a functorial manner. 
Therefore, a quantum event algebra is essentially generated, and 
indirectly completely specified, by the canonics of adjoining locally 
invariant Boolean spectral frames thereto for the qualification and 
measurement of events, in short, through quantum-classical 
communication. 

Technically speaking, a categorical adjunction pertains between 


the categories Sets” and L , called the Boolean frames—quantum 
adjunction. It is characterized by a pair of adjoint functors L-R as 
follows: 


L:SetsP" 2 L:R 


Thus, we obtain a bijection, which is natural in both P in Sets"" and 
L in £: 
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Hom " (P. R(L)) = Hom, (LP, L) 


Sets 


abbreviated as follows: 
Nat(P, R(L)) z Hom, (LP, L) 


The “category of elements” of a presheaf plays an essential role in the 
canonics of this adjunction. We bear in mind that every presheaf functor 


P in Sets®” gives rise to a category, called the category of elements of 
P and denoted by [@.B). 

The objects of this category are all pairs (B,p), and the morphisms 
(B’,p')>(B,p) are those morphisms u:B'— B of the underlying 
category of probes PD, satisfying the condition that p-u =p’, namely 
that the restriction, or the pullback of p along u is p'. 


If we project onto the second coordinate of fe. B), we obtain a functor 
f : JP, B) — B. Therefore, every presheaf functor P induces a split 
P 


discrete and uniform fibration, where B is the base category of the 
fibration. 
The fibers are categories in which the only arrows are identity arrows. If 


B isaBoolean probe in D,theinverse image under f. of B issimply 


the set P(B), although its elements are written as pairs so as to form a 
disjoint union. 


J (P, B) 


Jp 


B NN dA Sets 


A natural transformation t between the presheaves P and R(Z) 


on the category of Boolean probes B, c: P — R(L) is equivalent to a 
family of compatible mappings between sets: 


7, : P(B) > Hom,(M(B), L), 
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indexedby the probes B of B.Eachsuchmapping 7, isidentical with 
the following mapping: 


T, :(B, p) > Hom,(Me | (B, p), L). 


Therefore, a natural transformation r between the presheaves P and 
R(L) can be equivalently represented as a family of arrows of £ 
targeting L, which is being indexed by the objects (B,p) of the 


category of elements of the presheaf P,namely 
tr): M(B) > Li p 


These arrows T,(p) considered jointly give rise to a cocone from the 


functor Mo J to L.The categorical definition of a colimit determines 
P 


that each such cocone emerges by the composition of the colimiting 
cocone with a unique arrow from the colimit LP to L. Equivalently, a 


bijection exists, which is naturalin P and L: 
Nat(P, R(L)) = Hom, (LP, L). 


Hence, the Boolean probes-induced realization functor of £, realized for 


each L in £ by the presheaf of Boolean probing frames 
R(L)- Hom,(M(-),L) in Sets"" , has a left adjoint functor 


L: Sets?” — L, which is defined for each presheaf of sets P in Sets" 
as the colimit L(P). 

The pair of adjoint functors L-R  formalizes category- 
theoretically the functorial process of encoding and decoding information 


between diagrams of Boolean probes B and quantum event algebras L 


through the action of Boolean probing frames y, :M(B) oL. 


The existence of an adjunction between two categories always 
gives rise to a family of universal morphisms, called unit and counit of the 
adjunction, one for each object in the first category and one for each 
object in the second. Furthermore, every adjunction gives rise to an 
adjoint equivalence of certain subcategories of the initial functorially 
correlated categories. It is precisely this category-theoretic fact which 
determines the necessary and sufficient conditions for the isomorphic 


COMMUNICATION TOPOI 485 


representation of a quantum event algebra L in £ by means of 
suitably qualified functors, forming sheaves of Boolean probing frames. 


For any presheaf P in the functor category Sets?" , the unit of 
the adjunction is defined as follows: 


ô :P — RLP. 


On the other side, for each quantum event algebra L in £ the counit is 
defined as follows: 


Ü :LR(L) >L. 


We conclude that the problem of establishing a functorial representation 
of a quantum event algebra in terms of Boolean logical probes has a 
universal solution in terms of quantum-classical natural communication, 


which is provided by the left adjoint functor L: Sets” >L to the 


de ox op 
Boolean realization functor R:£— Sets" . In other words, the 


existence of the left adjoint functor L paves the way for an explicit 
articulation of quantum event algebras by means of suitably qualified 
diagrams of Boolean probing frames based on partial or local congruences 
between the Boolean and quantum kinds of event structure. 


The counit natural transformation U, defines the spectral 


enunciation of a quantum event algebra L in £ through metaphora by 
means of the colimiting—interconnection of Boolean probing frames of L, 


whose domains are partially congruent Boolean event algebras to L. 
In more detail, the left adjoint functor of the Boolean frames— 


quantum adjunction, L Sets” > L, is defined for each presheaf P in 


gp. woe : oe 
Sets"  asthecolimit L(P).The functorial enunciation of a quantum event 


algebra L in £ bymeansofthe counit natural transformation requires an 
explicit calculation ofthe colimit LR(£) ofthe presheaf functor of Boolean 


probing frames of a quantum event algebra L. The corresponding category 


of elements f (R(L),B) has objects all pairs (B,y,), where B isa 


Boolean event algebra and W,:M(B)—>L is a Boolean frame of L 
defined over B . The morphisms of f (R(L)B) , denoted by 


(BY Wy) 2 (By) , are those Boolean event algebra homorphisms 
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u:B'— B of the base category B for which V,:u — V, that is, the 


restriction or pullback of the Boolean frame V, along u is Yp. 

The pertinent calculation of the colimit LR(Z) is simplified by 
the observation that we have an underlying colimit-preserving faithful 
functor from the category £ to the category Sets . Thus, the sought 
colimit can be calculated by means of set-valued equivalence classes, or 
partition blocks in Sets , under the constraint that the derived set of 
equivalence classes are able to carry the structure of a quantum event 
algebra: 


LRL) = Ly (R(Z)) = Colimt (RC), B) > B > £ — Sets). 


The indexing category corresponding to the functor R(L) is the 
category of its elements 7 = [ RO, B), whence the functor Me f] 
defines the diagram T — L over which the colimit should be calculated. 


Since a colimit-preserving functor from the category £ to Sets exists, 
the sought colimit is equivalent to the definition of the tensor product 


R(L)®, M of the set valued functors: 


R(L):B" > Sets, | M:5 Sets, 


where the contravariant functor R(L) is considered a right B-module 


and the covariant functor M a left B -module, in analogia with the 
algebraic definition of the tensor product of aright B-module with a left 


B -module over a ring of coefficients DB. The above defines the functorial 
tensor product decomposition of the colimit in the category of elements 
of R(L) induced by the Boolean shaping functor M:B—C of L. 


Therefore, for a Boolean probing frame wV,cR(LY(B), 
v:B'— B and q'eM(B") the elements of the set R(L)G,M are all 


of the form J(VW,.q). This element can be written as: 


1(/5.q)-V,8q, v, e RGJGB)q eM(B), 


such that: 


y,:v8q' =y; vq), v, eR(D(B)q' eM(B),v: B' > B 
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We conclude that the set R(L)G,M is actually the quotient of the set 


> RGJ8)xM(B) 


by the smallest equivalence relation generated by the above equations, 


whence the elements /,®q of the quotient set R(L)G,M are the 
equivalence classes of this relation. Since Yy, denotes a probing Boolean 
frame of L and q denotes a projection operator qe€M(B) , we 


conclude that the quotient set R(L)G,M is a set of equivalence 


classes, or partition blocks of pointed Boolean frames, called Boolean 
germs. 

Most important, this set can be naturally endowed with a quantum 
event algebraic structure by defining the orthocomplementation operator 


according to the assignment (i; 84) :- y; Qq", and the unit element 
according to 1:7 y/; 91. Notice that two equivalence classes in the 


quotient set R(L)®,M can be ordered if and only if they have a 


common refinement. Consequently, the partial order structure is defined 
by the assignment, 


(v, 94) 3(v.. &r). 
if and only if, 
d, Xd,, 


where we have made the following identifications, 


(y 84) (y 8d) 
(y, r)- (y 8d,), 


with d,, d, € M(D), according to the pullback diagram, 
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such that f(d)-q , y(d,)=r , and Jf:M(D)OM(B) , 
y:M(D)— M(C) denote the pullback of &G:M(B)—.L along 
A:M(C)— L in the category of quantum event algebras. Thus, the 
ordering relation between any two equivalence classes of pointed Boolean 
frames in the colimiting set LR(L) - R(L)8,M requires the existence 
of pullback compatibility conditions between the corresponding Boolean 
frames. 

We conclude that the spectral constitution of a quantum event 
algebra L in £ through the Boolean frames—quantum adjunction is 
based on the action of the endofunctor G on C, defined by: 


G:-LR:£ Sets?" >L 
L>R(L)>LR(L)> 2, 


which acts as the global spectral constitution endofunctor of a quantum 
categorical event structure £ via Boolean probing frames. 


In particular, for each quantum event algebra L in £ thecounit 
universal morphism of the Boolean frames-quantum adjunction evaluated 


at L is expressed in terms of equivalence classes, or partition blocks of 
pointed Boolean frames, that is, in terms of Boolean germs: 


Ü:R(L)8, MOL. 
Thus, the counit ú fits into the following diagram: 
R(L)8sM 


Vg&(—) EL 
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Accordingly, for every Boolean frame V,:M(B)L the 
projection operator q € M(B) is mapped to an event in L only through 


its factorization via the adjoined Boolean germ V; &q , i.e. through the 
partition spectral block of pointed Boolean frames it belongs to, according to: 


Ó(w,Gg)-w,(q.  qeM(B). 


This epitomizes the means of communication between the Boolean and 
the quantum structural kinds of event structure by means of germinal 
partial structural congruence through the canonics of the established 
adjunction. The crucial idea here is that the information encoded in the 
quantum structural kind can be accessed, decoded, qualified, and 
quantified, only indirectly in terms of modulation by Boolean germs, or 
partition spectral blocks of equivalent pointed Boolean frames. 

In the same vein of ideas, it is revealing to examine the conditions 
that force the counit natural transformations of the identity functor in the 


category of quantum event algebras £ into an isomorphism. The counit 
isomorphism expresses the property of invariance of a quantum event 
algebra under the two-step procedure of encoding in terms of appropriate 
families of Boolean event algebras through probing frames in R(Z), and 
then decoding back by means of the action of the left adjoint on the 
former, denoted by LR(). 

Note that that if the counit evaluated at L is an isomorphism, 
then L can be considered as a fixed point of the corresponding global 
spectral constitution endofunctor of L through the action of Boolean 
probing frames. In general, the counit natural transformation Ü is a 
natural isomorphism, if and only if the right adjoint functor of the Boolean 
frames-quantum adjunction is full and faithful, or equivalently, if and 


only if the cocone from the functor Mo ha to L is universal for each 
L in £.Inthe latter case, the functor M:B — £ is characterized as a 


dense Boolean shaping functor. 
It is worth specifying in more detail the necessary and sufficient 


conditions which force the counit Ü to be an isomorphism. These 
conditions amount to the notion of sheaf-theoretic localization of L 
through the probing frames V; :M(B) 9L. 


If the counit natural transformation U, at L is restricted to an 


isomorphism: 
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R(L)®,M=L 


then the quantum structural information of L is completely decoded in 
terms of its adjoined Boolean germs, that is, through spectral equivalence 
classes of pointed Boolean frames. This will rest on the satisfaction of 
appropriate conditions by restricted families of Boolean frames in R(L), 


distinguished qualitatively by their function as local Boolean covers of L. 
The requirements qualifying Boolean frames as local Boolean 


covers of L are the following: First, they should constitute a minimal 
generating class of Boolean frames instantiating a sieve, i.e. a subfunctor 


of the functor of Boolean frames R(L) of L. Second, they should 


jointly form an epimorphic family covering L entirely on their overlaps. 
Third, they should be compatible under refinement, or more generally 


pullback operations in L. Fourth, they should be transitive such that 
subcovers of covers of L can be qualified as covers themselves. 

A functor of Boolean coverings for a quantum event algebra L in 
L is defined as a subfunctor T of the functor of Boolean frames R(L) 
of L,ie. Too R(Z). For each Boolean algebra B in D, a subfunctor 
Too R(Z) is equivalent to a right ideal, or equivalently a spectral sieve 
of quantum homomorphisms T R(Z), defined by the requirement 
that, foreach B in DB,thesetofelementsof T(B)c[R(L)](B) isaset 
of Boolean frames Y,:M(B)—L of R(L)(B), called Boolean covers of 
L, satisfying the following property: 
If [v,:M(B) ÓL]e T(B) , ie. it is a Boolean cover of L , and 
M(v):M(B’)> M(B) in £L for v:B'>B in B , then | 
y, »M(v): M(B") —> L] € T(B), i.e. it is also a Boolean cover of L}. 

A family of Boolean covers U,:M(B) L, B in D, is the 


generator of a spectral sieve of Boolean coverings T, if and only if, this 
sieve is the smallest among all containing that family. The spectral sieves 


of Boolean coverings for an L in £ constitute a partially ordered set 
under inclusion of subobjects. The minimal sieve is the empty one, namely 


T(B)=@ for all B in B, whereas the maximal sieve is the set of all 


probing Boolean frames of L for all B in B, considered as Boolean 
covers. 
We recall that the ordering relation between any two equivalence 


classes of pointed Boolean frames in the colimiting set R(L)®,M 
requires the property of pullback compatibility between the 
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corresponding Boolean frames. Therefore, if we consider a functor of 


Boolean coverings T for a quantum event algebra L, we require that 
the generating family of Boolean covers they belong to is compatible 
under pullbacks. 


The pullback of the Boolean covers W,:M(B)—L and 
V,:M(B')  L, where B and B' are Boolean event algebras in B, 
with common codomain a quantum event algebra L, consists of the 


Boolean cover M(B)x, M(B’), together with the two projections Wp 


and V/,,, as shown in the diagram: 


If the Boolean probing frames VU, and Wẹ are injective, then their 
pullback is given by their intersection. Next, we define the pairwise gluing 


isomorphism of the Boolean probing frames y, and V/,,as follows: 


Q, y rs (M(B) x, M(B’) > v. (MCG)x, M(B’) 
Q7 gp o Vox 
From the previous definition, we derive the following cocycle conditions: 
OQ, , 7 ids, 
OQ, po Oy pr = 0, p, 
Q [on 


BB B',B 
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where, in the first condition id g denotes the identity of M(B), in the 


second condition WX; Vy X; V, #0, and in the third condition 


V, X, Wg #0. 


Thus, the gluing isomorphism between any two Boolean frames of 
a spectral sieve T(Z) assures that Wy,(M(B)x, M(B’)) and 


V5,(M(B)x, M(B) probe L on their common refinement in a 


compatible way. This provides the sought-after criterion for the indirect 
isomorphic representation of a quantum event algebras in terms of a 
spectral sieve T(L) adjoined to it, under the proviso that the family of 


all Boolean covers Y, :M(B)— L, for variable B in B, generating this 


spectral sieve jointly form an epimorphic family covering L completely: 
T, Bapao ME) sË 


where T, is an epimorphism in £ with codomain a quantum event 


algebra L. 

A sieve adjoined to a quantum event algebra L is a Boolean 
localizing spectral sieve of L, or equivalently a functor of Boolean 
localizations of L, if and only if it is closed with respect to an epimorphic 
family of Boolean covers of L and the above cocycle conditions are 
satisfied. The conceptual significance of a Boolean localizing spectral 
sieve of L lies in the fact that the functor of Boolean probing frames 
R(L) becomes a structure sheaf of local Boolean frames when restricted 
to it. Then, for a dense epimorphic generating family of Boolean covers in 
a Boolean localization functor T of JL, the counit of the Boolean 
frames-quantum adjunction is restricted to a quantum algebraic 
isomorphism, that is at once structure-preserving, injective and 
surjective. 

In turn, the right adjoint functor of the adjunction restricted to a 
Boolean localization functor is full and faithful. This argument is 
formalized more precisely in topos-theoretic terminology by means of the 
subcanonical Grothendieck topology consisting of epimorphic families of 


covers on the base category of Boolean event algebras. Consequently, £ 


P i xd 
becomes a reflection of the topos of variable local Boolean frames Sets’ , 


and the structure of a quantum event algebra L in £ is preserved by 
the action of a family of Boolean frames if and only if this family forms a 


Boolean localization functor of L. [In this case, any compatible family of 


COMMUNICATION TOPOI 493 


Boolean frames y, in the localized structure sheaf has a unique 
amalgamation, in the sense that there exists a unique colimiting Boolean 


frame y: T(L)8, M >L, such that the restriction of y along u, 
gives V; thatis Vu; =Y;. 


R(L)®3M B 
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FUNCTORIAL 
GNOMONICS: 
TEMPORAL 
PERCOLATION 
AND ALETHEIA 


ll 


111 DISTINGUISHING BETWEEN SPATIAL AND TEMPORAL 
COVERING RELATIONS 


The functioning of a localization schema in the physical continuum is 
based on the operational specification of an appropriate covering 
categorical environment consisting of varying reference loci for the 
determination of observables. As we have already made clear previously, 
the functional role of localization systems serves to guarantee an efficient 
pasting code of the observable information between different localizing 
domains, effectuating the compatible transition from the local to the 
global regime. 

Until this stage, we have not established any particular 
interpretation of an abstract localization schema in a continuum of 
observable events in terms of spatial or temporal relations. From a 
physical viewpoint, since we have assumed that some localizing 
categorical environment admits an operational specification, we ought to 
expand on the functioning of a localization schema in spatiotemporal 
terms, so that, a reference to individuated observable events in these 
terms can be made possible. In this sense, it is necessary to struggle for a 
well defined notion of a category equipped with covering families 
admitting a viable interpretation in terms of spatial and temporal 
relations, which will in consequence be suitable to provide the necessary 
and sufficient means for the manifestation of some localization schema in 
the physical continuum in terms of observable events individuated from 
it in a spatial or temporal way. 

Significantly, we do not assume any spatialization of temporal 
concepts, as is usually the case. Accordingly, it becomes unavoidable to 
disentangle the defining requirements characterizing spatial covering 
systems, namely families consisting of spatial reference domains, from 
those characterizing temporal covering systems, that is, families 
consisting of temporal reference domains. This strategy will prove fruitful 
if we manage to associate, at a later stage, a localization schema in the 
physical continuum with notions of spatially and temporally 
distinguished events. The difference between spatial and temporal 
covering systems will be based on the distinctive meaning that the notion 
of extension acquires, when referring to temporal loci, as compared to 
spatial ones. 


If we consider a general categorical environment B, and an object 
B in D to be interpreted as a spatial reference locus, then the 
extensional aspects of B are captured by the contravariant Hom- 


functor of generalized point-elements of B in B , denoted by 


y[B]:- Hom, (—, B), which is a representable presheaf in Sets ^" . The 
functor y[B] gives a geometric form to the abstract extension of the 
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spatial locus B in the environment of the category B. In this sense, an 
arrow C B,suchthat C, B in B, is interpreted as a singular figure 
of B.Stated differently, B iscalled a spatial extension of C in B. 

Note that, in this sense, B stands for the spatial extension of 
many different spatial loci, not necessarily constrained by relation to each 
other in any particular fashion, except that of the concrete conditions 
characterizing y[B] asapresheaf functor. Evidently, this is not the case 
if B is considered as a temporal reference domain. In this case, if B is 
considered as the temporal extension of C, then, any other locus D 
temporally extended by 8, in the sense that an arrow D-— B exists, is 
extended in this manner, by necessarily factoring through C . 
Equivalently stated, if a locus C is depicted in B, anda locus B is 
considered to be a temporal extension of the specified locus C, then, in 
this temporal reference context, any other locus D for which an arrow 
exists with codomain P, must necessarily be a proper part of C, i.e. a 
monic arrow Dee C,orasingular part of C. 

Hence, in the case of temporal extension, if we specify the locus 
C, as temporally extended to B, then any other locus also temporally 
extended to D, is so extended by factoring through C. Of course, the 
definition of temporal extension of a locus C bysomeotherlocus B in 
the category does not depend on which locus C is specified as the one 
being extended by 8, but once a particular C is depicted as a reference 
domain, then the factorization condition of any other D -extended also 
by B-through C, guarantees the satisfaction of the quality of temporal 
extension. 

The definition of the notion of temporal extension as distinguished 
by that of spatial extension saves the underlying intuitions making up the 
idea of generalized history of a locus. From this perspective, if alocus B 


temporally extends a locus C, in the sense of being its generalized 
history, it can also serve as the temporal extension, i.e. the history of only 


what can be considered as being proper or singular parts of C, that is, 


generalized point-elements of C. 

Note that it is the distinct quality of spatial or temporal extension 
of a locus, by virtue of its relation to other loci in a categorical 
environment that points to a corresponding interpretation of its 
character as such, meaning as being spatial or temporal, and not any 
intrinsic ad hoc postulated character. In this sense, a locus in a categorical 
environment can be the referent of both spatial and temporal 
connotations depending on the way that it is related with other loci. 
Consequently, the construction of some covering schema in the depicted 
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categorical environment, utilized for the substantiation of some 
corresponding localization schema in the physical continuum, manifested 
in terms of spatial or temporal covering relations, will depend only on the 
relational characteristics of the loci of each covering family, in turn 
making requisite, a corresponding non-exclusive interpretation in spatial 
or temporal terms. 


112 FUNCTORIAL SPATIAL LOCALIZATION SCHEMATA 


We begin our exposition of the notions referring to functorial 
spatiotemporal localization by introducing, first of all, the conception of a 


spatial covering system. The general notion of a category D, equipped 
with a spatial covering system, interpreted as a structured family of 
reference domains used for the spatial localization of physical continuum 
events in the environment of B, is based on the definition of appropriate 
covering devices of a spatial character, called spatial covering sieves. Let 
us recapitulate the notion of a sieve, then examine the requirements for 
an intended interpretation of a family of sieves as a spatial covering 
schema. 


Foralocus D in B,a B-sieve is a family $ of B-morphisms 
with codomain B, such that if C — B belongs to S and D>C is 
any B-morphism, then the composite D— C B belongs to S. We 
may think ofa B -sieve asa right B-ideal. With reference to the functor 


of generalized points of B in B, denoted by y[B]:- Hom, (—, B), we 


have already proved previously that a P -sieve is equivalent to a 


subfunctor See y[5] in Sets?" . Thus, epigrammatically, we state: 
( B-sieve: $ »-( Subfunctorof y[B]: See y[B] Y 


We recall that if S isa B-sieveand h:C— B is any arrow to 
the locus B, then: 


h'(S)={f lcod(f)=C,(h- f) eS} 


isa C-sieve, called the pullback of S along f. Consequently, we may 


E oP Y S ; 
define a presheaf functor Q in Sets? , such that its action on loci B 
in B, is given by: 


Q(B) = {S/S : B-sieve} 


500 NATURAL COMMUNICATION 


and on arrows h:C  B,by h'(-) :Q(B) > O(C), given by: 


h'(S)={f lcod(f)=C,(h- f) eS} 


We stress again that foralocus B in B, the set ofall arrowsinto B is 
a B-sieve, called the maximal sieve on D, and denoted by t(B):= t}. 
The natural question that arises in our context of enquiry is the 
following: How is it possible to restrict Q(B), that is the set of B -sieves 
for each locus B in 8,suchthat each B-sieve of the restricted set can 
assume the interpretation of a spatial covering system of B. In other 
words, we look for those appropriate conditions on the set of D -sieves, 
foreachlocus B in 6,sothatthe subset of B -sieves obtained, denoted 


by Q(B), respect the quality of spatial extension. In this way, the B- 
sieves of Q(B), for each locus B in DB, to be thought as spatial 


covering B -sieves, can legitimately be used for the definition of a spatial 
localization scheme in the physical continuum. The clue for an answer 
comes from the following observations: 


1 We have seen in the discussion of the quality of spatial extension 
that it constitutes a relational property between reference loci B 
in P. In this sense, an arrow C >B, such that C, B in B. is 
interpreted as a singular figure of B , and thus B , is interpreted 


as a spatial extension of C in 8 Itis a natural requirement that 


the set of all figuresof P should belong in Q,(B) for each locus 
B in B; 
2 It is important to keep in mind that each spatial covering sieve on 


alocus P in 8, is going to serve as a model of a spatial 
localization system in the physical continuum, such that localized 
events are endowed with an interpretation in terms of spatial 


relations in the environment of PD. If we recall the relevant 
discussion about localization systems and their compatibility 
requirements, we realize that spatial covering sieves should be 
stable under pullback operations, and most importantly, the 
stability conditions should be expressed functorially; 

5 Finally, it would be desirable to impose: 
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i a transitivity requirement on the specification of the spatial 
covering sieves, such that, spatial covering sieves of figures of a 
locus in spatial covering sieves of this locus should be spatial 
covering sieves of the locus themselves, and 

ii a requirement of common refinement of spatial covering sieves. 


If we take into account the above requirements we define a spatial 
covering scheme in the environment of B as follows: 

A spatial covering schemaon D isanoperation J,which assigns 
to each locus B in B, a collection J(B) of B-sieves, called spatial 


covering B -sieves, such that, the following three conditions are satisfied: 


1 For every locus B in B the maximal sieve 12:c0d(g) - Bj 
belongs to JD) (maximality condition); 

2 If 5 belongs to J(B) and 1:C9B isa figure of B, then 
h'(S)= {f:CB,(h- fy eS} 


condition); 


belongs to J(C) (stability 
E If 5 belongs to J(B). and if for each figure h:C, >B in 5 
J(C,) 


there is a sieve R, belonging to , then the set of all 


composites hog with AES, and gek, , belongs to JG) 
(transitivity condition). 


As a consequence of the conditions above, we verify that any two spatial 
covering sieves have a common refinement: if 5, R belong to J(B), 
then SOR belongsto J(B). 


The operation J satisfying the aforementioned conditions, can 
be equivalently characterized in terms of a Grothendieck topology on the 
category D, where the covering sieves implicate the requirements of 
spatial extension. A Grothendieck topology J may be thought of in the 


shape ofa presheaf functor Q, in Sets®” ,such that, by actingon loci B in 


B, J gives the set of all spatial covering B -sieves, denoted by Q, (B), 


whereas by acting on figures A :C — B , it gives a morphism of sets 


h'(-):0,(B) >Z), 


expressed as: 
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h'(S)={f / cod(f) - C,(h- f) eS], 
for § €Q (B). Clearly, Q, isasubobject of Q, thatis, Q, Q. 


11.3 FUNCTORIAL TEMPORAL LOCALIZATION SCHEMATA 


Analogously with the conception of spatial covering schemata on the 
category DB, we can introduce the notion of temporal covering schemata 
on B consisting of temporal covering sieves. These covering systems 
should be construed in such a way that the relational quality of temporal 
extension between their reference domains is explicated properly. 
Accordingly, temporal covering sieves can be used for the temporal 
localization of physical continuum events in the environment of b. 

We have seen previously that the effectuation of spatial covering 
sieves required the imposition of certain restrictive conditions on the set 
ofall B-sieves,foreachlocus B in B, inorder to qualify as denotations 
of spatial extension. In this sense, it is clear that an analogous 
interpretation of covering relations in terms of temporal extension 
between reference loci would require the satisfaction of all the relevant 
conditions. At a first stage, we may notice that the quality of temporal 
extension (in the sense of a generalized history of a locus) constitutes a 
constrained form of spatial extension, as discussed in detail previously. 
Thus, temporal covering B-sievesforeachlocus B in B, should satisfy 
the conditions obeyed by spatial covering B-sieves, and additionally, a 
constraint signifying the temporal character of the relevant included 
extensive relations. Developing this line of reasoning, it is necessary to 
express the quality of temporal extension between reference domains in 
terms of sieves. 

We consider a Grothendieck topology J on B, such that, the 
maximality, stability and transitivity conditions are satisfied among 
covering sieves of reference loci B in B.Hence,if S isa B-sieve that 
belongs to J(B), we say that S is a covering B -sieve. It is also 
convenient to provide the following definition: 

A B-sieve S covers an arrow h:C — B in D, if and only if 


h'(S) isacovering C-sieve: 


(Sp[h:C>B) e (0r (S) P C) 
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We notice that, as a consequence of the stability condition, if the arrow 
h:C— B belongs to $ itself, then id: C — C belongs to h(S), 
and thus, h'(S)=t,,ie. h (S) isthe maximal covering C-sieve. 


We may formulate this observation, given a covering B -sieve S 
and any arrow h:C — B, as follows: 


(he S) h (8) = te 


This is a very convenient setting to explicate the notion of temporal 


extension among reference loci B in D in terms of covering sieves, if 
we further define; 


A B-sieveis J -closed, if and only if, for all B-arrows h:C — B: 
(Scoversthe B-arrow h:C B » = (hes) 
In a suggestive notation, given J we say: 


(S=[S]), © (SP. I) => (he S, 


Given a Grothendieck topology J on B, J -closed sieves constitute a 
presheaf functor Q, in Sets®” , such that, by acting on loci B in B, Q 
gives the set of all J-closed P -sieves, denoted by Q(B), whereas by 
acting on arrows h:C—B , it gives a morphism of sets 
h'(-):Q.(B) > Q,(C), expressed as: h'(S)={f /cod(f)=C,(h- f) € S), 
for SEQ, (B). 


Indeed, we can immediately verify the following: For any B -sieve R 
andany B-arrow h:C— B; 


(R: J-closed B-sieve » = < h(R): J-closed C-sieve ) 


In order to see that this is actually the case, we assume that h (R) 
coversa B-arrow g:C — B. This means, by definition, that R covers 
the composition hg; taking into account that R is J-closed B -sieve, 
hg € R, or equivalently, g c (R). Hence, we obtain that A(R) is J- 


closed C-sieve. 
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Clearly, Q, is a subobjectof Q, that is Q, œ Q. 

The quality of temporal extension in terms of covering sieves is 
captured precisely by the defining requirement of J -closed sieves, if we 
re-express it as follows: 

The locus B is atemporal extension of a locus C in B,ifa B- 
arrow h:C— B exists, which is covered bya J-closed B-sieve. 

Thus, all B -arrows denoting the quality of temporal extension 
must necessarily be members of corresponding J -closed covering sieves. 
Consequently, a temporal covering scheme on B, has to be properly 


expressed in the restrictive terms of J -closed covering sieves. These 
sieves obviously satisfy the maximality and transitivity conditions 
required. Moreover, since the property of being closed respects the 


stability condition under pullback operations, J -closed covering sieves 
also remain stable under pullback. 
Now, by considering all the relevant requirements we can define a 


temporal covering schema in the environment of 5, as follows: 
A temporal covering schema on B is an operation T , which 
assigns to eacharrow g:C — B in B (interpreted as a temporal extent 


C - irreducible duration of B), a collection T(g) of B-sieves, to be 


called local time-forcing B -sieves of temporal resolution unit dom(g), 
such that, the following four conditions are satisfied: 


i If S is B-sieve and geS,then S isa covering B -sieve 
(maximality condition); 

ii If S covers an arrow g:C — B, it also covers the composition 
gof,forany arrow D—C (stability condition); 

iii If S covers an arrow g:C— B,and R isa B-sieve which 
covers all arrows of $ , then R covers g (transitivity 
condition); 

iv If S covers an arrow g:C— B , then g belongs to S 
(closure condition). 


We may again easily check that any two temporal covering sieves have a 


common refinement, that is: if R and S both cover h:C B, then 


RAS covers Ah. 


A temporal covering schema on B, formulated in the above 
arrow-form, obviously satisfies the equivalent conditions [1]-[3] 
specifying in this form a spatial covering schema, and also additionally the 
closure constraint [4]. Due to this constraint, characteristic of temporal 
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extension, we conclude that a J-closed B -sieve of temporal resolution 
unit B is necessarily the maximal B -sieve. This is clear, if we consider 
the identity arrow id, : B — B. and apply the closure constraint. The 
concept of temporal resolution unit will be analyzed in detail further on. 


A maximal temporal covering scheme 7 on B, exists as a 
; op . . : 
presheaf functor Q, in Sets? , such that: By acting on loci B in B, 


T gives Q,(B), constituted only from the maximal B -sieve for each B, 


whereas by acting on arrows h:C —B, it gives a morphism of sets 


h'(-):Q,(B) > Q,(C), expressed as: 
h (t) - 4f | cod(f) - C, f) et) = te 


where f£, €Q,(B). Clearly, Q, isasubobject of CQ, thatis Q, »» Q. 
It is useful to notice that from any given B -sieve S we can 


construct a corresponding J -closed B -sieve, denoted by [S], simply 
as follows: 


[S] - if / cod(f) - BS > fj 


where f is any D-arrow with codomain P, and the notation Sp f 
denotes that S covers f. The above prescription means that the J- 
closed sieve [S], corresponding to a given sieve S, is construed by 
addingin S allarrows that it covers. Furthermore, [S] is the smallest 


closed sieve that contains $, named accordingly the closure of S. 


114 PARADIGMATIC CATEGORICAL SPATIOTEMPORAL RELATIONS 


After having explicated the defining requirements of spatial and temporal 
covering schemata in the environment of D, bearing in mind that they 
are going to provide precise functorial concepts of spatial and temporal 
localization in a continuum of observable events, it is appropriate to 
concentrate our attention to some consequences of their functioning. 


Wesupposethat B hasaterminalobject denoted by |, that is for 
any locus B in B there exists a unique arrow !,: B —1. Then we can 


view the locus B as a domain of irreducible durations (of temporal 


extent l), if we define B as the temporal extension of |, as follows: 
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The locus B isa domain of l-irreducible durations in 5, if there 
exist B-arrows m:1—» B, such that, each one of them is covered bya J- 
closed P -sieve. 

We notice that, according to the above definition, a locus B 
signifying a domain of durations by means of b-arrows 1 B. cannot 
be conceived separately from all J-closed B-sieves covering its point- 
durations. Put differently, an arrow 1— B obtains the semantics of an 
irreducible duration by being a member of a J -closed B -sieve that 


covers it, and subsequently, the locus B is interpreted as a domain of 
point-durations (history of  point-durations). From a converse 


perspective, the definition of a point-duration of the reference domain P, 


forces an interpretation of the terminal object | as an instantaneous 


locus at point-duration mm , denoted as l,, by means of the unique 


arrow ly :B > 1. Now, by definition, if we considera J-closed P-sieve, 
covering m , its pullback along m is the maximal sieve on the 
instantaneous locus at 7n , denoted by f. This fact has the following 
consequences: 

For every J-closed B-sieve covering m, where B stands for 
a domain of point-durations, l, consists of a snapshot of each and every 
locus in 5, a role which consolidates its interpretation as an 
instantaneous locus at point-duration m pretty clearly. Subsequently, 
the domain of point-durations B stands for the temporal extension of 


the instantaneous space at anyone of its specified durations m:1— B. It 
is important to notice that, all the above arguments are independent of 


any specific locus B used to illustrate them, since only relational 
properties, expressed in terms J -closed sieves, actually matter. 

Thus, any reference locus in 5, equipped with arrows from the 
terminal object | of B, being covered by J -closed sieves, acquires the 


status of a temporal domain of point-durations, and in each case, | 
becomes the instantaneous locus for some depicted duration. 
Subsequently, the instantaneous locus at any point-duration cannot 
signify the temporal extension of any other locus except of its own 
identity, identified with that point-duration, hence, it signifies only the 
pure quality of spatial extension. 


This observation permits the characterization of 1l, as an 


m 
instantaneous space at m . Concretely, the instantaneous space 1, 


constitutes the spatial extension of all other loci C in B, by means of 
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the unique arrows !.:C — 1,, contained in a J -closed sieve covering 


m? 


m . Precisely speaking, these unique arrows have been interpreted above 
as figurative snapshots at m corresponding to each and every locus in 5, 


displayed at 1,. 


115 SIMULTANEITY OF FIGURES AND LOCAL TIME DOMAINS 
OF DURATIONS 


We have seen above that a domain of point-durations is interpreted as the 


temporal extension of the terminal object in B, characterized as the 
instantaneous space at any depicted duration. The instantaneous space 
displays the quality of spatial extension in the purest sense, since it is the 
referent of diminished temporal extension, substantiated in the form of 
an irreducible point-duration. 

In the intuitive sense, a domain of point-durations is the 
generalized history of the terminal locus, as instantiated at each duration 
in the form of an instantaneous space for that duration. Notice again that, 


by definition, an irreducible point-duration m:1— B of a temporal 
domain B is covered by a time-forcing B -sieve of temporal resolution 
unit |, such that, its pullback along m is the maximal sieve on the 
instantaneous space at 7n , denoted by /, . Hence, in the perspective of 


m 
a J-closed sieve covering m:1— B, the terminal l, is conceived as a 
hole of the sieve, such that everylocus C isextendedto B by factoring 
through the hole 1,.More precisely, l, is the maximal hole of the J- 
closed B -sieve covering m, and since there exist unique arrows 
PETS 


temporal domain P, achieve this translation by passing through the 


for every C in B, all these C being extended to the 


m? 


maximal hole l, of this J-closed B-sieve. This observation permits 


m 
the definition of the concept of simultaneity of figures with respect to a 
domain of irreducible point-durations B as follows: 

Two figures C B and DB ofa domain of point-durations 


B are simultaneous at a moment m, if and only if, they both factor 
through the maximal hole l, (temporal resolution unit) of any J- 


closed B-sieve covering m. 
It is instructive again to clarify the truly relational spatiotemporal 
sense that alocus B acquires by means of the intended interpretation. 


In the case discussed above, the locus B is both; the denotator of 
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temporal extension of the terminal | by its specification as a domain of 
irreducible point-durations, and also, the denotator of spatial extension 
of the figures C B and D B atone of their respective moments. 
Furthermore, the same case concerning the concept of 
simultaneity, points to the conclusion that the decisive factor that 
determines simultaneity, with respect to a temporal domain of durations, 


is factorization through the maximal hole at a depicted duration of any J - 
closed sieve covering that duration. Nevertheless, it is important to clarify 
that temporal extension is not restricted exclusively to domains of point- 
durations; the latter should be considered only as paradigmatic cases. In 
this sense, it is possible to expand our argumentation and talk about 
generalized durations. 


The locus B is a domain of generalized L -durations (temporal 
extent L-irreducible durations) in B, if B-arrows m,:L— B exist, 
such that, each one of them is covered by a J -closed B-sieve. In that 
case, some B-arrow m,:L—B is interpreted as a temporal extent L- 


irreducible duration of B by means of being a member of a J -closed B- 
sieve covering it. Subsequently, the locus B is interpreted as a domain 
(history) of durations of temporal extent L. 

Again, in the perspective of a J -closed B -sieve covering m,, 
the locus L is considered a hole, such that every locus K that can be 
temporally extended to B, extends via factorization through the hole L. 
In this generalized sense, the hole L specifies the temporal resolution 
unit of a covering J -closed B-sieve, represented by the corresponding 


L -durations, that in turn, can be considered as denotations of 
simultaneity relations with respect to the applied temporal resolution 


unit of the domain P. 
Note that all the J -closed B-sieves covering all the generalized 
durations of B contain complete information about all questions 


concerning temporal extension with respect to B , under varying 
temporal resolution units. In conclusion, the operational role of time in 
the present framework, is completely incorporated in the functioning of 


J -closed sieves. Thus, given a covering scheme J, for any J-closed B- 
sieve we define: 


T,(S) = (h/ cod(h) = B, S > h} 


or equivalently, since S stands fora J-closed B-sieve; 
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T,(S) a 1h / cod (h) zz B, h'(S) = Lisa)! 


The set 7,(S) is interpreted as the set of generalized durations of B 


covered by the J -closed sieve S, under varying temporal resolution 
units specified by the holes dom(h). We can immediately verify that 


actually 7,(S)=S for every J-closed B-sieve. Thus the sets S and 


T,(S) respectively, stand for the active and passive interpretation of the 
same entity, being the operation of local time on loci B in B, 
transforming them into local time domains of generalized irreducible 
durations in the environment of B. Due to this identification, J -closed 
sieves are interpreted as local time-forcing sieves for eachlocus B in B. 
Moreover, the temporal resolution unit of a J -closed sieve S is 
determined by the locus dom(h), specified as temporally extended to B 
by means of A, if the latter is covered by S. Thelocus dom(h) can be 
thought of as a hole in the B -sieve S, that specifies the kind of 


generalized durations of a local time domain being covered by S, with 
respect to the relation of temporal extension between loci. In this sense, 


we may define a local time operator T's, associated with a J -closed B- 


sieve, foreachlocus B in B as follows: 


Ts |B)=h|B) 
where heT,(S). The local time operator Ts acting on a locus B, 
denoted in the -so called- Dirac notation as the eigenstate | B), takes for 
eigenvalues the generalized durations being covered by S 


Consequently, the locus B is interpreted as a local time domain 
endowed with generalized durations under varying temporal resolution 
units. 


11.6 SIEVING SPATIAL FIGURES AT DURATIONS OF LOCAL TIME DOMAINS 


A natural question that arises in this context of enquiry is the following: 
Given the means of functorial spatiotemporal localization, formulated in 
terms of spatial and temporal covering schemata, how is it possible to 
spectrally classify spatial figures of a reference locus B in B at 
generalized durations of that locus, considered as a local time domain? 

In order to tackle this fundamental problem, we are going to use 
the notion of subobject classifier in a topos. First of all, it is useful to clarify 
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the notion of subobjects in any categorical environment, since it is going 
to be the main conceptual tool in our argumentation. 


A subobject of an object X in any category Æ , is an 
equivalence class of monic arrows targeting X , denoted by w:Moo X. 


The set of all subobjects of X inthe category 1, denoted by @,(X), 


is a partially ordered set under inclusion of subobjects. 
The functor @, can be construed as a presheaf functor in the 
topos Sets a by the operation of pulling back as follows; Given an arrow 


g:Y— X in X, the pullback of any monic arrow 4:M oo X along 
the arrow g isa new monic arrow yu’: M'ee Y, that is a subobject of 


Y , and obviously the assignment px yw’, defines a function 


6,(9):6,(X) > 9,(). 


An immediate question that arises here is related to the possibility 


Pop 
of representing the subobject functor ®, in the topos Sets" by an 


object Q in 4, considered as a category with pullbacks, such that for 


each X in Æ , there exists a natural isomorphism: 
1, :9,(X) = Hom, (X,Q) 
If the subobject functor becomes representable with representing object 


Q in Æ, then we say that, the category Æ is equipped with a 
subobject classifier. By this term we mean a universal monic arrow: 


T:=True:lœ Q 


such that, to every monic arrow, j:M ee X in X , there is a unique 


characteristic arrow $,, which, with the given monic arrow //, forms a 


pullback diagram: 


! 
M — 1 


x —b 5g 
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This is equivalent to saying that every subobject of X in %, is 


uniquely a pullback of the universal monic T. Conversely, satisfaction of 


this property amounts to saying that the subobject functor ©, is 
representable by the object Q, that is, isomorphic to Hom, (— 2). Note 
that the bijection /, sends each subobject ~:Moo X of X to its 


unique characteristic arrow 9, :X >Q and conversely. 


After these necessary introductory remarks, we turn to our main 
objective concerning the problem of classification of figures of reference 


loci B in B, referring to B-sieves of corresponding spatial schemata, 
which provide the functorial means for spatial localization in a continuum 
of events. The starting point of our enquiry is determined by the 


realization that a spatial covering schema on B exists as a presheaf Q, 


in Sets". 
Clearly, by the defining requirement of spatial covering sieves the 


following subobject relation holds: 9, œ Q, where, Q(B), denotes the 


set of all B -sieves for each locus B in B.The connective link with our 
initial remarks appears if we recall that: 


( B-sieve: $ »-( Subfunctorof y[B]: See y[B] Y 


It is immediately evident that, because of the above 
correspondence, the presheaf functor €) may be used, at a first stage, 


for classification purposes in Sets" , since in particular, it could classify 
subobjects, that is, subfunctors of y[B] for each locus B in B, 
according to the pullback square in Sets" : 
! 
S T 


y[B] —5— Q 


where: 
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© YB) = OLB] = Hom;(y B], Q) = Q(B) 


Sets 


by using the Yoneda lemma. The morphism 7rue:1— Q is a natural 
transformation in Sets®” , given by components True, for all reference 
loci B in B.Thefunctor 1 isgivenbythe assignment Bi {Ø} with 
the obvious restriction morphisms. It is clear that 1 is the terminal 
object in Sets” , and the components of the morphism True are 
defined by True, : {8} — Q(B); where True,({O})=t,, that is, the 
maximal B-sieve. Thus, True, is the map that picks out the maximal 


D -sieve. 
For any subfunctor of y[B], S:S% y[B], the classifying arrow 


Ø; is a natural transformation $,:y[B]  O , given by components 
(6,)c : XLBY(C) > Q(C), such that for any figure 7:C — B of the locus 
B, belonging to the set y[B](C), we have: 


(6,) (2) = th! (xh) eS(dom(/))); 


where h isany B-arrowwithcodomain C.Then, obviously, (¢,).(7) 


is a C-sieve. Note that a D -arrow with codomain C, for instance 
h: D — C , determines a set theoretical morphism: 


y[B](h) : Hom, (C, B) > Hom, (D, B) 
yLB]UDCY) = xh 


that may or may not take the figure y <y[B](C), by means of y -hinto 
S(dom(h))=S(D) cy[B]D) . In this sense the C -sieve 
(6; (y) € (C), contains all, and only those, B-arrows h that actually 
take the figure / into the subobject S(dom(A)). It is clear that 
(6; ). CX) 7 tc, namely it is the maximal C-sieve in the set Q(C), if and 
only if the figure 7 belonging to the set y[B](C), belongs to S(C) as 


well. 
Furthermore, if we replace the representable functor y[5] by 


any presheaf functor P , and the subfunctors S:S y[B] by 
corresponding subfunctors Q:Q e» P , entirely analogous arguments 
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lead to the conclusion that Q is the subobject classifier in the category 


of presheaves Sets ^" , by which we mean that the diagram: 


Q ——5 


1 
Q i 
p —% , 9 


is a pullback diagram in Sets®” where Q(B)= @,(y[B]), namely the set 


of all B -sieves for each locus B in D, or equivalently the set of all 
subfunctors of y[B]. The set Q(B) for each locus B in É, isa 
partially ordered set under the relation of inclusion of B -sieves, whereas 
the maximal element of the poset Q(B) is the maximal P-sieve. 

The crucial observation for our purposes is related to the fact that 
a spatial covering schema on the categorical environment D bears thr 
status of a presheaf subfunctor of Q , due to the subobject inclusion 
Q, o» Q , established previously, and consequently it can be 
characterized in terms of some classifying arrow into Q. 

Before we specify the description of spatial covering schemata in 


B in terms of characteristic arrows into Q , it is convenient to 
introduce some terminology related to the semantics of the identity 


arrow, ido, Q >Q. Let us consider, a spatial covering B -sieve x, 


Y € Q, (B). Then, we define the identical assignment; 


Q (B) XX P [ids 140) —£IeQ() 


According to the above, = acquires a dual interpretation, which can be 
expressed equivalently as both: 


i In the active sense x is interpreted as a spatial covering B- 


sieve; that is as a device that acts on the locus B by covering itin 
spatial terms. 
ii In the passive sense £, that is lido, ],(2) =, is interpreted as a 


generalized variable spatial point of the locus B, where the latter 
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has obtained a spatial reference by means of x, that covers it 
spatially. 


Thus, by means of the identity arrow ido : Q, > Q» foreachlocus B in 


B, what gets spatially covered is identified with what spatially covers. 
Let us call 7:0 Q, the classifying arrow characterizing the 


subobject inclusion of a spatial covering scheme J:Q, °% Q according 


to the pullback diagram in Sets di 


Q0 ———2 R 


Obviously, the characteristic arrow @,:=7, such that y:Q 9, 


determines the spatial covering scheme J: Qo, co Q that classifies, and 


conversely, it is uniquely determined by that relation. In order to 
understand the semantics of 7, we consider a spatial covering scheme on 


the categorical environment D, such that J(B) denotes the set of 


spatial covering B -sieves for each locus B in B. Next, we define the 
natural transformation y:Q—Q as follows: 


X5 (S) = {h/ cod(h) = B,S > hj 
or equivalently: 


41,5) = {h/ cod(h) = B, (S) e J(dom(h))} 


that is, PA) denotes the set of all h:C — B,such that S covers A. 


Thus,forany h:C — B beingcovered by S, A belongsto 7,(5); 
(Sph)>hey,(S) 


Clearly, this prescription specifies 7,(S) asa B-sieve, that is; 
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Q(B) 48 > 7, ($) eQ(B) 


We notice that the classifying arrow at the locus B serves to specify 


exactly what each B -sieve covers with respect to a spatial covering 


scheme J. If we focus our attention on the definition of 7,(S) e€ 
Q(B), we notice the following: 


For any B-arrow g:C B, we obtain the logical conjugation 
relation: 


Zelg (S))= & Qu) 


for any B -sieve, therefore / is actually a natural transformation 
X:  Q as required. Furthermore, if in the definition of /, (S), we 
employ the maximal B-sieve ft, € Q(B), that by its specification is a 


covering sieve of all arrows with codomain P, we obtain: 
Ag ts) 7 t; 


This relation holds for every locus B in 6, and thus in functional terms 
we further obtain: 


70 True = True 


Moreover, the classifying arrow y, clearly preserves order, in the sense 


that for B-sieves R, S: 
RCS > y,(R)c 7, (S) 
Thus, for any B-sieves R and S we obtain: 


Xp ay € fs (RVs (S) 


and conversely: 


zjG( wc e za» 


Hence, foreach B in B we obtain the equality: 
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XRAY) = x GO yes 9) 


meaning that the operation of spatial classification commutes with the 
operation of intersection of sieves, expressed in suggestive functional 
terms as follows: 


X49 ^7 ^o(yx y) 


Finally, since the classifying arrow y, preserves order, and also 


Rc y, (8), if we operate on this inclusion by acting with //, we obtain: 


25 UD E qr U) 


Conversely, if h & 7,(7,(R)), then by definition 7; (R) P R, that is 


Xg(R) covers R. Moreover, for each g e  y;(R), by definition, 
R > g. If we bear in mind the transitivity property of a spatial covering 


scheme, then RP A,orelse, h € Y,(R). Thus, if ^ e 7,(7,(R)), 
then h e 7Y,(R) orequivalently: 


Xs (R)) € z, G) 


Hence, foreach B in B we obtain the equality: 


XS (OR = zy (R) 


that is, the operation of classification is idempotent, expressed in 
functional terms simply as follows: 


ROKK 
Furthermore, if we consider a spatial covering B -sieve R, then, any 
h:C — B covered by R, belongs to y, (R), that is, / € y,(R). Now, 
let us assume that, 7,(R) covers an arrow /. By definition of. y, (R), 
R covers all arrows in y,(R). Thus, by the transitivity condition of 


covering sieves, we obtain that R covers the arrow f, and hence, 


f € y, (R). We conclude, in this sense that: 
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Qi (B) > f) 9 Cf E x (QD 


If we recall that for any f: DB: 


(f eg, Q0) e f£ Gu QD) = ty 


we conclude that: 
Wie f) > F Gat, 


The above condition means that, 7,(R) isa J -closed sieve; Most 


importantly, 7,(R) is the closure of R in the covering scheme J. 


This conclusion can be equivalently stated as follows: 


Xs(R)=[R] 


Returning to the interpretation given above, according to which the 
classifying arrow at the locus B serves to specify exactly what each B - 
sieve R covers, by means of the B-sieve 7,(R), we conclude that: 


Spatial generalized points of the locus P , where the latter has 
obtained a spatial reference with respect to a covering sieve R ofa 
spatial covering scheme J operating on B, are being classified with 
respect to the generalized irreducible durations of B, covered by [R]. 

The B-sieve 7,(R), identified as a local time forcing D -sieve, 
signifies the set of generalized durations of the locus P, classifying 
spatial generalized points of B depicted through R. Remarkably from 
this perspective, local time-forcing sieves have a dual role. On the one 
hand, they are the constituents of temporal covering schemata, and on the 
other, they are used as devices for spatial classification. 

This interpretation reveals the two-fold operational role of local 
time forcing in the categorical environment of B as both, the generator 
of a temporal covering schema endowing loci B with a relational 
temporal reference in terms of generalized durations, and also, as the 
generator of a classification schema characterizing spatial relations in 
terms of the durations they cover. 

Let us now concentrate our attention on the presheaf of time- 


forcing sieves Q, being the presheaf of J -closed sieves for a covering 
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schema J. There is clearly a subobject inclusion T:Q,% Q. The 


classifying arrow characterizing T, is denoted by ¢,:=K according to 


the pullback diagram in Sets®” f 


Evidently, the characteristic arrow h, :=K , such that, x: Q0 


determines the subobject T:Q »» Q that classifies, and conversely, is 
uniquely determined by that relation. We define the natural 
transformation x:Q €) as follows: 


K,(S)={h/ cod (h) = B, h(S) = t) 


It is clear that «,(S)=S for every J-closed B-sieve. The set «,(5) 


is interpreted as the set of generalized durations of B covered bya J- 
closed sieve S, under varying temporal resolution units specified by the 
sieve holes dom(h). We notice again that the classifying arrow at the 


locus B serves to specify exactly what each P -sieve covers with 


respect to T. In an analogous fashion we obtain the conditions: 


Ko True = True 
KoA=A0(KXK) 


KOKSK 


It is instructive to define the map B> x«r(B) for each B -sieve R, 


given a covering scheme J, as follows: 
ke(B)=K(R) iff  R=[R], 
which, assigns to each locus B in B, its set of generalized durations, if 


and only if the B-sieve R is J-covering them and is also J -closed. 
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This assignment endows the reference domain P precisely with the 
semantics of temporal relations, that is generalized durations, and also, 
permits the interpretation of the locus B asa local time domain. 
Similarly, let us call 7r: Q0 , the classifying arrow 
characterizing the subobject inclusion of a maximal temporal covering 


schema 7 :Q, »» Q according to the pullback diagram in Sets®” . 


Q — 0 


We define the natural transformation 7:0 €) as follows: 
tf 


This prescription specifies T(S) as the maximal B -sieve, and 
obviously, the analogous conditions for the characteristic arrow r are 


trivially satisfied. The set 7,(S) is interpreted as the maximal set of 


generalized durations of B , identified with the set of generalized 
elements of B being covered by a J -closed sieve covering the identity 


of B. Clearly, such a J -closed sieve possesses maximal temporal 
resolution capability. 

Under these circumstances, we define a complete local time- 
domain as follows: If the generalized durations of a local time-domain are 


covered bya J -closed sieve that covers the identity of B , then we call it 
a complete local time domain. It is also evident from the explicit 
description of the classifying arrow referring to time-forcing sieves, that 


if such a sieve covers the identity ofalocus B in B, thenit is necessarily 


the maximal temporal covering B-sieve, and the locus B acquires the 
interpretation of a complete local time-domain. In this sense, a maximal 


temporal covering scheme on D is equivalent to the specification of 
complete local time-domains in the environment of PD , described 


functorially by means of Q,. 
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117 UNVEILING: COMPLETE LOCAL TIME FRAMES AND ALETHEIA 


From the above detailed description of the cases considered, we conclude 
that we may form a unified framework of classification, according to 
which, an arbitrary subobject Q, of Q amenable to a spatial or 


maximal temporal covering qualification, denoted by the inclusion 


Q, °° Q can be characterized by means of a classifying arrow 


A:Q.— Q, defined by a pullback diagram in Sets®” as follows: 
Bs t sa 
A True 


where, the natural transformation 4:€1— €) is defined for each locus 
D in B bytheset; 


A(S) = th/ cod(h) = B,S > h} 


If S is a spatial covering B -sieve we obtain its closure [S] in the 


image of the classifying arrow ^, whereas, if S is a time-forcing B- 


sieve, which, also covers the identity of B, we obtain the maximal 
temporal resolution id p covering B-sieve í,, identifying the locus B 


as a complete local time-domain. The classifying arrow 1 is order 
preserving, idempotent and commutes with the operation of finite 
intersections of covering sieves. 

It is important to emphasize that, from a logical point of view, the 


subobject classifier Q. is interpreted as a domain of truth values, 
partially ordered by inclusion, where the maximal truth value, for each 


locus B in B, is represented by the maximal P -sieve. Hence, Q 
extends and enriches the classical static, absolute, and rigid set-theoretic 
two-valued object of truth values. 

Since these truth values are sieves, which operate in the context of 
a communication topos, the proper and precise interpretation of the 


representing object Q. is in the logical terms of the ancient Greek term 
“aletheia”, which bears the meaning of unveiling temporally through the 
holes of a covering sieve. We conceive of unveiling as a process of temporal 
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percolation, which can be localized with respect to complete local time- 
domains. For this reason, “aletheia? is amenable to localization 
enunciated in terms of both spatial and temporal sieving relations, and 
thus acquires the characteristics of a logical sheaf. 

From the preceding, we may draw the following conclusions: 


i The classifying arrow | A4:2 5 Q) can be interpreted as an 
operator of localization of “aletheia” with respect to a complete 


local time domain. Equivalently, the operator 4, together with 
the above prescribed properties, induces a topology on the 
communication topos B. 


ii Since the maximal truth value for each locus B in B is the 


maximal B -sieve t,, and also, in case t, operated as a time- 
forcing B-sieve would have been id, -covering, the localization 


induced by the action of 4 on í,, encapsulates the association 


of a complete local-time domain with a local reference frame, 
where a complete local description of reality can be effectuated 


appropriately in the environment of B, signified simultaneously 


in terms of the maximal truth value í,. 


In this sense, the maximal B -sieve í, plays three interwoven roles; (a) 
it is a maximal covering B -sieve; (b) if considered as time-forcing, it 
forces the interpretation of the locus B asa complete local time-domain 


by means of its associated local time operator 7,, ; and (c) it unveils 


through its holes a complete local description of reality, being forced by 


Tı; , With respect to the complete local time-domain P in B, the latter 


being subsequently called a local reference frame. 

Note that such a local reference frame has meaning only in time in 
its function as a complete local time-domain. It expresses the intuition 
that in a localization schema of the physical continuum events can be 
individuated simultaneously from the continuum only in time, that is, 
over complete local-time domains in the localizing environment, such that 
a complete local description of reality is legitimate in their own 
descriptive terms. It is worth stressing that the notion of simultaneity 


with respect to a complete local time-domain, id,:B— B, refers to B 


as a totality, since the maximal temporal resolution unit or hole of the 


time-forcing B-sieve covering id,, is clearly extended to extent P. 
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In the following, we shall realize that the effectuation of a 
complete local description in every local reference frame can be 
implemented appropriately in terms of spatial covering sieves, that is, 


through variable generalized points of a locus B (interpreted spatially 
by means of each covering P -sieve), classified by the generalized 


durations of B (interpreted accordingly as a complete local time- 
domain). In order to substantiate this argument we need some further 
notions that we explicate in detail below. 

First of all, we note that we have defined the classifying arrow 


ÀA:0 OQ. as a localization operator on the functor Q of “aletheia”. 
Of course, besides 1, we could obviously consider the identity arrow 


id, :Q >Q. Thus, it is reasonable to ask for their equalizer, denoted by 


Q^, according to the diagram: 


Q^ <>» 0 


where, Q^ is defined, for each locus B in B, as follows: 
Q^(B) -(S:Se Q(B) Alidg ] (S) =/,(S)} 


The condition imposed on the defining requirement of Q^, is satisfied 


only for those B -sieves that are local time-forcing; that is for the B- 


sieves S thatare J-closed, S= [S], with respect to a spatial covering 
scheme J on B. It is also clear that the maximal B -sieve f, belongs 
in Q^(B). We furthermore notice that ifasieve R belongingto OQ (B) 
is also id, -covering, then it is necessarily the maximal B -sieve í,, 


which forces and consolidates the interpretation of B as a complete 
local time-domain. 
From these observations, we conclude that the equalizer Q* >Q 


is actually the same as the subobject T:Q, °° Q consisting of local time- 
forcing sieves R =[R], or equivalently, local time operators Tiz). 
Furthermore, since the operator 4 is idempotent, from the 


universal property of the equalizer Q“ — Q we derive the existence of a 


unique arrow, :: 2 — Q^,suchthat Q^ isthe image of the operator /; 
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Q—05- 530 


The above defines then the epimorphic-monomorphic factorization of the 
operator 4:2 O. 
Additionally, we may consider the following pullback diagram: 


! 


True^ True 
Q^ -C S Q 


Since we have that AoTrue-True,the arrow True factors through 
Q^ as 


True^ :1> Q^ 


where the equalizer arrow Ú:Q^—Q actually characterizes the 
subobject 1ee Q^, according to the above pullback diagram. 


Moreover, if E:). °° Q denotes an arbitrary subobject of Q, 
characterized by means of ¢:Q. >Q then its closure with respect to a 
covering schema A, denoted by [C]; is characterized by Acé, and 
also clearly, Q- is A -closed, if and only if Ae£-£, that is, 


equivalently, if and only if é factors through Q^ œ Q. 
The above description can be formulated suitably, in order to apply 


to subobjects of an arbitrary functor P inthe topos Sets®” if we define 
that a subobject Q:QĦ P characterized by means of ho :P>Q is 
A -closed, if and only if its À-closure, specified by Å o Øo satisfies the 
condition A°¢, =p. 

Then we are able to claim that the functor Q^ classifies the 4- 
closed subobjects, in the sense that, foreach functor P in Sets” , there 


exists a natural bijection: 


Hom, (P, O)= [O,(P)I], 
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where [©,(P)], denotes the set of À -closed subobjects of P , according 
to the pullback diagram: 


where Q^(B) - [94 (y[5])]; . denotes the set of all A-closed B -sieves 
for each locus B in PD, or equivalently, the set of all 4 -closed 
subfunctorsof y[5].In other words, this is precisely the set of local time- 
forcing B -sieves, or local time-forcing operators with respect to the 


localization operator A associated with the covering schema A. 
It is important to notice that the notions of closure with respect to 


the localization operator 4 and the covering schema A respectively, 
are actually equivalent. The set Q^(B), for each locus B in B,isa 
partially ordered set under the relation of inclusion of 4-closed B- 
sieves. Moreover, the elements of Q^ (B) can be interpreted as truth 
values with respect to 4, where the maximal truth value is t, which is 
À -closed. 

Furthermore, Q^ (B), for each locus B in B, can be endowed 


with the logical operations of conjunction, disjunction and implication, 
and thus, acquire the structure of an Arend Heyting algebra with respect 


to these operations. In this sense, we say that the functor Q^ isa 
Heyting algebra object in the topos Sets P" , which classifies, in particular, 
À -closed subobjects of any presheaf functor in this category. 

Here it is essential to consider the pullback diagram that describes 
the classification of 4 -closed subobjects of the representable functor 
y[B] in Sets®”, being precisely those subobjects that play the role of 
local time-forcing B -sieves in the environment of B. The characteristic 
arrow sj, such that Ás; :YLB] — Q^, determines the local-time 
forcing B -sieve [S]:[S]e» y[B] that classifies, and conversely, it is 
uniquely determined by that, as follows: 
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We introduce the following terminology: An arbitrary B -sieve 
R:Ree y[B] is A4-dense in y[B], if [R]— y[5], or equivalently, if 
[R]7 tj. This is the case if and only if R isan id,-covering B -sieve. 
Thus, an arbitrary B-sieve is A-densein y[B], if and only if it belongs 
to the family of spatial covering B -sieves of a spatial covering schema A 
on B. 

Consequently, since any spatial covering B -sieve S in the 
schema A is A-dense, in the sense that the induced local-time forcing 


D -sieve [S] isan id, -covering B -sieve, and thus, the maximal local 


time-forcing B -sieve t, we have the possibility of a complete local 
description of reality, identified as the maximal truth value in Q^. This 
expresses the completed temporal percolation of “aletheia” with respect 
to the maximal local time-forcing B -sieve !j. The latter is effectuated 
in terms of any depicted spatial covering B -sieve S over the 
simultaneously substantiated - by means of [S]=t, - complete local 


time-domain B , identified previously with a local reference frame. 
Conclusively we say that: 

A complete local description of reality is legitimate for any 
covering B -sieve of a spatial covering schema on B, with respect to the 
correspondingly induced complete local time-frame P. 

To slightly rephrase the above for reasons of clarity, we assert the 
following: 

A complete local description of reality is forced by the action of the 


maximal local-time operator 7;, on a locus P, generated from any 


spatial covering B -sieve of a schema A by the process of 4 -closure, 
that is, by the process of temporal percolation, and expressed in the 
descriptive terms of the spatially covering objects over the 


correspondingly induced complete local time-frame P. 
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118 TEMPORAL PERCOLATION: SHEAF ENCAPSULATION 
AT ASPATIAL COVERING SIEVE 


At this stage, it is necessary to make clear the precise manner in which 
the maximal truth value t,, for each locus B in B, reflects a complete 


local description of reality, in case B stands for a complete local time- 
frame, being induced by a spatial covering B-sieve of ascheme A, or by 
its associated localization operator ^. The clarification of this issue 
necessitates the introduction of the concept of 4-sheaf. 

In general, if R:Roo y[B] isa B-sieve, then a presheaf P is 
defined to bea  A-sheaf if and only if the induced map 


R’ : Hom;(y| B], P) — Hom, (R, P) 


is an isomorphism for every À-dense subfunctor of y[ B]. We mention 
that if we imposed on the map R* as above, the relevant requirement 


according to which R' was just a monomorphism, then the presheaf P 


would be /-separated. 
Taking into account our previous remarks on the notion of 


subobjects being 4-dense,a presheaf P isa /-sheaf, if and only if the 
above map R' is an isomorphism for every covering B-sieve R ofa 
spatial covering schema A on P. The definition of a ^ -sheaf 
essentially means that an arrow from a À -dense subfunctor of y[B], 
namely a spatial covering B -sieve, to a functor A qualified asa 4- 
sheaf, can be extended uniquely to an arrow on all of y[B] targeting A, 
such that according to the diagram below r= yoR: 


R ida 
y 


y[B] — — A 


In this setting, we impose the condition that for a spatial covering schema 


A on B all representable presheaves on B are 4A -sheaves. Thus, 
spatial covering schemata correspond to the so called subcanonical and 
canonical Grothendieck topologies. 
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^ 


Let B, :Sh[B] be the full subcategory of D, the objects of 


which are the 4 -sheaves, and let /:Sh[B]ee B be the inclusion 
functor. A convenient way to think about the category Sh[B] is 
provided by the insight that it is the subcategory of É, which is closed 


under isomorphisms induced by the action of an operator-functor L, 


commuting with pull-back operations, on the objects and arrows of B,in 
the following sense: 


A 


Ifanobjectin B isisomorphictoonein Sh[B], then it is itself in 


Sh[B]. We express this idea, given a localization operator A, by 
constructing an operator-functor L:B — Sh[B] which is left adjoint to 


the inclusion functor /:Sh[5] ee B and also preserves pull-backs. The 
induced adjunction, ie. the encoding/decoding functorial relations 
between the category of presheaves D and the category of sheaves 
Sh[B] establishes concretely the functorial schema of metaphora 


characterizing the localization of “aletheia” through temporal 
percolation. 


By this specification we mean precisely that L reflects each 


functor in B into the subcategory Sh[B], such that any A in D isa 


A -sheaf, if and only ifthe map A— LA isan isomorphism. 
Furthermore we define the set: 


V -(y/(y: Yo X) e B a (Ly: LX—2>LY)} 


where, D, denotes the set of arrows of D. We notice that an arrow 


ye B, belongs to the set ' , if and only if it is taken by the action of L, 


that is Ly, to an isomorphism. Thus, for every A in B the map 
A-LA belongs tothe set 'P.In this light we can also verify that: 


i Any presheaf À in B is a A -sheaf if and only if for each 


(y : Y — X) e V, the induced map y is an isomorphism: 


y` : Hom, (X, A) —— Hom; (Y, A) 
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ii Any map (y:YX)e B, belongsto ¥ ifandonly if for each 


A-sheaf A in Sh[B],the induced map y is an isomorphism: 
y` : Hom,(X,A)—— Hom, (Y, A) 


Taking into account the original definition of a 4 -sheaf, in 
conjunction with propositions [i] and [ii] above, we conclude that 


the set is completely determined by its restriction to 4- 
dense subfunctors of y[B]. In other words, V is completely 
determined by its restriction to covering B -sieves, whereas the 


operator-functor L expresses the process of 4 -closure, or 
equivalently, the process of closure with respect to a spatial 


covering schema A. From this perspective, the role of the 
localization operator / is precisely incorporated in the complete 
determination of the set Y by its restriction to the set of 
covering B -sieves foreach locus B in 8. Furthermore, for any 
monic arrow y:Y X in V, we say that, the subobject Y 


is A-densein X. 


From the property of A-closure, referring to A-closed B-sieves, as an 
operation preserved by pulling-back, we conclude that the operator- 


functor L should commute with pull-backs. Thus, if we recall that A- 
closed B-sieves, for each locus B in 8, stand for local time-forcing B 
-sieves, or equivalently local time-forcing operators, we conclude that: 


The 2 -sheaf reflection functor L:B->Sh[B], which is left 


adjoint to the inclusion functor J :Sh[5] ee B, and also commutes with 
pull-back operations, expresses precisely the functioning of Time as a 
process of A-closure, which is to say a process of temporal percolation 
with respect to a spatial covering schema A on D. Again, this is enacted 
by the generation of local-time forcing B -sieves, for each locus B in B 
, qualified as complete local time-frames if and only if they are also. id, - 
covering. 

In this sense, the process of /-closure with respect to a spatial 
covering scheme A, for every subobject A: Ace E, and in particular, for 
every B -sieve R:Ree y[B], is simply expressed by the following 
pullback diagram: 
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E — LE 


We notice that since L commutes with pull-back operations, and thus 
preserves subobject inclusions, we obtain for each subfunctor A:Aco E, 
a new subfunctor [A]:[A]e» E, identified as the 4-closure of A, such 
that [A] contains A. In case that E is itself a 4 -sheaf, then a 


subfunctor of E is also a 4-sheaf if and only if it is 4 -closed. As a 
consequence, we reach the important conclusion that local time-forcing 


B-sieves, for each locus B in B,are A-sheaves themselves. 


Let us now consider the subobject classifier of A -closed 
subobjects, that is, the functor expressing the sheaf-theoretic localization 


of “aletheia” Q^. We recall that for each functor E in Sets ^" , the 
following natural bijection pertains: 


Hom, (Œ, Q^) = [0; (Œ)]; 


where, [@,(E)], denotes the set of 4 -closed subfunctors of E, 


according to the pullback diagram: 


[a] s di 


(^] True^ 


$ia] 


E — s m 


It is conceptually clear from the discussion above that the functor Q^ is 
actually a 4 -sheaf, which remarkably plays the role of the subobject 


classifier in the topos of 4 -sheaves, such that the natural bijection above 
takes the following form, if restricted to the subcategory Sh[5]: 


Hom; (E, Q^) = Ong (E) 
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where, O,,, (E) denotes the set of /-subsheaves ofthe /-sheaf E. 
11.9 TEMPORAL GAUGES: ALETHEIA IN THE REFLECTION OF SHEAVES 


We shall provide a simple argument, which actually proves that Q^ isa 
A -sheaf, and also that it is the subobject classifier in Sh[B]. From the 


A 


natural bijection referring to 4-closed subobjects of a functor E in B 


it is evident that if E is a A-sheaf, then the natural transformations 
(u :E—>Q^ correspond to the subfunctors r which are also 4- 
sheaves, if and only if Q^ isa A-sheaf itself. 

For this purpose, we consider an arrow (£: EID e¥, i.e. a 
natural transformation (£:E2 ID eB, , qualified as an isomorphism 
Lé:LE—-—.LII, when L acts upon it. Then, the presheaf Q^ in B 


isa A-sheaf, if we show that for (£:E — ID) e Y the induced map E 
is an isomorphism: 


& : Hom, LQ") —— Hom, (E,9^) 


Equivalently, if we use the natural bijection characterizing Q^ as the 
subobject classifier of 4 -closed subobjects, and also further consider 4- 
closed subobjects [£] and [Y] of = and rI respectively, i.e. 
[Z]e» E; [Y] IT, it will be enough to show that there exists a surjective 
and injective correspondence between them, concluding thereby that 


Q^ is actually a 4 -sheaf. We consider the composition of pullback 
diagrams: 


[>] > [Y] :L[E] = L[Y] 
i [v] i [o] 
i) > II »Lz = LII 


If [v]:[Y]ee II isa A-closed subfunctor of II, then upon restriction 
to = along the arrow (£:E — II) e V, it gives a 4-closed subfunctor 


of a, that is, [o]:[Z]ee &. Conversely, if [o]:[Z]ee € isa A-closed 
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subfunctor of =, then, by pulling-back L[o] along the arrow 
(I LIIzLE)eV, we obtain a 4 -closed subfunctor of II, ie. 
[v]: [Y] e» II. This completes the proof of the argument. 


After having established that the functor Q^ isa A-sheaf, and 
also operates as the subobject classifier in the category of 4 -sheaves 
Sh[B], it is instructive to consider the following pullback diagram, as 
reflected in. Sh[5]: 


[S] —— 1 


[S] True^ 
y[B] BELCEN Q^ 


where, given a spatial covering schema A on D, [S] is a local time- 
forcing B -sieve, classified in the category of A -sheaves by the 


characteristic arrow s :y[B] 9 Q^ . Note that the classifier object 
Q^ comprehends only the closed subobjects [S] of y[B], identified 


as local time-forcing B -sieves, actually being 4 -sheaves themselves, and 
consequently characterizes them in terms of truth values. 


Thus, if S isanp B-sieve, Q^ perceives and classifies only its 
A-closure [S], given a covering scheme A, as this is precisely reflected 
in Sh[B] by the action of the left adjoint operator L, providing a 
faithful manifestation of the temporal percolation process, that is, of the 
process of /-closure. For reasons of clarity, we recall that from any given 


B -sieve S we can construct a corresponding ^ -closed P -sieve, 
denoted by [S], simply as follows: 


[S] - (f / cod( f) - B, SP" f} 


: ' ; . A 
where f is any B-arrow with codomain B, and the notation S$ > f 
denotes that S covers f according to a covering scheme A. Note that 
[S] is the smallest closed sieve that contains 5, called accordingly the 


A-closure of S. 
Let us examine, precisely what is expressed by the maximal truth 
value in the universe of ^ -sheaves, where “aletheia” is localized. We 


532 NATURAL COMMUNICATION 


notice that, given a B-sieve S, if it has the property of being 4 -dense, 


then [5]= t,;in other words its ⁄ -closure is assigned the maximal truth 


valuein Q^ (B). Of course, this is the case if S isan id,-covering B- 


sieve, or simply, a spatial covering P -sieve, specified according to a 
spatial covering schema A. Stated equivalently, in the reflection of the 
subcategory of A-sheaves, the B-sieve S is perceived as being the 


maximal B-sieve !, through its A-closure, and most importantly, this 
is the case if and only if $ is a spatial covering B-sieve. 
Thus, the maximal truth value f, in Q^ (B), i.e. the maximal 2- 


closed B-sieve !,, interpreted as a truth value, for each locus B in B, 


expresses the fact that it is (4 — True), hence ([true]^, 21, in the 4- 


sheaves reflection, that S is all of y[B], if and only if 5 is a spatial 


covering B -sieve. Consequently, the truth-values object Q^(B) in 
Sh[B],foreachlocus B in B, perceives every spatial covering P -sieve, 
as the maximal /-closed B-sieve t}. 

We bear in mind now that the maximal 4 -closed B-sieve, as the 
maximal id, -covering local time-forcing B -sieve, forces the 


interpretation of the locus B as a complete local time-frame, where a 
complete local description of reality is feasible by means of its 


identification with the maximal truth value in Q^ (B). Thus, we form the 
following conclusion: 

In the “aletheia” localization-environment of the category of 
sheaves Sh[B], we can substantiate a complete local description of 


reality, formulated in terms of every spatial covering B-sieve x of a 
spatial covering schema A, for each locus B in B, qualified by the 


temporal 4 -closure process of local-time forcing as a complete local 
time-frame. This is simply expressed by the equation: 


Log = (true) 


We also recall that the maximal /-closed, id p covering B -sieve t, 


can equivalently be thought of, in operator form, as the maximal local 
time-operator T i, » Which, by acting on the locus B forces the 


interpretation of B as a complete local time-frame. Moreover, every 
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other 4-closed, h -covering B-sieve [I], that is, time-forcing B- 
sieve covering durations h:dom(h)— B, acts as a local-time operator 
Tir) on the locus B, identifying h in [r], with irreducible durations 


of the so-forced time-domain 8 , according to the “eigenvalues” 
characteristic equation: 


Ti1| B) - A|B) 


where, A e[T] are the generalized irreducible durations of the local time 


domain PD, covered by I, or equivalently, forced by T ir]. Moreover, 
each locus dom(h) is thought of as a hole in the B-sieve [I], which 


specifies the kind of generalized durations of a local time domain covered 
by r,under dom(h)-varying temporal resolution units, with respect to 


the relation of temporal extension between loci. Obviously, Tug, 
corresponding to the maximal B -sieve t}, possesses the maximal set of 
"eigenvalues" ,sinceitiscoveringthe /d,,beingthemselves elements 


of t,,and thus, durations of the forced local time-frame B. 


In this setting, it must be stressed that the notion of a hole, or a 
temporal resolution unit, of a covering sieve is the denotator of a relation 
of simultaneity. This is an important notion that will permit us to 
understand precisely the meaning of all the truth values contained in 


^ . : : f , 
Q(B). First of all, note that the notion of simultaneity with respect to a 


complete local time-domain, id,:B — B, refers to B temporally as a 


simultaneous totality, since the maximal temporal resolution unit or hole of 


the time-forcing B-sieve covering id, is obviously extended to level B. 
In this sense, concerning the relation of simultaneity, a complete 
local time-domain B is completely characterized by its maximal 


temporal resolution unit, which is B itself. Hence, in the corresponding 
local time-frame B,a spatial covering B-sieve, thatisan id,-covering 
B sieve, incorporating a complete description of reality in terms of the 
maximal truth value in Q^ (B), is perceived as a simultaneously-existing 
object in its A -closure fẹ. This is precisely what we mean by 
characterizing itasa /A-denseobjectinits /-closure. Thus, the maximal 


truth value in Q^(B) encapsulates precisely the fact that an id -B 
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covering B sieve is a simultaneity in its 2- closure - forced complete 


local time-frame B by means of being A-denseinits /-closure. 
As a result, we establish a threefold association in the reflections’ 


topos of A-sheaves for each locus B in 6: the maximal truth value in 
Q^(B) is associated with a id, -covering B -sieve x as a 
simultaneous object in its 2-closure; X is associated in its /-closure 
as a simultaneity with the maximal hole B of >; the maximal hole B 
ofthe id,-covering B-sieve x is associated with the establishment of 
a complete local time-frame B inthe /-closure of x. 

Of course, there exist B-sieves «p that are not necessarily id B^ 
covering. For example, we may considera B -sieve that spatially covers 
the arrow h:C — B, meaning that k (d) € A(C) for a spatial covering 
schema A on B. In the reflection of 4 -sheaves it shows up as the 
corresponding Å -closed B -sieve [d] covering h , which 
consequently is interpreted as a generalized ( dom(h)-duration >, 
denoted by < hima) ) at temporal resolution unit dom(A) =C. By 
saying that B is a temporal extension of C, we fix the maximal 
temporal resolution unit of @ at level C, and associate the hole C 
with the denotation of simultaneity atlevel C.Parenthetically, note that 
a generalized duration at temporal resolution unit B isa complete local 
time-domain B, and the term ( B -duration ) expresses precisely 
the signified simultaneity at maximal hole P, which is denoted by 
([true])’ ,. 

From the perspective of the complete local time-frame B,the B- 
sieve œ , comprehended through its A-closure [d], is assigned a truth 


value (true]? which means that it expresses a simultaneity at 


Bic? 
maximum temporal resolution unit equal to the hole C. Hence, from the 
viewpoint of a complete local time-frame B the B-sieve œ spatially 


covering /:C — B , where C stands for the maximal hole of «p, 
provides a partial description of reality up to simultaneity level, specified 
by the maximal hole dom(h) = C . Of course, from the perspective of the 


complete local time-frame C, the restriction of the B-sieve «p to C, 
since it is id -covering by means of /' (D) € A(C), for ^:C — B, it 


provides a complete description of reality as perceived through its /- 
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closure, denoted by the maximal truth value ([true])’.., signifying 


simultaneity at maximal hole C. Thus, we form the conclusion: 

The object of "aletheia", identified as the truth-values object in the 
universe of sheaves incorporates the precise means of localization of 
"aletheia", regarding local descriptions of reality with respect to local 
time-frames, on the basis of simultaneity relations, whose maximal extent 
is signified by the maximal holes of spatial covering sieves, perceived 
through their closure. 

Finally, in order to emphasize the meaning of simultaneity 


associated with the maximal hole (dom(/t)) 
sieve [I'] covering durations /:dom(h) — B, we define for every local 


of alocaltime-forcing B - 


max 


time operator Tir) on the locus P, identifying h in [r], with a 
duration of the so-forced time-domain P , an associated local time- 


operator T - of the maximal extent of simultaneity relations 


incorporated in the action of Tir] as follows: 


T, | B) = (dom(h),,,, | B) 


max 


where, (dom(h)) 


denotes the maximal temporal resolution unit of 


max 


the local time-operator Tir). 

The development of the ideas regarding the gnomonic and 
functorial conceptualization of "aletheia", as a process of temporal 
percolation, which can be localized sheaf-theoretically with respect to a 
variety of local time-frames, together with their logical relational 
descriptive rules, inspires the following claims: 

We claim that neglecting the relational functioning of local time- 
frames in nature, together with their respective simultaneity relations 
and truth values assignments, is a source of paradoxes that subsequently 
generate defective epicyclic interpretations of various forms. It is enough 
to point out that reducing the temporal closure process to simultaneity 
relations at point-durations 1— P, thus accepting only the existence of 
point time-frames in nature, or equivalently only instantaneous spaces 
through which motion can be qualified, is the source of serious conceptual 
and technical problems in attempts to reconcile classical theories, 
including general relativity, with quantum theories. From this standpoint, 
we emphasize that spatial covering, as well as time-forcing schemata, 
have been developed both for the purpose of explicating, and qualifying in 
logical terms, the process of localization of physical continuum events in 
relational spatiotemporal terms within a suitably specified categorical 
environment. 


53 6 NATURAL COMMUNICATION 


The further claim we wish to state concerns the ontology of 
localized events. We assert that it is precisely the local time-frame of 
simultaneity, or equivalently, the maximal hole of a local time-forcing 
covering sieve on a locus, forcing its former temporal interpretation, 
which determines the ontology of individuated events from the 
continuum by means of their localization over the locus. In this sense, 
continuum events are individuated as simultaneity-determined entities 
in the descriptive terms of local time-frames, where the maximal extent 
of simultaneity relations involved in the action of a time-forcing sieve 


[T] onalocus B is determined by the maximal hole-“eigenvalue” of 
the corresponding local time-operator T. y, acting on B. The ontology 


of individuated events, in this sense, is specified exactly by the nature of 
the maximal hole in the associated covering sieve. 

Thus, localized events are not restricted in any way to point- 
events. The logical rules used for the understanding of the signified 
simultaneity-relations should comply with the  sheaf-theoretic 
localization of truth-values assignments, expressing their spectral 
classification in local time-frames of corresponding temporal resolution 
units, and should never be reduced uncritically and exclusively to the 
descriptive terms of point time-frames. Otherwise, a variety of paradoxes 
of mixed ontological and logical inconsistencies arise, precisely as the net- 
effect of the reduction of the temporal percolation process to time-frames 
of merely point-durations. 


11.10 | NATURAL SPECTRAL SPATIOTEMPORAL OBSERVATION IN A TOPOS 


Up to present, we have determined all the necessary spatial and temporal 
concepts needed for the individuation of observable events in the physical 
continuum through the localizing environment of a category of sheaves. 
Individuated events from the physical continuum become 
comprehensible through spatiotemporal observation that respects the 
norms of closed-sieve temporal percolation taking place over loci that 
have been qualified as local time-frames. In this manner, if we try to 
enunciate the means of functorial spatiotemporal localization in precise 
spectral terms, we can legitimately identify the above loci with the spectra 
of commutative observable algebras sheaf-theoretically. 

From this perspective, spatiotemporal observation is the process 
that detects, and subsequently, organizes the set of generalized points of 


aspatial /-covering B-sieve R onalocus 8B, corresponding to events 
localized over that locus, by means of an A, -co-sieve © consisting of 
local G -linear epimorphic representations A, — A. of commutative, 


associative and unital algebras A. , for h:C—B, defined over an 
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algebraic number field G, whose elements are identified as observables 
taking co-final values in C, as follows: in every A, -co-sieve © a local 
epimorphisms of G -algebras A, — Aç, corresponds to an A,-state of 


A,, interpreted as the A,-state of an observable in A, at duration 


h:C— B of the corresponding local time-frame B , forced by the 
temporal closure [R] of R. 
We call each commutative, associative and unital algebra without 


zero divisors, defined over an algebraic field G, contained in an A, -co- 


sieve ©,acommutative G -arithmetic effectuating observation of events 


at duration /:C— B. of a local time-frame P , or equivalently, at 


temporal resolution unit dom(h) ofthe local time operator Ttr) acting 
onthe locus P.Without loss of generality, we may assume that the field 
G is identical with the field R of the real numbers, or its algebraic 


closure C. 

Note that if the spatial B -sieve is id g "covering, and 
consequently, the corresponding time-forcing B -sieve is the maximal 
A-closed B-sieve, making B a complete local time-frame, then the A,- 
co-sieve © contains the identity KR -linear representation 


id, : A, > Ap- Thus, a complete local time-frame B is the simultaneity 


locus, or id, -duration of A, -evaluated observables in A, . 
Furthermore, the R -states of observables in A,, that is, the R -linear 


representations of A, into the R -algebra R , namely 4, —R, 


correspond to states at point-durations 1— B ofa local time-frame P, 


identified with spectrally observable point-figures or spatial |-points of 
the corresponding instantaneous spaces l, at l-durations m:1 B. 


We call the set of all observable point-figures at all |-durations of a local 


time-frame B, the R -spectrum of the commutative R -arithmetic 


Ay, meaning the set of individuated events at temporal resolution unit |, 
which are precisely detectable by means of evaluations of observables into 


the R -algebra R. 


In a completely analogous fashion, we define the 4- -spectrum of 


the commutative R -arithmetic A,, where A. is a commutative 


arithmetic in C, as the set of individuated events at temporal resolution 
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unit C, that are detectable as C -figures at durations h:C —> B , by 


means of evaluations of observables belonging to A, into the R - 
algebra A... 

In general algebraic terms, all A,.-states of the commutative R - 
arithmetic A, , where A,— 4. are local R -linear epimorphic 
representations of commutative R -arithmetics in the A, -co-sieve ©, 


are in bijective correspondence with prime ideals of A,, as follows: 
(H : A, > A.) —> Ker(H) 


The set of all prime ideals of the commutative arithmetic A,, specified as 
above, constitutes the prime spectrum of A,. Thus, the prime spectrum 


of A, consists of all individuated events under varying temporal 


resolution units of the local time-frame B , being detectable as figures at 


the corresponding durations of B. We recall that the maximal spectrum 


of any commutative G-arithmetic 4, is the set of maximal ideals of 


T where an ideal o is maximal if and only if A, /@ isan algebraic 
field. 

It is clear that spatiotemporal observation, understood as a process 
by means of which individuated events become spectrally detectable 
through evaluations of observables in local commutative arithmetics, 
constitutes a dual or opposite categorical perspective to the one 
corresponding to the localization of events in relational spatial and 
temporal terms. We may say that it constitutes the algebraic encoding of 
the information encapsulated in the spatial and temporal covering 
schemata, which in turn can be characterized accordingly as geometrical. 

In this sense, taking into account the duality between sieves and 
co-sieves, spatiotemporal observation is categorically equivalent to co- 
localization of the covariant functor © , which is by specification a 


closed dense subobject of Hom,(A,,—):=Y[A,], namely a 2 -co-sheaf 
locally isomorphic to the covariant representable functor y[A,] in the 
category Sh[.A]. Most importantly, from the sheaf-theoretic perspective 


the elements of the Ay -co-sieve (), that is the observables, are identified 


with local sections of this 4 -co-sheaf ©. We may refer to all relevant 
functors as sheaves, under the condition that the distinction of the 
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algebraic from the geometrical perspective becomes clear from the 
covariance or contravariance respectively of these functors. 

In conclusion, natural spatiotemporal observation is essentially 
the algebraic manifestation of the temporal percolation process with 
respect to a spatial covering schema, or equivalently, the algebraic 


transcription of the action of local time-operators on loci B in a 
categorical environment B by means of information encoding referring 


to event-figures at durations /:C — B of local time-frames B, in 
terms of corresponding local commutative arithmetic evaluations of 


observables belonging to A, into Æ, which take place at respective 


durations h of B. 


540 NATURAL COMMUNICATION 


REFERENCES 


NiELS HENRIK ABEL, Recherhes sur le fonctions elliptiques, Sophus Lie and Ludwig Sylow (eds.) 
Collected Works, Oslo (1881). 

ARISTOTLE, Poetics. 

ARISTOTLE, Rhetoric. 

ARCHIMEDES, Measurement of a Circle. 

ARCHIMEDES, On Spirals. 

ARCHIMEDES, On the Sphere and Cylinder. 

ARCHIMEDES, The Method of Mechanical Theorems 

Yaxir AnanoNov, Davip Boum, Significance of electromagnetic potentials in the quantum 
theory, Phys. Rev. 115, (1959) 485-491. 

YAKIR AHARONOV, JEEVA ANANDAN, Phase Change during a Cyclic Quantum Evolution, Phys. 
Rev. Lett., 58 (16) (1987), 1593-1596. 

MiCHAEL ARTIN, ALEXANDER GROTHENDIECK, AND JEAN Louis VERDIER, Theorie de topos et 
cohomologie étale des schemas, Springer LNM 269 and 270, Springer-Verlag, Berlin, 1972. 

MicnaEL VicTor BERRY, Quantal phase factors accompanying adiabatic changes, Proc. R. Soc. 
Lond. A, 392, 45 (1984). 

GARRETT BIRKHOFF AND JOHN VON NEUMANN, The logic of quantum mechanics, Annals of 
Mathematics, 37 (1936). 

NiELs Borr, Collected Works Volume 6: Foundations of quantum physics I (1926-1932), Elsevier, 1985. 

NiELs Bonn, Collected Works Volume 7: Foundations of quantum physics II (1933-1958), Elsevier, 1985. 

Raour Bott, Lorine W. Tu, Differential Forms in Algebraic Topology, Graduate Texts in Mathematics, 
Springer, 1995. 

NicHOoLAs Boursakt, Algebra, Elements of Mathematics, Springer-Verlag, Berlin, 1990 (Chapters 1-3). 

KARL HERMANN BRUNN, Über Verkettung, Sitzungsbericht der Bayerischen Akademie der Wissenschaft 
Mathematisch Naturwissenschaftliche Abteilung, 22, 1892, 77-99. 

GEORG CANTOR, Uber eine elementare Frage der Mannigfaltigkeitslehre, Jahresbericht der Deutschen 
Mathematiker-Vereinigung, 1, 1891, 75-78. 

ARTHUR CAYLEY, Desiderata and suggestions: No. 2. The Theory of groups: graphical representa- 
tion, American Journal of Mathematics, 1 (2), (1878), 174-6. 

EDUARD ČECH, M KareTov AND P Simon (EDS.), The Mathematical legacy of Eduard Cech, Basel, 1993. 

GREGORY CHAITIN, Thinking About Gödel and Turing: Essays on Complexity, 1970-2007, World 
Scientific, 2007. 

SHtING-SHEN CHERN, Complex Manifolds Without Potential Theory, Springer-Verlag, 1995. 

WILLIAM KINGDON CLIFFORD, On the canonical form and dissection of a Riemann’s surface, Proc. 
Lond. Math. Soc. 8 (122), 292-304 (1877). Republished in Mathematical Papers (Macmillan, 
London, 1882). Reprinted by Chelsea, New York, 1968. 

PauL JosEPH COHEN, Set Theory and the Continuum Hypothesis, Addison-Wesley, 1966. 

PauL JosEePH Conen, The discovery of forcing, Rocky Mountain J. Math. 32 (2002), 1071-1100. 

Hanorp Scott M. Coxeter, Non-Euclidian Geometry, Mathematical Association of America, 1998. 

RicHARD DEDEKIND, Essays on the Theory of Numbers, Dover, 1965. 

PauL Dirac, Quantized Singularities in the Electromagnetic Field, Proc. Roy. Soc. London A, 133 
(1931). 

WALTHER VON Dyck, Group-theoretical Studies, Mathematische Annalen, 20 (1) (1882), 1-44. 

ALBERT EINSTEIN, The Meaning of Relativity, 5th edition, Princeton University Press, Princeton, 1956. 

LEONARD EULER, Introduction to the Analysis of the Infinite,(translation by Ian Bruce), 1748. 

SERGEI I. GELFAND AND Yuni I. Manin, Methods of Homological Algebra, Springer, Berlin, 1996. 

Kurt FRIEDRICH GÖDEL, Über formal unentscheidbare Sätze der Principia Mathematica und 
verwandter Systeme I, Monatshefte für Mathematik Physik, 38 (1931), 173-198. English 
translation in Gödel 1986, 144-195. 

Kurt FRIEDRICH GÖDEL, Collected Works I. Publications 1929-1936, S. Feferman et al. (eds.), 
Oxford: Oxford University Press, 1986. 

HERACLITUus, Fragments 

HEstop, Theogony 

HeE1nz Horr, Differential Geometry in the Large, Lecture Notes in Mathematics, vol. 1000, 1989. 

HERMANN GRASSMANN, Die lineale Ausdehnungslehre, Leipzig Wiegand, 1844. 

ALEXANDER GROTHENDIECK, Sur quelques points d' algébre homologique, Tóhoku Math. J. 9 


(1957), 119-221. 


REFERENCES 545 


ALEXANDER GROTHENDIECK, A General Theory of Fiber Spaces with Structure Sheaf, Univ. Kansas, 
Dept. Math., Lawrence, Kansas, 1958. 

ALEXANDER GROTHENDIECK, Revetements étales et groupe fondamental, SGA 1, 1960-61, Lecture 
Notes in Math. 224, Springer-Verlag, Berlin, New York, 1971. 

ALEXANDER GROTHENDIECK, Récoltes et Semailles, Université des Sciences et Techniques du 
Languedoc, Montpellier, 1987. 

ALBERT EINSTEIN, Foreword, in Concepts of Space: History of Theories of Space in Physics by M. 
Jammer, Dover (1994). 

WERNER HEISENBERG, The Physical Principles of the Quantum Theory, Dover, 1949. 

DANIEL Kan, Adjoint Functors, Transactions of the American Mathematical Society, 87 (2) (1958). 

FELIX KLEIN, On Riemann s Theory of Algebraic Functions and their Integrals, Dover, New York, 1963. 
Translation by F. Hardcastle of the first German edition published by Teubner, Leipzig, 1882. 

PAUL Koerse, Überber die Uniformisierung der algebraischen Kurven. II., Math. Ann., 69, (1910), 
no. I, 1-81. 

Simon KOCHEN, ERNST SPECKER, The problem of hidden variables in quantum mechanics. J. 
Math. Mech. 17, 59-87 (1967). 

Jowann HEINRICH LAMBERT, WALDO TOBLER (ED.), Notes and Comments on the Composition 
of Terrestrial and Celestial Maps (Translated and Introduced by W. R. Tobler, 1972), ESRI 
Press. 1772. 

JEAN LERay, Selected Papers: Oeuvres Scientifiques, Springer and Soc. Math. France, 1998. 

SaunpDERS MacLaNE, Categories for the Working Mathematician, Springer-Verlag, New York, 1971. 

SAUNDERS MacLANE AND IEKE MOERDIJK, Sheaves in Geometry and Logic, Springer-Verlag, New 
York, 1992. 

WILHELM MacNus, ABRAHAM Kannass AND DONALD SOLITAR, Combinatorial Group Theory, 
Dover, 1976. 

Anastasios MaLLios, Geometry of Vector Sheaves: An Axiomatic Approach to Differential Geometry, 
Vol 1, Kluwer Academic Publishers, Dordrecht, 1998. 

Anastasios MaLLIOS, Geometry of Vector Sheaves: An Axiomatic Approach to Differential Geometry, 
Vol 2, Kluwer Academic Publishers, Dordrecht, 1998. 

Anastasios Mattios, Modern Differential Geometry in Gauge Theories: vol. 1. Maxwell Fields, 
Birkhauser, Boston, 2006. 

Anastasios MarLios, Modern Differential Geometry in Gauge Theories: vol. 2. Yang-Mills Fields, 
Birkhauser, Boston, 2009. 

Davip Mumrorp, Indra’s Pearls: The Vision of Felix Klein, Cambridge University Press, 2002. 

PETER M. Neumann, The Mathematical Writings of Evariste Galois, European Mathematical 
Society, Zürich, 2011. 

Nicomacuus oF Gerasa, The Manual of Harmonics of Nicomachus the Pythagorean, F. R. Levin 
(ed.), Dover, 1993. 

CHARLES SAUNDERS PEIRCE, A Quincuncial Projection of the Sphere, American Journal of 
Mathematics, 2 (4), 1879, 394-397. 

PTOLEMY, Planisphaerium. 

HEnrt Poincaré, Papers on Fuchsian Functions, (translated by J. Stillwell), Springer-Verlag, 1985. 

Henri Poincare, Papers on Topology, (translated by J. Stillwell), American Mathematical 
Society, 2010. 

PYTHAGORAS, Fragments 

BERNHARD RIEMANN, Gesammelte mathematische Werke, Dedekind, R. and H. Weber (eds). 
Teubner, Leipzig 1876. English translation as Collected Papers. Kendrick Press 2004. 

BERNHARD RIEMANN, Uber die Hypothesen, welche der Geometrie zu Grunde liegen, Habilita- 
tionsvortrag Gottingen, Góttinger Abhandlungen 13, 1867. Werke, 272-287. 

BERNHARD RiEMANN, Grundlagen für eine allgemeine Theorie der Functionen einerveránderlichen 
complexen Grósse, Inauguraldissertation Góttingen. Werke, 3-45. 

GEORGES DE RHAM, Differentiable Manifolds: Forms, Currents, Harmonic Forms, Springer, 1984. 

Barry Simon, Holonomy, the Quantum Adiabatic Theorem, and Berry's Phase, Phys. Rev. Lett., 51, 
(1983) 2167. 

MansHALL H. STONE, On one-parameter unitary groups in Hilbert Space, Annals of Mathematics 
33 (3), 1932, 643-648. 

MansHALL H. Stone, The Theory of Representations of Boolean Algebras, Transactions of the 
American Mathematical Society, 40 1936, 37-111. 

THALES, Fragments 

ANDRÉ WEIL, Sur les théorèmes de de Rham, Comm. Math. Helv. 26 (1952) 119-145. 

HERMANN WEYL, Gravitation and the electron, Proc. Nat. Acad. Sci., 15, 1929, 323-334. 


544 NATURAL COMMUNICATION 


